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ii PRECALCULUS REVIEW TOPICS

Preface

This workbook is meant to be a review of precalculus material. It is not designed
to be a complete text, but, rather, a summary of ideas and techniques that are
often misunderstood or forgotten by incoming calculus students. By reviewing this
booklet a student who is a little weak on algebra or trigonometry can prepare
himself or herself for a successful year in the Calculus 34 or 3 series here at U.C.
Santa Barbara. There are many topics that I would have liked to have covered that
were not, and still others that begged for a more in depth discussion. However,
the information that calculus instructors expect their students to have a thorough
understanding of is covered.

The material presented in this booklet is very dense, it will be very difficult (if
not impossible) to read without some background. Careless errors are very easy
to make in mathematics—Iearning to reread your solutions to check for errors and
learning techniques to check your final answer are necessary skills for the successful
completion of calculus. Good Luck!

Acknowledgment. It is a pleasure to thank Dawn Maidment and Adil Yaqub for
their valuable suggestions and proof reading skills.
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CHAPTER 1

FUNDAMENTAL CONCEPTS

Preliminaries

Here is a list of symbols that will be used thoughout the booklet.

equé,ls

less than

greater than

less than or equal
greater than or equal
plus or minus

minus or plus: when seen with 4 it means — corresponds to + and + corresponds to —

implies

t L HHIVIAV A

is equivalent to

Typeset by A 45-TEX



2 1. FUNDAMENTAL CONCEPTS

Fractions and Factoring
One of the most common deficiencies that calculus students have is the inability to add

and divide fractions. Hence, the first section is devoted to this basic but very important

topic.
First, recall a few definitions. In the fraction, %, a is the pumerator, and b is the
denominator. In the sum a + 5, @ and b are called terms, while in the product, a - b, a and

b are called factors.

Rules for Fractions.

Forb# 0and d#0

Add, % 4 -3 = % % = ad;; Cb, Find a common denominator
Multiply, % 2 = %’ Multiply numerators and denominators
Divide, A i =2, ﬂz, Invert and multiply
b d 5§ b ¢
Cancel a_d =2. é =Z.1= ad Cancel only factors, not terms
’ bd b d b b’ ’
Note.

(1) If the denominator is zero then the fraction is undefined.
(2) Ifd# 0 then § =0.
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In order to cancel we need to remember how to factor. Recall that a quantity is factored
if if is the product of two or more factors. This booklet will assume that you remember
how to factor. These formulas should help:

z? — 2az + a* = (z — a)?, Square of difference
z? + 2az + ¢ = (z + a)?, Square of sum
z? —a® = (z — a)(z + a), Difference of squares
2} —d® = (2 — a)(2® + az + d?), Difference of cubes
2 +a® = (z + a)(z? — az + &*), Sum of cubes
Examples.

(1)

+§m3+20_3+20_23
3 12 127 12 12

Find a common denominator

1 4 1 & o
et = tipl
3YE=3'1°13 Invert and multiply
(3)
8 3 24 ) )
311 2 Multiply numerators and denominators
(4)
2 50 15 25.2-3-5
-%- = = =25.5=125 Invert and multiply
(5)

83z+2 1 (Bz+42)(z-1) 1-(z+1)
z+1 z-1 (z+1D)z—-1 (z-D+1)
_ Bz +2)(z—1)—(z+1)

Find a common denominator

(z+1)(z—-1)
. 322 -3z +22—-2—2—1
B (z+1)(z ~1)
322 —2:—3

- (z+1)z—-1)
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(6)

1 n 3 _ z+2 3(z + 3)
z24+3 z+2 (2+3)z+2) (¢+2)(z+3)
_z+2+3zx+9
(2 +2)z+3)

_ dz 411
2245z 46

Find a common denominator

(7)

z a z(a — ) + a(z + a)
+ =

z+a a-—=z (a —z)(z + a)

ma—:c2-|—:ca+a2
(a—z)(z+a)

a® 4+ 2az — z?
(a—2z)z+a)
a* + 2az — z2

a? — 22

Find a common denominator

Leaving the denominator in factored form often makes cancellations easier to see.

(8)

az+3  d®z’+3az  (ax+3) (4a®—1)

2a+1 4a®—-1  (2a+1) (a?2z? + 3az)
_ (az 4+ 3)(2a —1)(2a + 1)
 (2a+1az(az +3)

Invert and multiply

_2a——1
T azx
(9)
z—a_—(a—=z) -1 _ 1
a—z  a—z 1

As you can see when working with fractions it is helpful to brush up on your factoring
skills.
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Exercises.

Bvaluate and simplify; Assume that no denominator is zero.

5 1 2 12 4 3
1 — 2 - = o
) 16 4 ) 3 5 3) 5+2
1 1 1 1 z+3 2
4 i - _ = —
) 3 2 5) 3 2 6) z—2 x+2
1 1 1 1 2z +3 15
7 —+ - 8 —— 9 —
) a b ) a b ) z2—9 20z -3)
141/2 1-1/z 1
10 11 12 1-—
) 2—-1/2 ) 1+1/z ) 1—-1/3
a® — b*
1 ab? 5043 11—z 3
18) 1-7—= 14 2 B)  witriaTise
y—2 a
a+ —
b
z+ 2 25yz 4+ 5  OSzy+1 3z? + y? Y
16 17 - 18
) z—2 ) 3z —1 922 — 1 ) 3z z? + y?
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Absolute Values
Definition. The Absolute Value of x, written

z ifz>0

|z| = The distance from x to zero = )
—z ifz <O

Note that the Absolute Value of a number is always nonnegative, i.e. [z| > 0

Examples.

(1)
15) = 5

(2)
|—5/=5

3)

lr—4|=—(r—4)=4—m because n < 4d=7m1—-4<0

(4) Evaluate | + 5| — |z + 6| when —6 < z < —5

z < -5 = z+5<0 = |z + 5| = —(z + 5)
-6 <z = t+6>0 = lz+6]l=2z4+6
Hence,

|z +85|—|e+6l=—(z+5)—(z+6) = —2zx—11
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Absolute value gives us a convenient way to write the distance between two points on

the real number line.

{The distance between a and b} = |a — b] = |b — al

This 1s always a positive number when a # b.

Exercises. Evaluate each expression

30— 6
1) 3+]-3 2)  |=5+2 -7 3) :6_3_0;

4) |7 (=8)—[7]le]

5) 6+ 2| — |3 — 28 when b= -2 6) |z + 1| + 4|z + 3§ when z < —3
7) |z — 3]+ |z + 4} when = < —4
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Integer Exponents

Definition. For z # 0,

Examples.
(1)
3*=3-3-3-3-3
(2) .
371 = 3
(3)
(z +5) = (z +5)(z + 5)
(4) .
(e+ 97 = z+ 2
(5) ,
(6)
1 1

() = o = e et D
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Rules for Exponents.

z) M — mm+n u) (mm)n = pmn
z z™ , n 1
2%1) (;)" = —Ify#0 i) T = -;-;:If z#0
;L_m
n__ .n.n . _ .m—n
v) (zy)" = z"y vi) — = fz£0
Proof.
i)
™" =g z-... LT -X... L= -T-... T=3" "
rri—-t?ilnes n—t;;nes m+n:(times
1), i), and v) are left as exercises
iv)
7" = (27" by (ii)
= ( l)“ by definition
T
"
=3 by (iii)
1
= — because 1-1-...-1=1
xn s, e
n—times

vi)

z™™ " Ifm > n, for there are m—n z’s in

m—times
2™ m the numerator after cancellation
7 oz T x,,l_m, If m < n, for there are n — m z’s
S——— in the denominator after cancel-
n—-times .
lation.
Then all we need to notice is
L 1 ~(-Cn-m) _ p(mn)
p—m p—{m—n)

as desired. We should recognize that in the second case our exponent will be negative, but
this is perfectly O.K.
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Examples.
(7)
2?2t =z. 2.2z =2 = o5 Add exponents when multiplying; Property 1)
(8)
(z?y°)" = (=*)* - (¥°)*  Property v)
=2%. y1? Multiply exponents when exponentiated; Property ii)

(9)

28 270 = S = ¢ Add exponents when multiplying: Property 1)

(10)
3,2 32
$2y4 = 3:_2 . y_4 Multiplication of fractions
Y Y
= g3 2 Property vi)
-7 - y—2
$ .
= — Property iv)
Y

(11)
3737 = 3717 = 3%* Property 1)

(12)

2+z  z(z+1)

= =z+1 Cancellation property for fractions

Multiplication property for fractions

752% 52y 75-52 2ty
1
=3 7%y Factorization of the constants
1 1 .
=5 5V Property iv)
z
Y

= Multiplication property for fractions
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(14)

E+y)-y) _ (-y=+y)f
z? —y? (z-y)(z+y)
=(z—y) Yz +y)*! Property vi)
=(z—y)’(z +y)*
=1-(z +y)? Definition
= (z +y)"

Difference of squares

Exercises. Simplify, leaving only nonnegative exponents... Assume.thai.the denomina-
tors are nonzero. '

) @E+1D=+D®  2) (@ —(*) 3  (+2)=+2(z+2)

4)  [(z+a)z+a)®)? 5) z—: 6) z—z

A B (@) 9 (51

) (SLy o ELDT 1 GG
13) -z-:_ - ;9; 14) ((%53)0)5 15) E;f + %z-yf

1) G+

17 Prove rules (i1),(ii1), and (v) using the techniques demonstrated in the proofs of
the other rules.
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Radicals and nth—roots

Definition. The number a is the nth-root of b if ™ = b. If n = 2, then a is the
square root of b, and if n = 3, then a is the cube root of b.

Examples.

(1) Since (—5)% = 52 = 25, beth 5 and -5 are square roots of 25.
(2) Since 2° =8, 2 is a cube root of 8.

(3) Since (—3)* = 3* = 81, 3 and -3 are 4th-roots of 81.

(4) Since (~3)* = -27, -3 is a cube root of -27

Note. If n is even then nth-roots are not unique: one is positive and the other is

negitive.
If n is odd, then there is a unique real nth-root.

Definition. The prnciple nth-root of b is the positive real nth-root of b when n is
even, and the only real nth-root of b when n is odd. It is written ¥/b. We write the square
root of b as v/b. The symbol 7/- is called a radical.

Given any nonzero real number a and any even n, a” > 0. Hence if b < 0 there are no
real solutions to the equation a® = b. Hence, we do not define ¥/b, when n is even and b
is negitive,

n even and b < 0 = ¥/b is undefined (or not real)

Notice that when solving quadratic equations in the later sections it will be convenient
to write v/—1 = ¢ and for z > 0,+/—z = 1/z. However, 1 and i,/7 do not lie on the real
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number line where all of our work is currently taking place. These numbers are called
complex or imaginary numbers. We will see more of them later.

Examples.

(5) V9 =3
(6) Y27 =3
(7) Y= =-3

(8) V16 is undefined

Rules for Radicals.

) vEr=syw W) Ye=mk

i1t) n even Y™ = |z| iv) noddvz® =z

V)t =z vi "E—{‘/E
v)  (Y2)" = ) y—wlfy7é0

Proof. 1) Let {/z = a and 7/y =b. Then z = a™ and y = b™ by definition of nth-roots.
Hence

zy = a"b"™ = (ab)™ by rule v) of exponents.

We now have that zy = (ab)™. So applying our definition once again we get

My = ab

But ab = {/z 3/y from above. Thus, (/7 = {/z ¢/7. This is exactly what we wanted to
be true.

The proofs of (ii), (iii), (iv), (v}, and (vi) are left as exercises.

Be sure to avoid the following common errors.

Va+b#a+ve, Ve+rd # Ye+Vd
VETF by, VFTT Ay
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Exercises. Evaluate. If the expression does not represent a real number say so.

1) V32 2)  +/—64 3) — /16
4y - /32 5)  Y(—10)° 6) /(=87
25 5
7) o 8) V3+V12-V48 9) Y2+ V16
4 3 16(1121)2
10) V3622 z >0 11) v 16a* a<0 12) = a,bc>0

Jlat b 1952° 3
13) 60> 0 14) 125z 15) == V450

16) Prove rules (ii), (iii), (iv), (v), and (vi) for radicals.
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Rational Exponents

Definition.

pir = b when n is even and b > 0
p/m = b for any & when n is odd
b = Yy = (Vo)™ and is defined whenever Vb is defined.

Theorem. The rules for integer exponents hold for all rational (and even real) expo-
nents.

Rules for Ezponents.

z) 2Mp" — mm—i—n EZ) (mm)n = ™7
T z™ 1
121 —t'=—Iy+#£0 w 2Tt =—Ifz#0
) Cr =Ty ) o

v) (zy)" = z™y" 1) %TT =zm "2 #0
Examples.
(1)

4 =4 =2

@)
8Y/3 =Yg =2
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(3) 1 1 1
-1/3 _ _ _ . .
(—64) /3 = (6013 ~ Y64 i since (—4)° = —64
(4)
ge~¢/2- L _ 1 _ 1
(V36 6~ 218
(5)
(2% + 1)23(c? + 1)43 = (22 £ 1)2/3+4/3 = (32 4 1)?
(6)
x4 1)5/4 _ )
%:c—-{—-—l%m e (:1: + 1)5/4 1/3 .. (x + 1)15/12 4/12 _ (:C + 1)11/12
n the following examples we will write the radical expressions with rational exponents.
(7)
5 ($ +2)2 — (2. +2)2/5
(8) ‘

. ﬁw_(xllzy”s)us
\72_8 - 2874

T

ny=
Lo

L 1
3ys

z%

Y

2
o

i
cq]"‘ wi

o

z

W

Exercises. FEvaluate. Assume that all variables represent positive real numbers and
that no denominators are zero. Write answers with only positive exponents.

D7 2 () 3) (64t
3?.9 1
4 (3m)*(-2m)’ 5 @) 6 (o)
(B27)* Sz s NPT PPRRY
O~ 8)  (fgmagpms) 9)  (n+1)3(1+n)
:1:3+y3 z+y 3 m p_1 — g1
B e R B s N
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Write the following with rational exponents.

13) - —g 14)  V98r354¢410

af 9zoys 4 3228
16)  —{/=7 17) =

19) (V241

15)

18)

o
2p
RALITI
VP Vm

17



CHAPTER 11

SOLVING EQUATIONS

Linear Equations

Definition. Any equation that can be written in the standard form

ar+b=20

is a linear equation.

Rules for solving linear equations.
Do the same thing to both sides of the equation.

a==b = atc=btxc
= ac = be

a b,
Z—-zﬂ'c%o

Typeset by ApS-TEX
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LINEAR EQUATIONS 19

Stratagy for solving linear equation.

{1) Clear denominators.

(2) Distribute.

(3) Move x’s to left hand side and move constants to right hand side of the equation.
(4) Divide by the coefficient of x.

(5) Substitute into the original equation to see if the equation is true at this value,

Examples.

(1)

6z +5=0
this step will not be shown
6z +5—-56=-5 in subsequent examples
6z = —5
-5
= —
6

(2)

522 —5) =6 —(z —5) Distribute
10z —25=6—z4+5 Collect terms
1I0z4+xz=6+254+5

11z =36
36

Tz =-—
11

FACT: An equation is undefined whenever it has a denominator that is equal to
zero, just as a fraction is.
(3) Although

2z S5z +1
a:-1+ 5 =®
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does not look like a linear equation, it actually is.

2z Sz +1

z—1 + 5 *

225 (5z+1)(z — 1) = find a common denominator
(z —1)5 5(z — 1)

10z + (5z -+ 1)(z — 1)

5z —1) -

10z + (522 — 4z — 1) = 5z? — 5z Clear denominators
10z —4z+ bz =1 Collect terms and cancel
11z =1
T=17 Divide

Notice that our answer is -131* # 1, and 1 is the only place where our equation is
undefined. So our answer should be valid. Check it by substituting into the original
equation.

Exercises. Solve the following equations.

1) —3y+2=15 2)  5/6k—2k-+1/3=2/3
3) 33:5——2::1:]:;2 4) §—726——3§
5) 2pi—3+p—1-6=o 6) :cj—1:3:t:i-5
7 3a7+2“;12=3ai2 8) %:3“%
x X
2 2:1,-3—1+ ;r:x
Solve for x.
10) 2z —a)+b=3c+a 11) 20 =a—3
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Quadratic Equations

Definition. A Quadraiic equation is any equation that can be writien in the standard
form

az? 4 bz +c=0.
Where a,b, and ¢ are real numbers and a # 0.

Before we can solve such equations we need two properties.

The Zero Factor Property ab=10 & a=0orb=20

The Square Root Property z2=1b <> z=+vb

To see that the second property makes sense, note that if z* = 13 then z = V13 or
x = —+/13. This follows directly from our definition of square root. Also, if z = /13 or
z = —~+/13 then z? = 13.

You will also need to memorize the quadratic formula. (Yes, I hate the word memorize
too, but for this formula it fits.} We will go through how the formula is derived but you
should be able to use it without going through the proof first. We will see that it is just
the generalization of the method of completing the square. The formula gives the solutions
to a quadratic equation in standard form.

_ —b+ /b% — dac

2a

The Quadratic Formula z

Strategy for Solving Quadratic Equations.
(1) Get the equation in standard form using the techniques introduced for linear equa-
tions.
(2) Use one of the following techniques.
a) Factoring and employing the Zero Factor Property.
b) Completing the square and using the Square Root Property.
c) Using the Quadratic Formula.
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Factoring.

Examples. Solve the following equations

(1)

6z? + 72 =3
622+ 7z —3=0 Standard Form
(32 —1)(22+3)=0 Factoring
=
3z—1=0 or 2c+3=20 By the Zero Factor Property

3z=1 or 2z = -3 We now have linear equations to solve

T = ~31- or x = --_:‘2-?1 Notice that there are two solutions o
(2)
2? = %

#2 -2z =0 Standard Form

z(z~2)=0 Factor

z=20 or z~2 =0 Zero Factor Property
z=0 or =2

Do not divide by x in the original equation. You would be dividing by zero which
is not allowed. You will lose one of your solutions, namely = = 0.

Completing the Square.
(5)
m? =25
m = +v25 = 45 By the Square Root Property
(6)
2% = —36
Remembering our definition
z = /=36 = +i/36 = £6i of ¢ from chapter I, namely
i= VT
(7)
(z —4)* =17
z—4=2+V17 By the Square Root Property
z=4++17 '
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To complete the square in general we must manipulate an equation that is in standared
form into the form that is shown in example (5) or (7). We need to recall the formula for
the square of a difference or sum.

z? + 2az + a® = (z £ a)?

Notice that the coefficient of z? is 1, and the constant term is half the coefficient of 2
squared. The technique of completing the square capitalizes on these two facts.

Examples.
(8) Consider the quadratic equation
22—~ 1224+1=0

The coefficient of x is -12. 'We want the constant term to be half of this squared
or (—6)? = 36. Adding 35 to both sides of the equation will maintain an equation
with the same roots and give us the desired constant term. We get

z? — 12z + 36 = 35.
The left hand side is now a perfect square.
(z —6)% =35
Using the Square root Property as in example (5), we find
z~6==+35

or

z=06++v35

Notice that in order to apply this technique the coefficient of z? must be 1, so
divide through by this coefficient before completing the square.

Completing the Square in General.

azl+bz+ec=0 Determine a, b, and ¢
az® + bz = —c Subtract ¢
b
2+ 2z = _< Divide by a
a a
b b c b
2, b Yy _ %2 _ € Ry
e 5E+(2a) (2(1) a Add(2a)
(o429 = 0 dac Write the left hand side as the
20" 4a? 4da-a square of a sum
n b b —dac L b? — 4ac Take square root of both sides
T oa T 4o 2a (don’t forget the +)

T =t —— Subtract ~2~b~— from both sides
a
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This is the Quadratic Formula. It is obtained by completing the square in general. This
solution works regardless of the values of a, b, and ¢. This calculation may look complicated
because of all of the variables. However, the steps taken are the same ones that you've been
using all along to solve equations. Take a moment to memorize the quadratic formula.

2a

b N £/ b% — dac

The Quadratic Formula

Za

(9) Solve 22% =2 — 4.

222 —z 4+ 4 =0

227 —z = —4
1
x w§$:w2
21 .1 _ 5, 1
LT 16
1, 81
(-2 ="%

1 [ 31

ii\/:ﬁ

4

1
=
4

(IEZ, b=—1,

Subtract ¢

Divide by a

b
Add (=—)*
(55)
Write the left hand side as
the the square of a sum

Take square root of both
sides (don't forget the +)

. (31
) '_i“é“

Subtract j—- from both sides
14

Exercises. Solve each of the following equations by completing the square, then check
your answers by using the quadratic formula.

1) 2 +6z+9=0
4)  z*44=3z
7 224 8z=-13

2) z2—9z=0 3) (m+2)?=17
T 3z 2
— 2 =
5) p— P— 6) 3z + z
8) pzr=12z—8



CHAPTER III

GRAPHING

Definition of a Function
and Function Notation

Definition. A Function from a set X to a set Y is a rule that assigns to each x
in X 2 unigque y in Y.

X is called the Domain or input

Y is called the Range or output

Elements of the domain, X, are called independent variables

Elements of the range, Y, are called dependent variables

The domain will be the largest set of real numbers which will lead to a range
within the set of real numbers. We will see that this convention Is necessary to
ensure that we can graph our functions on the Cartesian Coordinate System.

Reasons to resirict demain.
i) A negative number appears inside an even root.
ii) Zero appears as a denominator.

Example.

(1) Find the domain of y = 1/3z + 0.

The output will be real whenever +/3z + 9 is real. In other words when
Jz 4+ 9 > 0, for otherwise we will get complex numbers in the range which

Typeset by AS-TEX
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(2)

(3)

III. GRAFHING

is not allowed.

324920
3z > -9
z>-3

Thus, the domain is all real numbers greater than or equal to —3. The
range is all real numbers greater than or equal to zero since for any y > 0
we can find an £ so that 3z +9=1yv.

Iere, x is the independent variable and y is the dependent variable. The
value of y depends on the value of x. Traditionally this is how mathemati-
cians label the variables.

Find the domain of
z+3

TE-9E+D

Since a fraction is not defined when the denominator is zero, this function
will not have a defined output when z = 2 or £ = —1. Therefore we include
all real numbers in the domain except 2 and —1.

The domain of y = 3z + 2 is all real numbers.

Function Notlalion.

We often use single letters to denote functions, e.g. f, g, h, or F. If fis a function
and x is in its domain, we write f(z) for the output in the range. The notation
f(z) is read “f of x” and means the “value of f at z”.

(4)

(5)

Suppose that f is the function given by the equation f(z) = z% + 2z + 1.
Evaluate f at 3.

We are asked to find the output given by the function f when we input
3. For shorthand mathematicians write f(3).

f(3)=(8*+2(3)+1=16.

Just plug in 3 wherever you see x and evaluate.

Let
3
f@)=—,
then
3 3
O =g3=5="1
3 3 3
M=13=3773
3 3

flz+2)= (z+2)—3 Tz-1
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(6) Let f(z) = 2%+ 2 and g(z) = 2, then

Fo@) = (o) +2= ) r2= S 42

3 3 3 _3_1
WO =y =Fs 13276 2

We can even write equations that have functions within them.

3 3

gz -+ k)~ g(z) _ T+ k =z
k - k

3z (z+ &)
(z+ k)= B z(z + k)
B k
3z —3(z+k) 1
Tz k) &
_ 3z —3z—3k
T kz(z+ k).
=3k
T kz(z + k)
-3
—'m(n:—kk)

Find a common denominator

Invert and multiply

Exercises. Find the domain of each function.

1) y=3z+2 2) yz3m:~2 3) y=+V3z+2

9 fE= 5 @)= ey~ Va5

6 Me)=VeTTisedd 1) y=T3 B hle) = ]
9 f(z)= (ot} 10)  g(z)= Vel ) A@)=YESE

Let f(z) = 22 — 5, g(z) = 4 — 5z, and h(z) = 5¥-. Evaluate the following.

12)  F(3) 13) g(%) 14)  h(=8)
15)  f(=2) 16)  fe(2) 17)  h(z-+k)
g fet kg — f(=) T B A G k}z —9(2) ) Mzt kg — h(x)
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The Cartesian Coordinate System

Whenever a function maps a subset of the real numbers into the set of real
numbers we can represent this function by a graph in the xy-plane. The horizontal
axis is the x—axis and the vertical axis is the y—axis. The point where the x—axis and
the y—axis intersect is the origin. Any function corresponds to a set of ordered pairs,
(a,b), where a is the input and b is the output. Any point is the graph of an ordered
pair (a,b), where a is the distance away from the origin on the x-axis and b is the
distance away from the origin on the y—axis.

y-axis

bj- « {a,b)

x-axis

origin
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Examples.

(1) Graph the ordered pairs (-3,4), (2,1), (-1,-2}, (0,3) in the xy-plane.

y~£_x:i.s
(-3,4) 41
(G, 3)

oo W

-{2,1)

_.4 “,2 2 4 X—aXls
_1._
(-1, 209
_3..

Definition. The graph of an equation Is the set of all points (x,y) that satisfy
the equation.

You may have seen some examples of equations and the graphs they describe in
the past:

224yt =1 A Circle
2 2
% + 31’—6 =1 An Ellipse
2 2
%,,, - .i%.g =1 A Hyperbola
y=ma+b A Line
y=z° A Parabola

Only the last two of these are functions, and although all of them have importance
we will be concentrating on only the equations that define functions.

Definition. The graph of a function in the xy—plane is the set of all points (x,y)
such that x Is in the domain of f and y={(x).

Notice that the point (a,f(a}) lies a units from the origin on the x—axis and f{a)
units from the origin on the y—axis.
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£(x)

(a. £(a))

f7

If we have a graph of an equation, we can tell it is the graph of a function if
every vertical line intersects the graph in at most one point. This test is called the
Vertical Line Test. Notice that the graph of a circie is not the graph of a function.

Examples.

(2) Graph 6 points that will lic in the graph of the function, y = z%. Use this
information to guess what the shape of the entire graph is.

z y=2*
0 0
11
2 4
11
—2 4
3 9
T2 4
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(3/2,9/4)

(3) Gropl the function f(z) = +/z.

z  f(z)=+z
0 0
11
4 2
9 3
16 4

(1e,4;

L .

(4,2)

(1,1)

2.5 5 7.5 10 12.5 18
0.0]

Notice that the domain is restricted to nonnegative real numbers.

In this example we chose numbers for which we could easily find the
square root. You will find it helpful to choose your x—values so that calcula-
tions are easler. However, at times, just knowing the values at the integers

does not give you enough information.

The smooth curve drawn through the graphed points is a guess at the

shape of the entire graph of the function f(z) = /=.

31
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(4) Graphy= —2x+3

z  flz)=-2z+4+3
0o 3
1 1
2 —4+8=-1
-1 243=5
-2 4+3=7
24
-3 -2 -1 1 3
-2t

The x-intercepts of the graph of a function, f, are all values of 2 which
make f(z) = 0. These numbers are also called the roots of f or the zeros of
f. The y-intercept is f{0).

In examples 2 and 3, 0 is both the x—intercept and the y—intercept. In
example 4 the x-intercept is ?’2-, for mQ(%) + 3 = 0, and the y-intercept is
f{0)=3.

(5) Graph y=1z*—4.

z flzy=z*-4
0 —4

1 -3

2 0

-1 -3

-2 0
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g+
6._
4_.
2...

-3 1 3
X—intercepts y—intercept
22 —-4=0 fl@)y=—-4
(t—2)(z+2)=0
z =72 or =2

(6) Graphy=1.
1 1
z f(z) = " z f(=)=
1
9 -
1 1 2
1
-1 -1 -2 —3
1 1
3 3 3 2
1 1
= 9 _= _
g 5 3
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(-2,-1/2

{-1,-1)

Exercises. Graph the following. De

[I. GRAPHING

(1/74,4)
1.1
{ (3)

,1/3) (1799

(_1/51—5)

termine the x and y-intercepts if they exist.

1)y y=¢ 2y y=l=l 3) y=2z+3
4 y=-z+2 5 y==z'—1 6 flz)={(z+2)° -4
7y y=+vz-3 8y y=Vvz+2 9) g(z) =z> +3
1 1
10) Wz)=-g 1) ¥v=3 19) y=2
nction.

State whether or not the graph is the graph of a fu

13) 14)

TN

18)

N

—
Y

/

17)

N
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Graphing Lines

The linear function f(z) = mz + b has for its graph a straight lime. If (21,)
and (#2,¥2) are any two distinct points on a nonvertical line the slope of the line
is defined as )

Ay 1 —u __ rise

the sl =m=
¢ slope=m Ar  zo—1y run
The slope of a vertical line is undefined.

The slope of a horizontal line is zero.

If (z1,11) is a point on a line with slope m the equation of the line is

I (y - yl) = mz ~ 1) Point-Slope Form]

If b is the y~intercept of a line with slope m the equation for the line is

lﬂz me+ b Slope-Intercept Form I

The equation for any line can be written in the form

| az+by+c=0 Standard Forml

So we choose this form as the standard form for the equation of a line. Either a or
b can be zero bui not both.

Example.

(1} If (2,3) is on a line with slope -2 find the equation of the line in standard
form and slope-~intercept form.

(z1,11) = (2,3) Point
m= —2 Slope
(y—3)=—-2(zx—2)  Point-Slope Form
y—3=-—2zr+4
y=—2z+7 Slope-Intercept Form
2z4+y—7=0 Standard Form

(2) Find the point-slope form of the line through the points (5,2) and (-1,3).
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(3)

III. GRAPHING

Before we can find the point-slope form for the equation of a line we
must first find the slope of the line. By definition, with {z1,1n) = (5,2) and
(z2,42) = (—1,3) we find that
ey _ 3-2 _ 1
_$2~$1m—1—5“— 6

m

Then,
1
(y=2) =5z ~-35)
is the point-slope form of the equation of the line through these two points.

Two lines are _Parallel if they have the same slope.
Two lines are Perpendicular if the product of their siopes is -1.

Find the equation of the line through the point (4,6) which is parallel to
the line ¢ + 2y = 12.

First write the equation of the line in y—intercept form; this will allow
you to determine the slope of the line.

x+ 2y =12
2y=12—z
y:—%x+6

Siitece the line we wish to find is parallel to this line it has the same slope,

namely m = —-}2-.
Hence, using the point—slope form, we find that the equation of the lne

18
y-—-6=~—%(m—4) or y:———i—x-}-S

So the equations of the two lines are

y=—-3z+6aDy=-1r+38
(4,6)
4..
2...
R 1 > 3 4 g
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(4) Find the equation of the line, I through (-5,3) which is perpendicular to the
line I}, y = 2z-+4. Graph these two lines and find their point of intersection.

The slope of {1, m; = 2. let m; be the siope of I3, Since ; is perpendic-
ular to Ig,

2-m2:—-1 = m2:—§

so the equation for I; is given by

1
y-3==3(x+5)

1 5
y—-§3—§+3
1 +1

V=TT

using the point—slope form.

The lines intersect at the point with coordinates x and y that satisfy
both equations simultanecusly. Hence, we wish to find = so that both of
these equations have the same value for y.

1 1
2:!.'-{-4——53:-!-5
dz4+8=—x+1

S5r=-7
R
T 5
For I, we find that
7 14 20 6
Aglti=-3+%=3

For I; we find that

=4 —=—=

1 7 5 12_6
271071010 5

1, 7
—5(=3)+

. Hence cur math calculation above is correct. The lines intersect at the
point (z,y) = (-%, $).

To graph these lines, we can draw a straight line through any two points
that lie on them. For each line we have determined a y-intercept this will
be one of our points. For both lines, we will choose the point (—£,§) as
the second point because it lies on both of these lines. Just draw a straight
line through the y-intercept and this point to graph each line.
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y = —3z+1ANDy = 22 4+ 4

(-7/5,6/5)

We can see from the geometry of the plane that two lines intersect in one point
unless they are parallel or they are the same line. Hence, a system of two equations

in two unknowns

az+by+e=20
drtey+ k=0

has 1,0, or infinitely many solutions. A solution is any point that will satisfy both

equations simultaneously.

Exercises. Write the equation of each of the following lines in standard form.

1) through (1,3),m = -2

) ) =-Lm=:

5) f(0) =4, undefined slope

7) through (—1,3) and (3,4)

9)  Through (3,-2), parallel to 2z —y = 5

10) f(8) = —4, and fis perpendicular to z +y = 4
1) y—intercept 3, perpendicular to z = 4

4)
6)
8)

through (—4,3),m = %

f(=3)=2,m=0
through (8,-9) and (4,3)
x—intercept 3, y—intercept -2
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Graph the following lines

12) f@)=1—¢g 13) g{z) = 3z 14) y=3
15) z=6 16) flz)=2zx-1 17) Y= —%a:

Find the point of intersection of the lines given. If they do not intersect or if they
are the same line, state this.

19) Sz + 10y =25 20) -y =3 21) —dzr+2y =1
z+y =4 3z+y=7 —8r+4y=2

22) Find the line through (1,6) and perpendicular to 3z + 5y = 1. Determine their
point of intersection and graph both lines.
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Graphing Quadratic Functions

Definition. A function fIs a quadratic function if
flz) = ar® +hr+ ¢

where a, b, and c are real numbers and a # 0.

In the first section of this chapter we saw the graph of the simplest quadratic
function, f(z) = z*. We will work from this graph to determine the graphs of all
quadratic functions. The graph of a quadratic function is called a parabola. A
parabola will have a point that has the largest or smallest y—value. This value is
called & maximum or respectively a minimum of the function. On a parabola, the
point where this extremum occurs is called the vertex. The vertical line through
this vertex is called the axis of symmetry of the parabola.

flz) = 2
5..
4..
3..
2..
l..
S 3
(0,0)=Vertex

The parabola ¥ = z? has a minimum of 0 at the vertex (0,0).
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fo) = —27
U,0)=Vertex

1 2

To graph of y = —«? just flip the graph of y = z? over the x-axis. This parabola
has a maximum of 0 at the vertex (0,0). Plot a few points to convince yourself that
this works.

To graph y == 22 4 3, just move the graph of y = £ up 3 units.

x y==z>4+3
0 3

i 4

2 7
-1 4
-2 7

flz) = z2 +3

B 9 @

5 (0,3)=Vertex

2 1 i )

Here the minimum is 3 and it occurs at the vertex (0,3).
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To graph f(z) = (z — 5)% move the graph of f(z) = z? to the right 5 units.

z  y=(z~-5)°
0 25
1 16
2 9
3 4
4 1
3 0
6 1
7 4
f(z) = (z - 5)?
25-\
20
151
104
5-
2 4 6 8
-5 (5.0)=Yertex

The graph f(z) = az? is narrower than the graph of f(x) = z% if @ > 1 and

broader if @ < 1. Here is the graph of y = 12z? in comparison with y = z2.



GRAPHING QUADRATIC FUNGTIONS 43

1
(0,0)=Vertex
To graph the general quadratic function

g(z)=az’+ bz +ec S

(1) Complete the square

g(z) = a(z — h)? + k, where k= % and k£ = g(h).
(2) The vertex is the point (h,k).
(3) The graph opens upward if @ > 0 and downward if a < 0.
(4) The axis of symmetry is the vertical line x=h.
(8) The graph of g(z) is narrower than the graph of f(z) = z? if @ > I and
broader if a < 1.
(6) The x—intercepts are the solutions to the equation az? + bz +c =10

_ =bE /b - dac
- 2a

(7) The y~intercept is y = g(0).

Example.

(1) Graph f(z) = (z —3)? — 4.

h=3 = Move f(z) = z? to the right 3 units

E=—4 = Move f(z) = z? down 4 units
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Vertex = (k, k) = (3, —4)
y-intercept = f(0)=(0-38)>—4=9-4=35
x-intercepts = values of x that will make f(z) = 0.

fz)=0=(z—3)% -4

(.7:—-3)2:4
z—3=42
z=34+2

z =25 or 1 = x—intercepts

104
fleg) = (= —3)* — 4

7\5--

5% (0,5)
2.5

6 7

-2.5

-5t (3, -4)=Vertex

(2) Graph f(z) = ~22% -4z — 1

Vertex

flz)=—22" -4z — 1
h = i — —4 _
T T T T

kE=fh)y=Ff-1)=-2(-1D?-4(-1)—-1=1

1

Vertex is (-1,1)

Complete the Square

flz)=-2z+1)" +1
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Multiply out this form of the equation for f(z)} to be sure that it is the same
as the original equation.

x-intercepts

) =0= =2z + 1) +1

1
2=

r+1l==%

1 .
z=—14 5= x~intercepts

b2 =

y—intercept
f(0) = —1 = y—intercept
Since a < 0 the parabola opens downward. -

flz) = =222 — 4z — 1

{-1,1)=veriex

5 - RN {

(0,-1)=y-intarcept

-2t

Exercises. Graph each of the following showing x—intercepts, y—intercept, and

vertex.

1)  flz)=2z*-3 2)  glz) =—=z2+2 3)  Az)=(z-2)?
4}  y=(z+3)7-4 5) y=9%z+2)%+4 6) y=z—-22+3

) flz)=2"-224+8 8) g(z)=2%—3z-2 9  h(x)=42>—-8z+3
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Inverse Functions

Definition. A function is one—to—one if each element, y, in the range has only
one preimage In the domain.

If we have a graph we can determine if it is the graph of 2 one-to—one function by
the horizontal line test. The Horizontal Line Test stales that a graph is the graph
of a one—to—one function if every horizontal line intersects the graph in at most
one point. Nonhorizontal and nonvertical lines are graphs of one-to—one functions.
Quadratic functions are not one—to—one. Do not confuse the Vertical Line Test with
the Horizontal Line Test. The former tells us that the graph is a function, while
the latier tells us that a graph is one-to—one.

Definition. Let f be a cne-to-one function. Then g is the Inverse Function for f
if

(f e g)(z) = f(g(z)) = = for all x in the domain of g and

{90 f)(=) = g(f(z)) = = for all x in the domain of f.

In this case g = f~1, (read “f inverse.”)

Domain Range
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Example.

(1) Show that f(z) = 2% — 1 and g(2) = /= + I are inverse functions.

(Fog)@)= (Vo) —l=z+1—1=z
(o)=Y @ -D+1=VaP =2

Hence, by definition g = f~1.

How to find f~1.

(1) Check to see if f is one-to-one

(2) Solve y = f(z) for z, obtaining =z = f~'(y)

(3) Exchange z and y

(4) Check that (fo f~1)(z) =z = (Ff~to fi(z)
The variables 2 and y are exchanged because the range of f is the domain of f~1.
When we think about the function f~! we want to keep the convention that =z
represents a value in the domain and y represents a value in the range. This will
allow us to graph f~! as we graphed f.

(2) Find f~* when
fz) = bz ;— 4
This is the equation of a nonvertical line, and being such, every horizontal
line intersects it in only one point. Thus, by the horizontal line test f is a
one—to—one function.

Solve for z
_Sr+4
-3
3y=>5x+4
3y—4=>5bc
.= 3y—4
b

Notice that, if you get two choices for = at this step, the function is not
one—to—one. This would happen if f were a quadratic function,

Exchange z and y
_3x—4

- -1
s =7

Yy
Check

5(—5_3z 4)+4 3z ~44-4 3=z
-1 — — — _
(fof )(z)_ 3 - 3 _.—3 =x

Sz 44y
gren@ =520

x
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(3) Find f~! for f(z) =z +3.

yv=vVzr+3 Solve for x
Y¥=z+3
yP—3=g

y=z>—=3=fz)  Bxchangex andy

We restrict the domain of f~! to £ > 0 since f(z) > 0 for all  in its
domain (all z > —3). In other words, since the range of f only includes
the nonnegative numbers its inverse function can only take the nonnegative
numbers for its domain. The range of f is the domain of f~1.

We find that the inverse function for the square root function is the
squaring function restricted to the nonnegative numbers.

(fofWz)=vz2—-3+3=Va2=|z|=z whene>0

(Floffz)=(Ve+3)>-3=z+3-3=z  Check

The graphs of these two functions follow. Notice that if we fold the paper
along the line ¥ = x the two graphs will lie on top of each other. This feature
is called being symmetric about the line y = .

f andf~! are symmetric about the line y = z
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f(z)=vVz+3anD fHz)=2>-3wiTHz > 0

Exercises. For each of the following functions find the inverse or state that the
function is not one—to—one. Graph each of the functions and their inverses if they
exist.

) f(@)=35-2 ) @)= ) fe)=152

H  fe)= e 5 g@)=vE-2 6) h(z)=2>+2
) flz)=2"-3 8)  f(z) =zl 9)  gz)=vz+5
10)  flz)=(z+2*+1 1) h(z)= g 12)  f(z)=-vT
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EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Exponential Functions

Definition. A function of the form
fz)=a" a>0,a#1
is an Exponential Function with Base a.

To graph exponential functions we plot some points and fill in the curve that they
approximate. Like quadratic functions the form of the graph of all exponential functions
is determined once we have the basic form of an exponential function.

Examples.

(1) Here we see the shape of the exponential function y = 2%. Notice that the output
or range of this function has only positive numbers.

L]

z  y=2 z y=2
0 20 =1 3 22 =8
1 2l =9 4 2t =16
1
2 2=4 - 9=1_ =
2 1 5
1 \ 1
= 27 =+/2 -2 272 = =
2 =2 i

Typeset by ApS-TEX

zn
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y = 2°

2.57
(—2,1/4)"&,%_/_3.’_-‘

-3 -2 -1

(2) Here we just reflect the graph above through the y-axis to obtain the graph of
y — 2""‘5‘ "

z y=2"F z y=2"°
1
0 2°=1 3 273 ==
3
1 1
1 27t=c 4 T =
2 2 16
1
2 27%== -1 2'=2
4
1 1 1
— E_E:m —2 22:4:
2 V2
y =27%
1.1/2)
o (3.1/8)(4,1/16)

2 4
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(3) To obtain the graph of y = ~2% we flip {or reflect) the graph of ¥ = 2% over the

X—axis.
z = —2* z y=-2F
0 —20=-1 3 ~ 2% = -8
1 2l =-2 4 —2* =16
1
2 2= _4 —1 —271=_Z
2
1 \ 1
= — 2% = —/2 -2 —272 - _=
2 V2 4
o
-2.5
_5..
-7.5
._lo
-12.5¢
_.15

(4) If we translate the whole graph of y = 2% up three units we get the graph of
y=2*4+3

z y=2°+3 z y=2"+43
0 20413=1 3 22 4+3=11
1 2'4+3=5 4 2+ 3=19
1 7
+ +3 2+3 5
1 . 1 13
= 27 =2 — —2 == = —
5 +3=v2+3 2 2743=243=1
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y = 2% + 3

17 .57

(5) Finally, if we move the graph of y = 2% to the left one unit we get the graph of

y = 2:1:+1

z y=2" z y=2H

0 20+l — 9 3 2% = 16

1 2 =4 4 25 = 32

2 2% =8 -1 -1+l — 90 — 1
1 3 3 1

- 22 =+/2 -2 971 =L

2 F=V2 7

y — 2:5-}-1

(-2,172y (=11
._____-q/ (0,2)

Notice that the same sort of franslations and transformations occur that occurred with
the quadratic functions. This pattern is true in general. Given a function y=f(x), the
graphs of each of the following functions will be a transformation of the graph of y = f(z)
as listed. Assume that a,56> 0
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y=flz)+a Up a units
y=f(z)—a Down a units

y = f(z +5) Left b units
y=flz—0) Right & units

y = —f(z) Reflect over x—axis
y = f(—2) Reflect over y—axis

Using these translations and transformations you can determine much about the shapes
of the graphs of many functions. You just need to learn a few of the basic graphs such as
lines, parabolas and exponential functions.

When solving equations with the variable in the exponent, find a common base and set
the exponents equal to each other.

a® =a¥ > Tz=y

(6)
g3z+2 _ 98
(23)31:-1-2 — 23
23(32+2) _ 93 Find a common base

33z +2)=3 Set exponents equal

92+ 6 =3
9z = —3

1
.’L‘x—g

Since a common base 1s sometimes impossible to find we will introduce another technique
using logarithms in the next section.

Exercises. Graph each of the following functions.

D f@=F 2 f)=3C 8 y=¥+
) @)= 5 fl@)=-3" 6 y=2145
7) y = —4% 8) flz)=2""42 9) Fz) = g=z4
Solve each of the following equations
10) 32z+1 _ g4 11) 3% = g2 12) (g)z - g2z+1
2
§ Ben? o e oo
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Logarithmic Functions

Recall that if f is a one~to-one function we can find an inverse function f~! for f so

that the compositions (f o f7!)(z) = z and (f~! o f)(z) = = . You already have a good

understanding of common inverse functions in mathematics: addition and subtraction,
multiplication and division, powers and roots. Please check the following table:

f=z) b
flz)=2+5 fl=az-5
f(z) =5 =g
f@)=2° =
flz) = 5" F =t

We see that the inverses are exactly what we expect them to be. However, we do not yet
have notation for the inverse of the function f(z) = 5% . Hence we make the following
definition.

Definition. If a > 0, a # 1, and ¢ > 0, then f(z) = log, z is The Logarithmic
Function with Base a and satisfles the conditions

log, a® =z and al98a % = g

Thus if g(z) = o® and f(z) =log, = then f and g are inverse functions.
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Directly from this definition we obtain the formula,

log, z ==m = alo8a T = g™ = T =a"
R S !

logarithmic form exponential form

The left hand side is called the logarithmic form of the equation and the right hand
side is called the exponential form of the equation. To get from the right hand side of the
equation to the left hand side we exponentiate both sides of the logarithmic form of the
equation. The theme remains the same; do the same thing to both sides of an equation
and it remains an equation.

We immediately restrict the domain of the logarithmic function to the positive real
numbers because it is the inverse function for the exponential function which only has
positive numbers in its range. The domain of the inverse of a function is the range of the
original function. {The set of positive numbers does not include zero; logarithmic functions
are not defined at zero.)

We can determine the graph of a logarithmic function -either by -plotting peints, as
we have done in the previous sections, or we can recognize that it is the inverse of the
exponential function and reflect the graph of the exponential function over the line y = =
to obtain the graph of the logarithmic function. Here are the graphs of the functions
y = 2%y = 3%,y = logyz, and logzz.

y = 2%y = 3%,y = log,z, AND y = log, x

Examples.

(1)
logg 5% = =
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(2)
log, 3257+ — 9,2 4 1

(3)
10[0g10(332+1) — 33:2 o+ 1

To solve equations with variables in the exponent take the appropriate logarithm of
both sides. (From here on I will abbreviate logarithm with log.)
To solve equations with logs of variables, exponentiate both sides.

Solve the following equations.

(4) In this example we take the log of both sides to get rid of the exponent. This
1s the same idea as multipling through by the denominator to get rid of fractions.
Remember as long as you do the same thing to both sides of an equation it remains
an equation.

321:+1 =9
log, 3%*H! = log, 9 Take logs of both sides
2z + 1 =log; 9 = log; 3% = 2 Definition
2e=2-1=1
1
z ==
2

(5) Here we exponentiate both side to get rid of the log.

log,(3z 4-2) =2
Tlogr (32+2) — o2 Exponentiate both sides
3z+2=49 Definition
3z =47
47
z=—
3
Notice that we can jump directly from the original equation to the third equa-
tion by just changing the equation from logarithmic form to exponential form.
Carefully convince yourself that this is the case and then analyze how the second
step implies the third. This is the step that makes understanding logarithms so
difficult; primarily because it requires students to fundamentally understand the
inverse relationship between exponentiation and logarithms.
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Exercises. BEvaluate each of the following expressions. Assume that all variables are
positive.

1) log, 16 2) log, V2 3) log, %

4) glogg 256 5) log, j\g_f:_ - 6) logs g3z®—6z+2
Solve the following equations. Assume that all variables are positive

7) 2x2+4z — 16 8) 3.7;2-—31: =1 9) gdz+8 _ %

10) logs (2z +5)=2  11) log, (6z% —z +2) =2
Graph the following pairs of functions on the same coordinate axis.

12) y =27 13) y =47
y=logyz y=logsz
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Logarithmic Equations

As with exponents we have certain rules for logs. These rules come directly from the
definition of log and the corresponding rules for exponents. Look back .on.the rules for .
exponents and see if you can see a correspondernce. ‘

Rules for logarithms. All variables represent positive real numbers.
7) log, b=1 it) log, 1 =10
111) logy(zy) = log, = + logy v w) log, z* = tlog, =
z
v) 1051)(;) = logy z — log, v

Proof.

i) Since 4! = b we have log; ' = 1 by definition.

i) Since % = 1 we have log; 1 = log; 5° = 0 by definition.
iii) Let m = log, z and n = log, y then,

z = §" and y=>5b" Exponential form
logy(zy) = logy (b™b™) Substitution using equations above
= log, (b™1") Rule i) for exponents
=m-+n Definition of log

=log, 4 log ¥ Definition of m and n above

We see that the rules for logarithms come directly from the rules for exponents and the
definition of log.
iv)
log,zt =logyz-z-...
Nt st
t times
=logyz +logpz + -+ logy z by 1ii)
=1.log,
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Although this proof only works when “t” is a positive integer, iv) is nonetheless true
for all real numbers t. (Please see following examples when “t” is not a positive integer.)
v) The proof for v) is similar to the proof of iii) and is left as an exercise.

A common error for students who are just starting to understand logarithms is to apply
rules that aren’t rules at all. Here are a few examples:

log, =
log, z —log, v
o, ¥ 7 log, 85
logyz |, =
logyy "y

Please be careful to only apply rules that are actually rules.

Examples. Assume that all variables are positive.

(1) .
log, 5= log, 9 — logy 2 = logy 3% —log, 2 = 2 — log, 2
(2)
log,, 30000 = log;o(3 - 10000) = log; 3 + log1010000 = log,4 3 + 4
(3)

mind

log, — = log, m® + log, nd— log, q°
q
= 9log, m -+ 3log, n — 6log, ¢

Solve the following equations.

(4)

logy, 8 =2
log, 2’ =z
3=z
(5)
log, 36 = ~2 Logarithmic form
210836 — 42 Exponentiate both sides
1
36=z"%= = Exponential form
z
1
2 _
© T3

/1 1
r=d=£ "gg—ié‘

But, z > 0 so % is the only correct answer.
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Generally we cannot determine the log with arbitrary base of some arbitrary
number without laborious hand calculations. Hence, scientists have chosen two
standard values to use as bases, 10 and e =~ 2.712. The reason for using the number
e will become clear when you take calculus. For our purposes 10 will suffice as a
general base.

logigz =logz

In the past, mathematicians and scientists used slide rules and tables of loga-
rithms to determine the base 10 log of any number. Most precalculus and calculus
texts have tables giving log,, =, abbreviated log z, for decimal values of = between
1 and 10. Fortunately, scientific calculators have a “log” key that will determine
‘the base 10 log of any number. It would be nice for you to own such a calculator
in your upcoming calculus courses so it would not be a bad investment now. As
for this booklet, it will be sufficient for you to leave your answers in logarithmic
form. The Algebra Diagnostic Exam given here at U.C. Santa Barbara does not
allow calculators.

(6)
5$+1 — 6
log 5°11 = log 6 Take logs of both sides
(z+1)logh =log6 Rule iv)

log 6
log &

o log6 - 0.7781513

~ logh -~ 0.69897

This will be the last time that I show the decimal representations. It is instruc-

“tive to notice that for numbers between one and ten the base ten log of that number
is between zero and one.

(7)

z+1=

—1=10.1132828

107 = 200
log 107" = log 200 Take logs of both sides
z% = log 200 = log(2 - 100) = log 2 + log 100 = 2 + log 2

z==12+/2+log2
(8)
5% =12
log 5% = log12 Take logs of both sides
zlogb =logl2
log 12
T Togs
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(9) We use the same principles to solve equations using logs that we did to solve
equations with less complicated coefficients. Writing log 6 is just a another way to
write the real number 0.7781513.

62:+1 — 4J:+4

log 6251 = Jog 4714 Take logs of both sides
(2z 4+ 1)logb = (z +4)log4 Rule iv)
2zlog6 +logb = zlogd +4log4 Distribute
2zlog6 — xlog4 = 4log4d —log6 Combine like terms
z(2log6 —log4) = 4log4 —log6 Factor
4log4 — logh .
v (21026 = Io§4) Divide
_ log %5
 log -Eff-
_ g%
log 9

(10) In this example, before we can exponentiate to get rid of the logs we must combine
them into one log, for our rules say nothing about what to dc with a sum in the

exponent.
log,(z + 2) — log,(z — 4) = log, =

x4+ 2
log,(——) =log, =

z+2

==z
z—4
z+2=z(zr—4)

0=2° 42 —2—2
0=z%—5g 2

5+ 25"4'(“2)—5i‘/‘°§
= 5 S+ Ts

z
2

Exercises. Write the following as a sum or difference of logarithms, when possible.

2
e 2) log, 23ﬁ 3) log, (22 + 5y)

1) log,
Write the following sums and differences of logs as a single log when possible.

4) log3+3log2 — Tlog 8 5) log, m — 3log, 2+ 5log, p
6) log, 8 — log, 7 — log, 6
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Solve the following equations.

7)) 3*=10 g8) 10F-1=¢4
10) 25 =1 = 19 11) log{z +2) +log(2z + 1) =logz
12)  logy(log, z) =1 13)  5%le&s? — 10

Evaluate the following expressions.

15)  10%les3 16)  logy 1257

63

9) 4317&—-1 — 12?’11-{-2

14) logz® = (logz)®

17) 321033 9—log, 27



CHAPTER V

TRIGONOMETRY

Angles and Angle Measurement

An angle is a figure determined by two rays emanating from a single point called the
vertex.

Angle

Terminal
Side

N
Vertex Initial Side /

When we wish to measure an angle we place it so that one side lies on the positive
x—axis. This edge is called the initial side. We create an angle with positive measure by
rotating the terminal side counterclockwise from the initial side. An angle with negative
measure 1s created by rotating the terminal side clockwise to create the angle. We can
measure angles in revolutions, degrees, or radians. '

1 revolution = 360° = 27 radians !

Typeset by ApS-TrX
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We often use the Greek letters, Theta, §; Phi, ¢; Alpha, a; and Beta, 8 to denote the
measure of an angle.

120°

g = %rev = 120° = wgf-radians
The units for radians are usually dropped and “°” is the symbol for degrees.

—-30°

o _T
¢=-30°= —

Before we can continue we need to review some formulas from geometry. In what follows
we will keep the conventions:

Circle with Radius r

r denotes the radius of a circle.
8 denotes the measure of an angle in radians.
s denotes the arc length described by an angle around the edge of a circle.
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Then we get the following formulas:

Circumference == 2nr = length of the edge of a circle
Area of a circle = #r?

=12 This formula only works if 8 is in radians.

£

w

Definition. A Unit Circle is a circle with radius one.

A radian is a convenient unit of measure on a unit circle because in this case § = s;
that is, the radian measure of an angle is equal to the length of the arc described by that
angle.

When converting from radians to degrees and vice versa, a fraction with the degree mea-
sure of the angle in the numerator and the radian measure of the angle in the denominator
will have the same value regardless of our choice of original angle.

360° 1807  90° measure of any angle in degrees

2w s 7m/2  measure of same angle in radians

The ratio using a full revolution, a half revolution, or any angle will always be the same.
Examples.

(1) Convert 45° to radians.
Set up the ratios:
360°  45°
2r
Solve for 8 by cross multipying (i.e. multiply through by the denominators) to get

360-6 =2x-45
_ S0
360

T
4

I choose the ratio % because I find it easy to remember that there are 360° in
one revolution as well as 27 radians in one revolution. You can use any one of the

ratios.
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(2) Convert I to degrees:

360 6
o /6
T
360w
6-2r
g = 30°

87

Although we generally think of angles as being less than 360°, we can generalize the
concept of angle measurement beyond the 360° or 27 radian boundary, even into negative
numbers of arbitrary size. For instance, we can say that a car that has spun out, making

one and a half turns, has done a 540°. Mathematicians depict such an angle like this.

o
o 320

BN
N,

N
\

Notice that the 390° angle’s terminal side rests in the same place as a 30° angle’s

terminal side and a —330° angle’s terminal side.

Here are some other angles.

_720° - x
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Exercises. Convert to radian measure. Express your answer in terms of w. Sketch
each angle.

1) 30° 2)  120° 3) —60°
4y 720° 5) —72° 6)  —50°
) —45° 8)  90° 9)  —240°

Convert to degrees. Sketch each angle.

w 3 %
10) 7 ) 5 12) =
S T

Find three angles that have the same terminal side location as the angle with the given
measure.

16)  45° 17)  180° 18) -

Nt
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Trigonometric Functions of Acute Angles

An Acute angle is an angle that has measure less than 90°. Before we can define the
trigonometric functions we need to recall a little about the anatomy of a triangle. In any
triangle the sum of the angle measures is 180° or # radians. If one of the angles is a right
angle (a 90° angle), the triangle is a right triangle. We denote a right angle with a box.
The longest side of a right triangle is always opposite the right angle and is called the
hypotenuse. The other two sides are called legs. If we choose an angle, say angle A, we
call the closest leg the adjacent leg and the side opposite the angle the opposite leg. Notice
that this designation changes when we choose the other acute angle as our reference angle.

Right Triangle

Hypotenu
vp S Opposite

c bLeg

a

-

Right

Adjacent Angle

Leg

Pythagorean Theorem. The sum of the squares of the legs of a right triangle is equal
to the square of the hypotenuse.

a2+b2=c2

We say that two triangles are similar if their angles have the same measures.
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Similar Triangles

In this case there is a constant, k, so that.

5] a3
ka1 = a9 _—=
by by
a3 az
kbl = 52 and _— =
5] Ca
by by
kei = ¢ — = —
c1 Cz

First Definition of Trigonometric Functions. We are now ready to make our first defi-
nition of the trigonometric functions. These definitions define the trigonometric functions
as ratios of the lengths of the sides of right triangles.

DEFINITION OF THE TRIGONOMETRIC FUNCTIONS AS
RATIOS OF THE LENGTHS OF SIDES OF TRIANGLES

) opp hyp

sin @ = csc g=
hyp opp

hvp.
opp. adj hyp
cos g =—— sec g= -
hyp adj
8 [

adj. opp adj

tan g8 = - cot 8=
adj opp

One way to remember these is the acronym “SOH CAH TOA”
Sine is Opposite over Hypotenuse

Cosine is Adjacent over Hypotenuse

Tangent is Opposite over Adjacent
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The other three trigonometric functions are just the reciprocals of these three and can
be determined easily once we know the value of their reciprocal functions.

cot 8 = !
sind cos@ " tané

These formulas must be memorized. The rest of the information in this chapter is
dependent on your familiarity with these definitions.
Notice that

cscfd =

We will apply these definitions to two important triangles.
The 45° — 45° — 90°-triangle.
Start with a unit square and cut it along the diagonal. Since this cuts the angles forming

the corners in half we are left with a 45° —45° — 90° —triangle. Both of the legs have length
one and we’ll let ¢ denote the length of the hypotenuse.

45

45 -

Use the Pythagorean Theorem to determine the length of the hypotenuse.

a2+ =
17 412 =¢*
A

&
V2

c

It

From this triangle we can read off,

. opp 1

sin45° = — = — csc45° = /2
hyp 2
ady 1

0845’ = — = — secd5° = /2
hyp /2

pandse = P2 -1 cot45° =1
adf 1
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Any other 45° —45° —90°-triangle will be similar to this triangle. It will produce the same
ratios because the side lengths will be some constant, k, times the side lengths we have.
For instance, a triangle with side lengths 1, %, % will also be a 45° — 45° — 90° —triangle
and using SOH CAH TOA to calculate the trig. functions will produce the same answers.

The 30° — 60° — 90°—triangle.
Start with an equilateral triangle. Since all of the angles are 60°,if we cut it down the
middle, one half is then a 30° — 60° — 90°—triangle. The leg on the bottom is 1/2 unit,

the hypotenuse has length one and the length of the other leg, b, is determined using the
Pythagorean Theoremn.

1/2

(5)2+b2=12
1
¥=1-:=
1 4
3
2—.—-
b“4
,_ V3
2

From this triangle or any triangle that is similar we can determine the values of the trig.
functions for a 30° and a 60° angle.

sin30°=ﬂ=1/—2=—1— cse 30° =2
hyp 1 2
cos 30° = o4 = V32 = ﬁ sec 30° = 2
hyp H 2 3
o Opp 1/2 1
tan 30’ = - = —— = —= cot 30° = /3
adj /3/2 /3
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600w PP _ V3/2 _ /3 o_ 2
sin 60° == hup =3 =7 csc 60 = \/§
dy 1/2 1
COSGOO:Z—Q;:"{“:E sec60° = 2
o opp _ V3/2 o 1
an 60 adj 1/2 V3 cot 60 V3

Another 30° — 60° — 90° —triangle you will often see has a hypotenuse with length 2 and
legs with lengths 1 and v/3.

Exercises.

A right triangle has legs with lengths 3 and 4.

1) Draw a sketch of this triangle.

2) Determine the length of the hypotenuse.

3) If angle A is opposite the side of length 3 and # = measure of angle A. Determine

a) sin 8 b) cos ¢ c) tan &
4) If angle B is opposite the side of length 4 and ¢ = measure of angle B. Determine
a) sin ¢ b) cos ¢ ¢) tan ¢

The value of one of the trig. functions is given. Determine the values of the other five
trigonometric functions assuming that the angle 0 < 8§ < 90°.

12
5) Singmﬁ 6) coséﬁ:«g- 7) tanf = /3
2 2+/3
8) cotd =1 9) secl = 7 10) cscf = %—

11) Find a formula that gives cot § in terms of sin§ and cos 4.
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Trigonometric Functions Defined for All Angles

The second definition of the trigonometric functions comes from the unit circle. Any
angle, ¢, with vertex at the origin and initial side placed on the positive x—axis defines a
unique point, with coordinates (x,y), on the unit circle. We define z = cos @ and y = sin 6.

(x,y)

€os g= X
o sin B=y

_/

We form a triangle by dropping a vertical line from the point (z,y) = (cos#8,sin6) to
the x—axis. The hypotenuse is a radius for the circle so it has length one. For angles less
than 90° we see that the unit circle definition agrees with the definition of trigonometric
functions as ratios of the lengths of the sides of triangles. Notice that once sine and cosine
are determined we can figure out the values of the rest of the trigonometric functions.
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(x,y)
sing = opP —--!-— =
“he T 7Y
1
sin @
COSG:.a.dj_. =X =X
hyp 1
o
\ Co”

Hence the unit circle definition is just a generalization of the ratio definition. This
allows us to define the trigonometric functions for all angles.

Example.

(1) Determine sin120°, cos120°, tanl20°, sin(—Z), cos(—%).
First, draw a unit circle and place the angles in standard position.

o

\120
%j

(0:'1)

60/_
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Second, determine the coordinates of the points where the rays intersect the unit
circle. To do this drop a vertical line from each of the points to the x—axis. The
vertical line from —Z to the x-axis is a radius and therefore has length one. Thus
the point associated with —I is (0,-1) so we find that

cos(—-g—) =0

sin(—g) = —1.

For the 120° angle we again drop a vertical line to the x—axis. Since there are
180° in a half circle, we see that the angle at the origin in the triangle formed is a
60° angle. We then recognize that the triangle formed is a 30° — 60° — 90°~triangle
with a hypotenuse of length one. This is one of our two important triangles so we

realize that the side lengths are 1/2 and % with the longer side opposite the larger

angle. We find that the angle 120° corresponds to the point.{(—3; \/Tg) Hence; - —

cos(120°) =

[
Ml&l DY et

sin{120°%) =

o sin(120°
ta,n(l20 ) - —(;é—ﬁ'a;l = ""'\/é—.

(2) Find sin 2% and sin ZF.

Notice that these angles correspond to the same point. The triangle formed by
dropping a vertical line to the x—axis is again a 30° — 60° — 90°—triangle. This
time the 30° angle is at the origin. The point corresponding to both L& and 1% s
(=% —$) so

sin(zg) = sin(}%?r") = ——é—.
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In general, for any integer k,

sin(8 + 2k7n) = sin b and cos(8 + 2kn) = cos b

Exercises.

1) Find the coordinates of each of the points shown below and place them on a unit
circle like the one provided.

( . )
/2 ( . )
( .}
2%x/3.~0 ’900 o’t'r3
120 60
( , ) 3=/4 11714(')
( )51:/6 n/6 ( , )
[o] 0
180 0 0
L (1,0)
o] 2x
360
0 o
( ) 210 330
7ni6 Tixie ()
S5n/f4d 0
) 300 Tri4d
¢ ()
o H
473 pro 5mi3
( ! 3k/2 ( , )
(0,-1)

2) Evaluate the value of the sine function at each of the above angles.
3) Evaluate the value of the cosine function at each of the above angles.
4) Evaluate the value of the tangent function at each of the above angles.
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5) Find an angle that is negative and has the same point associated to it on the unit
circle as that of the following angles.

a) 45° byIZE of 4

Evaluate each of the following.

6)  sin(—n) N cos(—7) 8) ta.n(—-%r)
9)  sin(6m) 10) «:05(2077r 11)  tan(—270°)

Find three angles that will satisfy each of the following equations

1 .
12) sind = 5 13) cosf = -—g 14) tand = /3
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Algebra of trigonometric functions

Notice that on the unit circle all of the points satisfy the equation
. But z = cos8 and y = sin & so we get the equation

cos? 0 +sin?f =1

Notice that sin® 8 = (sin 8)2.
We can also get this equation from the Pythagorean Theorem by noticing that the
lengths of the sides of the triangle determined by an angle ¢ are sin ¢ and cos ¢, as indicated

in the following figure:

ing .2 2
o] sin @ +cos @ =1

COos @

We can define all of the trigonometric functions in terms of just sine and cosine.

tanf — sin # ot — C?SG
cos sin 6
secl = ! csc9=-——1—--

cos @ sin @
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These formulas follow directly from the definitions and should be memorized. We will use
these formulas to find the other two Pythagorean Identities. Take the first identity and

first divide by sin® 6 and then simplify.

sin? 8+ cos? 8 =1

sin?@ cos?@ 1
sin?0 ' sin?f  sin?6
14 cot?d = csc? f

Finally to get the third identity divide through by cos? 8 instead.

sin®@ +cos?8 =1

sin?8®  cos? @ 1
cos?f  cos?f  cos?
tan®6 + 1 = sec? @

Since the second and third identities are easily derived from the first, memorize only
sin? @ + cos? § = 1 and the method for determining the other two.

Examples.
(1) Suppose that 0 < < 7 and siné = 5. Determine cosf and tané.
sin® 8+ cos? § = 1

So
—~5-)2 +cos’f=1
13

25 + 169 cos? 8 = 169

169 cos? 6 = 169 — 25 = 144

144
00826 = @
12
cosf = :!:I,)-;
for 6§ < 5,cos8 > 0 so cosé = 1—2
sin § % 5
tanf = = oo =
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We also could have approached this problem by drawing a triangle, placed with
the angle @ at the origin and the initial side on the positive x—axis. Since sinf =

opp _ 5 r
igp — 13 and 0 <8 < 3, we draw,

Using the Pythagorean Theorem we find,

52 + 5% =132

b2 =182 — 5% = 144

b=12

Thus we can apply our ratio definition to get

adj 12 opp B
= _— t — T— | e
cos hyp 13 and and = w12

Some people think algebraically and others think geometrically. Try both and

pick the one that is best for you.
(2) Add

1 sin90059_1+sin90059
sin 8 sin 8 sind sin 8

(3) Simplify

secl 41
sinf +tan @’
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secf+1 c—()lg'y+1
sinf +tand . sin 8
1 Slﬂa-i-m
1 cosf

.LOS COS ¢ Find a common denominator
sin f cos d 4 sin a
cosd cos @

14 cosé
_ cos @
" sinfcosf +sind Add
cos @

Change to sin and cos

14 cos8 cosd ]
= . I t and multipl
cos @ sinf cosf + sin @ nvert and muiuply
_ 1+ cosf
"~ sinfcos® -+ sin b Cancel
1+ cosé -
~ sinf(cosf + 1) Factor
1
= — Cancel
sin 8
= csc Simplify
Exercises.
1)Ifsinf = —2 and —Z < 8 < 0, find cos§ and tané.
2) If cos6 = —1 and £ < § < 7, find sind and tané.

3)Iftand =1 and0<d< %, find sin § and cos §

Simplify each expression. (See Example (3))

4) M 5) sin d cos § sec b csc @
1_ sing
cos @
6) tan g + tand 7 cot?d  tan® @
secd—1  secf+1 csc?§ ' sec?d
%) 2+ﬁ 5) tan ¢ + tan ¢ sin ¢ — cos ¢ sin ¢
1 sin ¢ tan ¢
cos” 6
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Graphing the Sine and Cosine Functions

83

Remember that sine and cosine are just the names of the functions that send angles to
real numbers. When we disregard the units, the radian measure of an angle is also a real
number. We learned how to graph functions that map real numbers to real numbers on
the xy—plane. We did this by plotting points and working with translations. {Calculus

gives much better methods for determining the shape of a graph.)

Let us begin by graphing y = sinz. Make a table of points that will lie on the graph.

&

Yy =S8inz

z y=sing z
" 1 7
0 0 - - —
6 2 4
Y. o o
3 2 2 3
5x L . 0 n
6 2 6
4r V3 3 ] i
3 2 3
117 1
—_ - = 2
6 2 § 0
Plot the points (z,y) = (z,sin ) on the xy-plane.
{0
1 ! —+—1 i } f #
T n/2 /6 w/2 T 3x/2 2r 5=n/2 3r Tri2 4
r/3
e

Y =sinzg

|G VG S -
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There are some important features of this graph. First, since sin(z + 27) = sin z, the
graph looks the same between 27 and 47 as it does between 0 and 2x.

Definition. A function f is periodic if there is a positive number P so that
f(z + P) = f(z)
for all z in the domain of f. The number P is called the period of f

Second, the values of the sine function are never more than one in absolute value. We
say that this function has Amplitude one.

Definition. If f is periodic and M =maximum for f and m =minimum for f, then

M —
Amplitude = m

Example.

(1) Graph y =3siniz.
Make a table and plot the points.

|&

y=3sin—z

2
0 0
T . 3
5 3s1nZ:-\~/—_§

.7

T 3sm—2—=3
2r  3sinm =0
3= —3
4r 0

As you can see, choosing which numbers to plot is very important. You will get
an algorithm lafer, but intuitively we’re just picking the numbers that will give us
nice outputs.




GRAPHING THE SINE AND COSINE FUNCTIONS 85

Notice that for this graph the

Amplitude = 3——5_32 =3
and
Period = 47
(2) Graph y =sin(3z + F).
Make a table,
.1 T .1 2
z y = sm(ix + 5) = s1n(§(a: + ?))
0 LT _ V3
My T
—2% sin(0) = 0
4 w27 .1
3 sin(5 (5 + 57)) =sin(5(7)) = 1
2
o
4
-—;—r sin{7) =0
zz sin 5T _ 1
3 2
IOT?T sin(27) = 0

|
- w/3 T 2x 7=w/3 3n
-2w/3 0 4wx/3 10%/3
- 1

Definition. A translation of any sine curve to the right or left is called a Phase Shift.

In the above example we have

Amplitude =1
Period = 4«

Phase Shift = —%’T
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We can graph a general sine curve by putting it in the standard form and determining
the values of the amplitude, period and phase shift. Standard form is

y = Asin(B(z — C))
Then,

Amplitude = |A]

2
Period = —
erio 5

Phase Shift = C

If A is positive the curve has the same form as the sine curve. If A is negative then the
curve is reflected over the x—axis. With this information we can make a graph of any sine
curve without needing to plot any points. However, it is always a wise idea to plot at least
a couple of points to be sure that you've done things correctly.

GRAPH OF y = Asin{B{z —~ C)) FOR A > 0

2n/B+C
T

-A A 21 E
I———— Period= 5 i

(8) Graph y = 4sin(3z — Z)

Be careful, the equation is not in standard form. We must first factor out the 3
from the Z to get T as our phase shift.

y = 4sin(3(z — %)) Standard Form
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Then

Amplitude = |[4| = 4| =4
2r 2w

Period = =—
eriod B 3

Phase Shift = C' = +%
A>0 = The curve is right side up

To Determine what the graph looks like from these numbers, follow these steps.
First, determine i- period = % . 3315 =z
Second, mark off intervals of length %- period = %, starting at C = %.
Third, plot the points on the graph for these x—values.
Oat =%
A at 1/4 period+C =
0 at 1/2 period+C = 3
-A at 3/4 period-+C = £F = 2
0 at 1 period+-C = 3=
Fourth, draw a sine curve connecting these points.
This curve turns out to look like this.

| | | | i
7/3 1 2n/3 s 47/3 Sr/3

o

The same ideas can be used to determine the graph of any cosine function. The exercises
walk you through this development.

Exercises.

(1) Make a table showing the values of y = cosz for the following values: 0, L)

T 2w 5w 3
55 5 gy AT,

(2) Plot these points on the xy-plane, and then connect them with a smooth curve
resembling the sine curve.

(3) What are the amplitude and period of y = cosz?
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The standard form for a cosine equation is y = A cos(B(z — C)) with amplitude, period,
and phase shift having the same values as they do for a sine equation. Determine the
amplitude, period and phase shift for the following equations.

4) y = 3cosz 5) y = 2cos 5z 6) y = cos(2(z + %))
. ) 27 1
7))  y=sin{z+2) 8 y=3sin(2z+ -§-) 9)  y=23cos 37
The steps used to graph a sine function can be used to graph a cosine function. However,

we obtain the value A at C, 0 at 1/4 period + C, -A at 1/2 period + C, 0 at 3/4 period
+ C, and A at 1 period + C. Use this fact to graph the following equations

1

10) y = 3sinz 11) y =3coszc 12) y = sin 32
1
13) y=cos z 14) Yy = —sinz 15) y = —3cosz
. 71‘ ™ ) ™
16) y = sin(z + 5) 17) y = cos(z — 5) 18) y = —2sin(3(z + E))

22) y=1+sinz 23) y = —2sin(rz +7) 24) y = sin(z + 27)
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Inverse Trigonometric Functions

We now have the trigonometric functions which have angles in their domain and ratios
of numbers in their range. We’d like to have inverses for these functions, but sine, cosine,
and tangent are not one-to-one functions.

1/2 = sin(30°) = sin(150°) = sin(390°) = ...

In order to define the inverse trigonometric functions we will have to restrict the domain
of the trigonometric functions so that each of the numbers in the range will only have one
preimage. We can then make the following definitions.

Definition.

sin"! z is the angle §, —Z < < 7 So that sinf = x
cos™! z is the angle 8, 0 < 8 < =, so that cosf = z
tan~! & is the angle 6, —% <0< 3, s0 that tanf = z

Notice that the domain of both sin™' z and cos™' z is just those numbers between -1
and 1 because this is all that is in the range of the sine and cosine functions.

Range of sine

Domain of sine
Angies sin @ Numbers/Ratios

1 1

Range of sin ) Domain of sin
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Examples.
(1) Find sin™'(1).
sinf = 1 when § = % so sin"}(1) = -g

(2) Find sin*l(‘/Tg).

sinf = -*? when 8 = £ or 2%, but 2 > Z so we must choose ¥ and then

sin"H () = I,
(3) Find sin™!(16).

We can’t. sinf # 16 for any value of # because —1 < sinf < 1 for all values of

8. sin~'(16) is undefined.
(4) Findcos™1(0.215).

Here we do not have one of our two important triangles to fall back on so we
must use a calculator. Plug in the number and press “inv” and then “cos” and the
number 77.58 will appear on the screen if the calculator is in degrees mode and the
number 1.354 will appear if the calculator is in radians mode.

(5) .
cos“l(i) = %
(6)

cosTH(~1) ==

Since the inverse trigonometric functions are inverse functionsfor the trigonometric func-
tions we ge that f(f~!)(z) = z for each of these functions with some restrictions on the
domain.

sin(sin"*(z)) =2 for —1<z<1 sin~(sin(z)) =z for — —;E <z < g
cos(cos™Hz)) =z for —1<a <1 cos I (cos(z)) =z for 0 <2 <7
tan(tan~!(z)) = z for all z tan™!(tan(z)) = z for — g <z < g—

The equations on the left hand side of the above display often get students in trouble.
Suppose we are asked for

sin"‘l(sin(%i))

Since sin(3F) = —1 we get
. 1. O . 1 i
sin” (sin(—)) =sin ' (-1) = —=
2 2
We must choose an angle with measure between —Z and 7. Notice that this is not -3121
37 3
e =1y -
o) B — e
i~ sin( 1)) #
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Note that,
sin™!(sin@)) = ¢ provided that sin¢ = sind and — :g <¢ < %
(D
sin~!(sin7) = sin™(0) = 0
(8)

V3

sin_l(sin --?-)E) = sin_l(-?) = g

(9) Find tan(cos™*(2))
Draw the appropriate triangle, labeling the angle ¢.

Determine the length of the opposite side by using the Pythagorean Theorem.

3+ =42
b* =169
¥ =7
b=+7
Now apply “SOH CAH TOA” to get
o 7
tan ¢ = a%o;) = %:

(10) Engineers have instruments to measure the angle of inclination from the ground to
the top of something off in the distance. If at 100 yards, the angle of inclination
to the top of a church is 30° and the angle of inclination to the top of the spire is
34°, find the height of the spire. Bl
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X+h

30° 34°

100 100

We have two triangles to consider.
We know the length of the adjacent side and we want to find the length of the
opposite side so we will work with the tangent function. We find,

T z 4 h
= d  tan(34°) =
100 = an(34%) = —o5

tan(30°) =
so we have
100tan(30°) = z and 100tan(34°) =z + h
Then substituting 100tan(30°) for = in the second equation we get
100 tan(34°) = 100 tan(30°) + h
Giving us the height of the spire as:
h = 100 tan(34°) — 100 tan(30°) = 67.45 — 57.735 = 9.715yards

If you don’t have a calculator handy just leave your answer in terms of tangent.

Exercises. Evaluate, leaving your answers in radians and in terms of .

1) sin_l(—g) 2) tan~ (1) 3) cos_l(}zw)
4) tan"l(—\/;)-) 5) sin™!(~1) 6) cos_l(%)
) sinfcosT() ) cosleosT(3) 9 sin~(sin(2)

10) cos(cos™H(=1)) 11) tan(tan™!(—-1)) 12) cos(sin_l(ug-))
13) sin(tan ™ (u))

14) If we are looking at a flagpole from 50ft away and the angle of inclination to the bottom
of the flag is 45° and the angle of inclination to the top of the pole is 46°, find the height
of the flag.
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Important Formulas

The Zero Factor Property ab=10 & a=0o0rb=0
The Square Root Property z? = b & z=+vb

z? — 2az + o = (z — a)?, Square of difference
2% 4 2az +a? = (z + a)?, Square of sum
2t —a® = (z— a)(z + a), Difference of squares
z* — a® = (2 — a)(z* + az + d*), Difference of cubes
2t +a®=(z+a)(z? —az +a%),  Sum of cubes

T Hfz>0

lz| = The distance from x to zero = { .
-z ifz<0

Typeset by As15-TExX
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Rules for Exponents.

Z) :L,mzn — Em+n

xn

Z
i%3 2y = Iy £ 0
) (y) - y #

n

v)  (zy)" ==z"y

Rules for Radicals.

) YE = VEYE

127) 1 evenvz® = |z|
v)  (Ve) =u
Eguations for lines.
(v —v1) =m(z —21)

y=mz+b
ax+by+c=0

i) (2™ =™

iv) "= iIf z#0

mﬂ-

vi) S =™z A0

:UTL

W Y E=

1) nodd¥z" =z

. N
vi) \/;wway¢0

Point-Slope Form
Slope-Intercept Form
Standard Form

Two lines are _Parallel if they have the same slope.

Two lines are Perpendicular if the product of their slopes is -1.

To graph the general quadratic function g(z) = az® + bz +c.

(1) Complete the square g(z) = a(z — 1)? + F,

(2) The vertex is the point (hk).

2a

(3) The graph opens upward if @ > 0 and downward if a < 0.
(4) The axis of symmetry is the vertical line x=h.

(5) The graph of g(z) is narrower than the graph of f(z) = z? if @ > 1 and broader if

a < 1.

(6) The x—intercepts are the solutions to the equation az® + bz +c=0

.= —b+Vb? — dac

(7) The y-intercept is v = g(0).

2a

where h = 22 and k = g(h).



IMPORTANT FORMULAS

Rules for logarithms. All variables represent positive real numbers.

log,z =m
logarithmic {orm

Trigonometry.

logy b =1 i) log, 1 =20

logy(zy) = log, = + log, v iv) log, z* = tlog, =

€T
logb(“yj) =log, z —log, v

log, a” ==z and al%8e T — g

s, aloga T gm

> z=qa"
N

exponential form

1 revolution = 360° = 27 radians

Circumference = 27r = length of the edge of a circle
Area of a circle = mr?

g = ;- This formula only works if 8 is in radians.

DEFINITION OF THE TRIGONOMETRIC FUNCTIONS AS
RATIOS OF THE LENGTHS OF SIDES OF TRIANGLES

. opp hyp

sinf = csc g=
hyp opp

hvp.
opD. adj hyp
cos g = sec g= -
hyp adj
8 []

adj. opD adj

tan 8 = - cot B=
adj opp

Reciprocal Identities.
1 1 1
cscf = — secf = cotd =
sin § cos ané
sin d
tanf =

95
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APPENDIX

Pythagorean Identities.
cos?f 4+ sin®6 =1
tan?f 4+ 1 = sec?d
1+ cot? 8 = csc? g

Graphing y = Asin(B(z — C)).

Amplitude = | 4]
27
Period = —
erio 5

Phase Shift = C

Inverse Trigonometric Functions.
sin™! z is the angle 6, —F <0< 7, s0 that sinf =
cos™!z is the angle §, 0 < < m, so that cos8 = z

tan™! z is the angle 4, —7 <8< %, s0that tanf = 2
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