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ABSTRACT. Landau, Pollak, Slepian, and Tracy, Widom discovered that cer-
tain integral operators with so called Bessel and Airy kernels possess commut-
ing differential operators and found important applications of this phenomenon
in time-band limiting and random matrix theory. In this paper we announce
that very large classes of integral operators derived from bispectral algebras
of rank 1 and 2 (parametrized by lagrangian grassmannians of infinitely large
size) have this property. The above examples come from special points in these
grassmannians.

1. INTRODUCTION

It was discovered by Landau, Pollak, Slepian [23, 18, 19, 22] and Tracy, Widom
[25, 26] that certain integral operators associated to the Airy and Bessel special
functions posses commuting differential operators. They found important applica-
tions of this to time-band limiting, and to the study of asymptotics of Fredholm
determinants, relevant to scaling limits of random matrix models. We call this
phenomenon the prolate spheroidal phenomenon.

On the other hand, the problem of bispectrality was posed [8] about 20 years
ago by one of us (A. G.) and J. J. Duistermaat as a tool to understand this prolate
spheroidal property of integral operators. The aim was to extend it to larger classes
and search for possible applications. Despite the dramatic recent developments in
the areas of random matrices and bispectrality the two problems remained isolated
except for several common examples, see [10, 11]. In addition only few integral
operators possessing the prolate spheroidal phenomenon were found.

Here we prove that any selfadjoint bispectral algebra of ordinary differential
operators (see Definition 3.3 and Definition 4.4 and Section 2 for general definitions)
of rank 1 and 2 induces an integral operator possessing the prolate spheroidal
property. The kernel of such an operator is of the form

K(gc,z)z/F U(z, 2)V(y, 2)dz

where U(x, z) is the corresponding bispectral (eigen)function and I'y is a contour
in the complex plane with 1 or 2 end points. It acts on the space L?(I'1) again for
a contour with the same property. The main results are stated in Theorem 3.10
and Theorem 4.11.

The integral operators of Landau, Pollak, Slepian, and Tracy, Widom correspond
to the cases ¥(x,2) = \/r2J,41/2(izz) and ¥(x, z) = A(z + z) which are known to
be “basic” bispectral functions, in the sense that the other rank 1 and 2 bispectral
functions are obtained from them by certain type of Darboux transformations, see
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[8, 29, 4, 3, 17]. (Here J,(.) denote the Bessel functions of first kind and A(.)
denotes the Airy function.) Although in these cases [23, 18, 19, 22, 25, 26] the
commuting differential operator is of order 2, in general it is of arbitrarily large
order.

In the rest of the introduction we describe our strategy for proving Theorem
3.10 and Theorem 4.11 which relies on a very interesting property of the “size” of
bispectral algebras of rank 1 and 2.

Consider, more generally, a holomorphic function ¥(z,z) in some domain of
C x C which is not an eigenfunction of any differential operator in x or z. Denote
by By the algebra of differential operators R(z,d,) with rational coefficients for
which there exists an operator S(z,d,) with rational coefficients such that

(1.1) R(z,0,)¥(z, z) = S(z,0,)¥(z, 2).

The algebra of all differential operators S(z, d,) obtained in this way will be denoted
by Cy. The equality
by (R(z,0y)) := S(z,0;)

correctly defines an antiisomorphism from By to Cy. Recall that such a function
U(x,z) is called bispectral if both algebras By and Cy contain rational functions.
The subalgebra of By and Cy, consisting of differential operators in = and z for
which ¥(z, z) is an eigenfunction, are commutative. Algebras obtained in this way
are called bispectral algebras. Their rank (which is equal and is also called rank of
the bispectral function ¥(z, z)) is the greatest common divisor of the orders of the
operators of these algebras.

We derive our main result from the following remarkable property:

Consider the Zy x Zy filtration of the algebra By given by

By = {R(x,d,) € By | ord R(z,d,) < 21, ord(by R)(z,d,) < 2ls}.
If U(z,2) is a bispectral function of rank r = 1 or 2 then the the size of the

spaces Bfl}’b in this filtration is large in the sense

dimeI}’l2 > %(21112 + 11 + 1) — const
where the constant is independent of Iy and ls.

For the basic bispectral functions e* of rank 1, and A(z + 2), VxzJ,41/2(ix2),
v € C\Z of rank 2, the dimension of these spaces is exactly equal to the right
hand side with const = —1. This is remarkable since it shows that for all bispectral
functions ¥(x, z) of rank 1 and 2 the spaces of the above natural filtration of the
algebra By are approximately of the same dimension as the basic (Bessel and Airy)
ones.

It is very interesting to understand the relation between our results and the
approach of Adler, Shiota, and van Moerbeke [1, 2] to the Tracy—Widom system
of differential equations via Virasoro constraints. One possible way would be to
incorporate the representation theoretic meaning of the Bessel tau functions from
[5] in terms of representations of the Wy, algebra, see [9].

Another important problem is to understand the relation of this work to the
isomonodromic deformations approach to random matrices from the works of Palmer
[21], Harnad-Tracy-Widom [14, 27], Its—Harnad [13], and Borodin-Deift [7].

Acknowledgments: The results of this paper were announced at the Workshop
on Superintegrability, CRM, Montreal, September 16-21, 2002, see [12]. M. Y.
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2. BISPECTRALITY AND COMMUTATIVITY OF INTEGRAL AND DIFFERENTIAL
OPERATORS

We will denote the algebra of differential operators in one variable with rational
coefficients by W,q: and the Weyl algebra of differential operators in one variable
with polynomial coefficients by Whyauy.

The formal adjoint of an operator

n

(2.1) D(x,0:) = Y bi(2)0 € Wrat
k=0
is given by
(2.2) aD(z,0,) = Z(—Bw)”bk(:v).
k=0

To a differential operator D € W,.,: as in (2.1) we associate the bidifferential
operator

n k—1
(2.3) D ¢p(D)=> Y (-1)/0F """ @ 0by(z)
k=1j=0
acting on two functions f(z) and g(z) by
n k—1
(2:4) 6(D) (£,9) =D (=1 fE D (@) (brg) " ().
k=1j=0

(We keep the complex variable x in the notation for ¢(D) because later we will
often need to evaluate ¢(D).)

The right hand side of (2.4) is known as the bilinear concomitant associated to
the operator D and is denoted by

(2.5) (f,9)p(2).

We refer the reader to [28, Section 3] for a comprehensive exposition of the prop-
erties of the bilinear concomitant and to the classical text [15, Chapter 5]. We will
primarily need it in Section. The main property of (2.5) is

(2.6) (D(x,0) f(x))g(x) = f(z)(aD(z,02)g9(x)) = 9:(f, 9)D-

Given an oriented contour I' in C, denote its endpoints by e(I"). For any & € e(T")
set m(£) =1 or 0 depending on whether ¢ is a left or right endpoint of T'. Assume
that the differential operator D(x, 9, ), given by (2.1), is regular along I".

The standard integration by parts formula states that for any two functions
f(z) and g(z) on T' that are smooth and decrease rapidly when x — oo (i.e.
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lim, oo p(2) f*) (2) = 0 for any polynomial p(x) and any integer k, similarly for

9(z))
(2.7)

/F (D(z,0,)f () gla)de = / F(2) @Dz, )9 dr+ 3 (17O, g)n(€)

Eee(l)

Let us fix a holomorphic function ¥(x, z) on some domain in C x C which is not
an eigenfunction of a differential operator in = or z. In the introduction we defined
two algebras of differential operators By and Cy, associated to such a function, see
(1.1). Let g\p and 5\1, be two subalgebras of By and Cy, respectively, which are
stable under the formal adjoint map (2.2) and such that

by(By) = Cy.

Fix a second function ®(z,z) which is holomorphic on a possibly another domain
but satisfies

P(z,0,)®(x,2) = (be P)(2,0,)®(x, 2), VP(z,0,) € By
as ¥(z,z2), i.e
g\p C Bg and bq;|g\1/ = bq>|g\1/.

Proposition 2.1. Assume that I'y and I's are two contours in C such that I'y x 'y
is in the domain of U(x,z) and ®(x, z). Assume also that both ¥(x, z) and ®(x, z)
decrease rapidly when x or z go to oo along I'ry and 'y (if these contours extend to

infinity).
If D(x,0,) € By is such that

and

(2.9) ¢e(D(x,0;)) =0,V € e(T'1);  ¢e((bD)(2,0,)) =0, V& € e(T'y)

then the integral operator with kernel
(2.10) K(z,y) = / U(z, 2)P(y, z)dz
Iz

on L*(T1) commutes with the differential operator D(x,0,) with domain all smooth
functions on 'y that decrease rapidly as r — oo.

Proof. The integral operator with kernel (2.10) will be also denoted by K. We need
to show that

KD(f) = DK(f)

for any smooth rapidly decreasing function f on I'y. Compute

(DK f)(x // D(x, 0,)W(x, 2))®(y, 2)d= 1 (y)dy
- / / (bD)(2, 0¥ (x, 2))®(y, =)= f (y)dy
- / / U(z, 2)(abD) (2, 82)@(y, 2)d=f (y)dy
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The third equality follows from the second assumption in (2.9) and (2.7). Similarly

(KDf)( / / (2, 2)®(y, 2)d=D(y, 9,)f (4)dy

_ / / (i, 2)(aD)(y, By)®(y, 2)dz f (y)dy
_ /F /F (D(z,0,)¥(x, 2))(baD) (2, 8.)(y, z)d=f (y)dy

and in deducing the second equality we used the first assumption in (2.9) and (2.7).
The Proposition now follows from these two sequences of equalities. O

Definition 2.2. We will call a differential operator D(x,0;) € Wiat formally
symmetric if

(aD)(z,0,) = D(x,0x)

and formally skewsymmetric if
(aD)(z,0;) = —D(x, 0y).

Lemma 2.3. A differential operator D(x,0;) € What is formally symmetric if and
only if it has the form

(2.11) Za"cz o

for some integer n and some rational functions ¢;(x).

Proof. Obviously the operator in the RHS of (2.11) is formally symmetric. In the
other direction if D(z,0;) € Wy is formally symmetric then it is of even order,
say 2n. If its leading coefficient is ¢, (x) then D(x,0,) — 0%c,, (2)0F is a formally
symmetric operator of order at most 2n — 2 and one can continue by induction. [

The following Lemma is straightforward.
Lemma 2.4. Fiz & € C. The operator D(z,d,) given by (2.11) satisfies

¢e(D(x,0;)) =0, i.e(f,g)p(§) =0
for all smooth functions in a neighborhood of £ if and only if
(Dick)(€) =0, fork=1,...,n,i=0,...,k—1.

For a given function ¥(z, z) as above denote by By _sym the subalgebra of By that
consists of differential operators R(z,d,,) for which both R(x,0,) and (bR)(z,0.)
are formally symmetric. Set also Cy sym := bBw sym. Consider the linear spaces

(2.12)
B — {R(x,8,) € By.sym | ord R(z,8,) < 2l; and ord(bR)(z,d.) < 2},

U, sym
(2.13)
cllz = £8(2,8.) € Cy aym | ord(b™1S)(x,8,) < 2y and ord S(z,8.) < 215}

U, sym

Clearly Cl2  — p(Blrt2 .

U, sym U, sym
From Proposition 2.1, Lemma 2.3, and Lemma 2.4 we obtain:
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Theorem 2.5. Assume the conditions from Proposition 2.1 for the functions ¥(x, z),
®(x, z) and the contours T'y, Ta. If either of the following two conditions is satis-
fied then the integral operator with kernel (2.10) possesses a formally commuting
symmetric differential operator of order less than or equal to 211 and domain — the
space of rapidly decreasing smooth functions on I'y.

Condition (i):

B2 S (1 +1)e(T1)/2 + la(ly + 1)e(T2) /2,

U, sym
Condition (ii): —e(I'1) = e(T'1), —e(T'2) = e(I'2), all operators in By sym are

invariant under the transformation  — —zx, and

B2 s 11y 4 1)e(Ty) /4 + lo(ly + 1)e(T2) /4

U, sym
3. INTEGRAL OPERATORS ASSOCIATED TO SELFADJOINT DARBOUX
TRANSFORMATIONS OF AIRY FUNCTIONS

3.1. The Airy bispectral function. Denote by A(z) the classical Airy function,
see 77. Recall that it decreases rapidly when x — oo in the sector —7/3 < argz <
/3. By abuse of notation the function

(3.1) Uy(z,z) =Alr + 2)

will be also called Airy function.
If L(x,0,) denotes the Airy differential operator

La(2,0,) =0~

then W4(z, z) satisfies

(3.2) La(x,0:)Va(z,2) =20 4(2, 2),
(3.3) 0:V A(x,2) = 0, ¥ A(z, 2),
(3.4) 2V a(x,2) = La(z,0,)Va(z, 2).

The space of holomorphic functions ¥(z, z) in z and z that satisfy (3.2)—(3.4) is
two dimensional. They are obtained from functions f(x) in the kernel of L 4(z, d,)
by putting ¥(z, z) = f(x + 2).

For shortness we will denote the algebras By, and Cy, of differential operators
with rational coefficients associated to the Airy function W4 (x, z), see (1.1), by Ba
and Cy4. It is easy to describe explicitly the algebras B4 and Ca4.

Proposition 3.1. The algebras B4 and C4 coincide with the Weyl algebra Whoiy
of differential operators in one variable with polynomial coefficients. Moreover the
antiisomorphism ba: By — Ca associated to the Airy function U (z,z), recall
(3.1), is uniquely defined by the relations

(3-5) ba(z) = (La(2,0:)), ba(0:) =0z ba(La(z,0)) = 2.
Proof. The relations (3.2)—(3.3) imply that B4 and C4 contain W, and the va-
lidity of (3.5).

Fix D(x,0;) € Ba and assume that the leading term of D(z,d,) is p(x)0

for some rational function p(x). We need to show that D(z,0;) € Wyery. Since
ba: BaC4 is an antiisomorphism

(3.6) ad} , (,.0.) (D(,0;)) =0
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for some sufficiently large k. We will more generally show that the algebra of dif-
ferential operators D(z, d,;) with the property (3.6) coincides with Whoiy.
The leading term of the lhs of (3.6) is
2kp(k) (x)a;z-i-k i
Because it vanishes p(*)(z) = 0 and thus p(z) is a polynomial. Then
p(x)0y € Wyoty, D(x,0;) — p(x)0y € By, and ord (D(x,dy) — p(2)dy) < n.
The proof is now easily completed by induction on the order of D(x,dy). O

3.2. Selfadjoint Darboux transformations from the Airy function. Propo-
sition 3.1 implies
BaNC(x) = Clz]
and
b1 (CaNC(2)) = C[La(x,dy)].

The paper [4] defines a set Dy of rational Darbouz transformations from the
Airy function W4 (z,z). Tt consists of all functions ¥(z,z) for which there exist
differential operators

(3.7) P(z,0,),Q(x,0;) € (BA)((C[z]\O) = Wrat
such that
(3.8) f(La(x,0:)) = Q(x,05)P(z,0y),
1
(3.9) U(z,z) = @P(x,(?m)\IIA(:v,z),

for some monic polynomials f(t) and p(z). After an appropriate division of ¥(z, 2)
by a polynomial in x, the differential operators P(z,d,) and Q(z,0;) can be nor-
malized to have leading coefficient 1. (The polynomial p(z) appears only for normal-
ization purposes. The reader can consult Section 5 for details.) The quotient ring
of Ba by C[z]\{0} in (3.7) is well defined since the subset C[z]\{0} of Ba = Wiy
satisfies the Ore condition, see [20].

The main property of the rational Darboux transformations from the Airy func-
tion is that they are bispectral functions. This was shown in in [4, 17] and more
conceptually proved in [3].

Theorem 3.2. All rational Darboux transformations from the Airy function V(z, 2)
are bispectral functions of rank 2.

Definition 3.3. Define the set SD 4 of selfadjoint Darboux transformations from
the Airy function ¥(x, z) to consist of those functions ¥(x, z) for which there exists
a differential operator P(x,0;) € Wit with leading coefficient 1 such that

(3.10) 9(La(x,0:))* = (aP)(x,0,)P(x, 0y),

(3.11) U(x,z) = (2,0.)¥ Az, 2),

1
—P
9(2)
for some monic polynomial g(t).

In Section 5 we will provide an explicit classification of all selfadjoint Darboux

transformations from the Airy function. We will further show SD 4 that consists
exactly of those ¥(z,z) € Dy for which Q(x, ;) = (aP)(z, ;) in (3.8)—(3.9) with
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an appropriate normalization of the polynomial p(z). (As a consequence of this it is
obtained that f(t) is the square of some polynomial g(t), compare to (3.10)—(3.11).)

3.3. Size of the algebra B4 relative to the antiisomorphism b4. Asin (2.12)
the algebra B.4(= Wheiy) has a natural Z4 x Z filtration induced by the antiisomor-
phism b4: Ba — C4 and the natural filtration on W,y by the order of differential
operators:

(312)  BY"” ={R(x,d,) € Ba | ord R(x,8,) < 2l1,0rd(baR)(2,.) < 2l2}.
The following Lemma describes ij’lz explicitly.

Lemma 3.4. The vector space ij’lz has a basis that consists of the differential
operators

{e™(La(x,0:))" | n <l1,m <l U{z™0x(La(x,04))" | n <l1,m <la}.
Lemma 3.4 easily follows from the facts that the set of operators
{z™(La(z,0:))", 2™ 0p(La(x,0))" } 2 m=o
is a basis for B4 = W,y and the antiisomorphism by : B4 — C4 is given by
ba(z™ (La(x,0:))") =2"(La(x,0:))™,
ba(x™0u(La(x,0:))") =2"0,(La(x,0:))™.

Note that the formal adjoint antiinvolution a of W,.; preserves the spaces Bf&’lz.

Because a? = id the space ij’lz is the direct sum of the eigenspaces of a with

eigenvalues +1. Let us denote the eigenvalue 1 subspace of ij’lz by Bfi)’ifjm. In

addition we have aby = baa which is easily checked on the generators x and J, of
Whoty- Therefore

B2 ={R(z,0,) € Ba |ord R(w,0,) < 2y, ord(baR)(z,0.) < 2,
aR(x,0;) = R(x,0,), a(baR(z,0,)) = baR(z,0)}.
The following Lemma contains the main result of this subsection.

Lemma 3.5. The set of operators

(3.13) {2™(La(z,0:))" + (La(z,0:)"2™ |n <lij,m <y}
is a basis for the space ij:ézm. In particular
dim B2 = (I + 1)(l2 + 1).

Proof. Because
a(La(x,0;)) = La(x,0,), a(0y) =—0,
the operators in (3.13) and
(3.14) {2™ 0 (La(x,0:))" + (La(2,0:))"0xx™ | n < l1,m < o}

are eigenvectors of a with eigenvalues 1 and —1, respectively. Obviously (3.13) and
(3.14) are subsets of Bg’b.
Using the commutation relations

(3.15) [La(x,0z),x] =20y, [0y, La(x,04)]=-1, [0y,2]=1
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one deduces that
(3.16) L(x,0;)" 2™ = 2™ La(x,0,)" + Z cijr'La(x,0,)

0<i<m
0<j<n

+ E d@jxiamLA(x,(‘:)m)j
0<i<m
0<j<n

and
(3.17) LA(2,0,)"0p2™ = 2™ 0, La(w,0:) + Y ¢ 2 La(x,0:)
0<i<m

0<j<n
i+j<m+n—1

+ Y d a0 La(x,0,)

0<i<m

0<j<n
for some integers ¢; j, d;j, ¢ ;, d; ;. Now (3.16) and (3.17) imply that the oper-
ators in (3.13) and (3.14) are linearly independent elements of Bfi”izm and Bfi:lf,

respectively. Thus the dimension of the direct sum of the spaces spanned by the
operators in (3.13) and (3.14) is
(L +1)(2+1) +lils
which is exactly the dimension of
B =B @B
This completes the proof of the Lemma. (I

Example 3.6. Consider the integral operator with kernel
(3.18) Ky(z,y) = / U p(z,2)PA(y, 2)dz = / Alx 4+ 2)A(y + 2)dz

acting on L2([t,0)), s,t € R.

Theorem 2.5 and Lemma 3.4 imply that there exists a second order differential
operator which commutes with K 4. Here we construct such a differential operator
by a straightforward application of Proposition 2.1 and Lemma 3.4.

According to Lemma 3.4

(3.19) By ym = Span{l,z, La(x,0s), (xLa(w,0x)+ La(x,0x)x)/2 = 0p10z — 27}
Proposition 2.1 implies that the operator

D(x,0,) =ux +vLa(x,0;) +w(xLa(x,0,) + La(x,0z)x) /2
commutes with K 4 if
(3.20) ¢(D(x,0;)) = 0 and ¢4((baD)(2,0:)) = 0.

(The constant 1 in (3.19) is disregarded in the construction of D(x,d,) since it
commutes with K 4.) But

D(z,0,) = Op(wz + )0, — (wr? + (v —u)x)
and
D(z,0;) =uLa(2,0,) + vz +w(zLa(z,0.) + La(z,0,)2)/2
= 0. (wz +u)d, — (wz? + (u —v)z).
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Finally because of Lemma 2.4, (3.20) is equivalent to
wt+v=0,ws+u=0

and we can choose w =1, v = —t, u = —s.
The differential operator which commutes with K 4, obtained in this way, is

(3.21) D(z,0;) = —sx —tLa(x,05) + (xLa(x,05) + La(z,0,)x) /2

(3.22) = 0p(x — )0, — (2® + (s — t)x).

This is the operator found by Tracy and Widom in [26]. Note that although (3.22)
is simpler than (3.21), it is (3.21) that reveals the natural symmetry between s and
t, recall (3.5).

Let us also note that K 4 is an integrable integral operator in the sense of Its—
Izergin—Korepin—Slavnov [16]. The kernel (3.18) is also given by the formula

A@)A'(y +5) — Aly)A'(z + s)

(3.23) Ka(e,y) = —

which can be seen from
(r —y)Ka(z,y)
[ a0 ) Va2 — [ Wal2) (Ll 00 )
= A(x)A (y + 5) — A(y)A'(z + s).

All integral operators, considered subsequently, will be integrable integral but will
be much more complicated than (3.23). O

3.4. Size of the algebra By sy, for selfadjoint Darboux transformations
from the Airy function, relative to the involution by. Let us fix an arbitrary
selfadjoint Darboux transformation ¥(z, z) € SD4 from the Airy function given by
(3.10)—(3.11) for some P(x,05) € Wrqt and g(t) € CJt]. The goal of this subsection

is to show that the spaces Bfﬁ’lz are sufficiently large, more precisely that
dim B — dim By "2

is bounded from below as a function of /1 and I3 € Z>¢.
Let

(3.24) P(z,0,) = %R(x,&x)

v
for some R(z,0;) € Ba(= Wpory) and v(x) € Clz]. Set

(3.25) ord R(z,0,) = p1 and ord(baR)(x,0;) = pa.
Define
(3.26)

1 1

| M(z,0,) € Bl Pri,

A,sym

Sy = Span{mR(x,az)M(x,az)(aR)(x,ax)v(x)
(3.27)

Su2 = Span{o(x) M (z,9,)o(x) | M(x,0,) € Byl ).

A, sym
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Proposition 3.7. The spaces of differential operators Sy.1 and Sy 2 are subspaces

ofoﬁ:é?ym and
(3.28) b ( L R(z,0,)M(z,8,)(aR)(z,0 )L> — () (baM)(2,0.)g(2)

. W ’U(I) y Uz y Uz 7mv($) =g A ,02)9 )
(3-29) by (v(z)M (2,0 )v(x)) = ﬁ(bAR)(z,(’L)(bAM)(z,82)(abAR)(z,6z)$

for the operators in Sy,1 and Sy 2

Proof. Let
M(x,0,) € By P2t

A, sym
Start with the equality

M (x,0:)g(La(x,02))*Wa(w, 2) = g(2)*(baM)(2,0:) ¥ a(w, 2).
Using the definition (3.10)—(3.11) of ¥(z, z) one gets
1
M(x,0)(aR)(z, Bw)@g(z)\lf(x, 2) = g*(2)(baM)(2,0,)V a(x, 2).
Acting on both sides by mR(x, 0;) and taking into account (3.11) gives

7 02 M 0, 00) @R) 1,00) o2 2) = 0(2) BNz, )9 (), 2).
Note that

since (aM)(x,0;) = M(z, d,). Analogously
(@ —1d) (9(2)(baM)(z,0:)g(2)) = O
because of (abaM)(z,0,) = (baaM)(z,0,) = (baM)(z,0,). This finally implies
1 1

R(:v,am)M(x,am)(aR)(x,aw)ﬁ> _

l1,l2
(3.30) o) R(z,0,)M(z,05)(aR)(x, 0x) @) € By gm
(that is Sy,; C By’ ) and the validity of (3.28).

For the second part we will need Theorem 4.2 of [3]. In our setting it states that
(3.10)—(3.11) are equivalent to

(3.31) o(La(20)° = (@baR)(z.0.)- (i)z (baR)(2,0.),
(3.32) U(z,z) = m(bAR)(z, 0.)V 4(z, 2).

(The hard step is to show the first equality.) Now the fact that Sy 2 is a subspace of
B‘ll}izym and (3.29) follow from the above relations and (3.30), (3.28) by exchanging
the roles of = and z. O

Proposition 3.8. The dimension of the intersection Sy.1 N Sw 2 is less than or
equal to

(3.33) (1 = pr + 1) (02 — po + 1).
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Proof. Comparing the orders of the operators in (3.10) and using (3.24) gives
(3.34) p1(=ordR) = 2degyg.
In particular p; is even. Similarly from (3.31) we deduce
(3.35) p2(=ordbsaR) = 2degw.

Comparing the leading terms in (3.10) (and again using (3.24)) we get that the
leading term of R(x,0;) is v(z)02*. Combining the above facts implies that

r—1

(3.36) R(z,0,) = v(2)La(x,0:)" + Y _(hj(x) + g;(2)0x)La(z, 0,

§=0
for some polynomials h;(x), g;(x).
We need to show that the dimension of the space of differential operators

M(I,aw) < Bll p1,l2 a’:[1(1 N(x a )E Bllxl2—/72

A,sym A,sym
such that

(3.37) R(x,0.)M (z,0.)(aR)(x,0,) = v(z)*N(x, 0, )v(x)?
is less than or equal to (I1 — p1 4+ 1)(I2 — p2 + 1). Write two such operators M (z, dy)
and N(x,0;) in the form

li—p1
(3.38) M(2,0,) = Y (bj(@)La(x,0:) + La(x,0:)7b;(x))
j=0
1
(3.39) N(z,02) =Y (cj(@)La(w,0:) + La(x,0:) c;(x))
§=0

where b;(z) and ¢;(x) are polynomials and
(340) deg bj S lQ, deg Cj S ZQ — pP2.

In terms of the those we need to show that the dimension of the space of of
polynomials {bj(:v)}il - and {¢;(z) ;2:0, satisfying (3.37), is less than or equal
to (I1 —p1+1)(la — p2+1). (The polynomials v(x), h;(z), and g;(z) are fixed. They
determine the function ¥(z, z).)

Using the commutation relations (3.15) we get

li—p1 li—p1—1
M (z,8,) =2 Z bi(@)La(z,0.) + > (mi(x) + 0i(2)0x) La(w,0,)"
=0

where 7;(z) and 91(:1:) are polynomials determined from by (x) for k € [i+1,1; — p1].
Again applying the commutation relations (3.15) we obtain
li—p1 _
(3.41) R(x,0,)M (z,0:)(aR)(x,0,) = Z 20(2)%bj(z)La(z, 0, ) TP
§=0
I1—1

+Z 041 +61 ) )LA(‘Tvaﬂﬁ)Z

for some polynomials a;(z) and ;(x) depending only on the polynomials by(x) for
Eeli—pr+1,01—pi].
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Analogously
It
(3.42) v(x)?N(z,0;)v(z)? = 2v(z)* Z ci(z)La(z,0y)
i=0
Li—1
+o(@)? Y (@) + 6i(2)dy)) La(x, d,)'
i=0

for some polynomials v;(x) and é;(z) depending only on the polynomials ¢ (z) for
keli+1,04].
Now we substitute (3.41) and (3.42) in (3.37) and use the fact that

{2™La(2,0:)", 2™ 0 La(z,0:)" }om=o

are linearly independent:
1. From the coefficient of L 4(x,9,)" we obtain

bll*Pl (:E) = v(x)2cll (I)
Since degby, —,, () < ly and 2degv(z) = p2, see (3.35) the polynomial by, —,, ()
depends (linearly) on at most lo — p2 + 1 parameters. Fixing these parameters
determines ¢, (z) completely.
2. Arguing by induction, assume that b;(x), ..., by —p, (z) and ¢jqy, (2), ...,
¢, (z) and are fixed for j running from I3 — p; down to 1. From the coefficient of
La(r,0,)7~1 we obtain

bj—1(z) = 0(2)*Cjip—1(2) + (A, -1 (2) = Njrrpy—1(2)) /20(2)*.
Thus the reminder of b;_1(x) modulo v(z)? is fixed. Since degb;_1(z) < Iy and
degv(z)? = po the choice of b;j_1(z) depends (linearly) on at most lp — ps + 1
parameters. Fixing b;_1(x) completely determines c;1;, —1(z).
Adding up these “maximal degrees of freedom” for the polynomials by(x), ...,
b1, —p, (z) completes the proof. O

Because of Lemma 3.5
dimS\p)l = (11 —p1+ 1)(12 + 1) and dimS\yg = (ll + 1)(12 — p2 + 1)
Taking into account Proposition 3.8 we obtain the following Theorem.

Theorem 3.9. For any selfadjoint Darboux transformation from the Airy function
U(x,z) € SD4 the dimension of the space of differential operators Sy 1 + Sw.2 is
greater than or equal to (I3 + 1)(Ia + 1) — p1p2. In particular

(3.43) dim B2 > (I + 1)(la + 1) — p1pe.

Theorem 3.9 and Theorem 2.5 imply our final result for integral operators derived
from Darboux transformations from the Airy function.

Theorem 3.10. Let ¥(x,z) € SDa be a selfadjoint Darboux transformation from
the Airy function, given by (3.10), (3.11), (3.24). Let I'y, T'y be two connected
contours in C that do not contain the roots of the polynomials v(t) and g(t) re-
spectively and that begin at some finite points and go to infinity in the sector
—m/3 < argx < w/3. Then the integral operator

K(gc,y):/F U(z,2)V(y,z)dz



14 F. ALBERTO GRUNBAUM AND MILEN YAKIMOV

on L*(T'1) commutes with a formally symmetric differential operator with rational
coefficients of order less than or equal to 2p1p2 and domain all smooth functions
on I'y that decrease rapidly as x — oo.

Proposition 3.11. Let I'y and I's be two contours as in Theorem 3.10 with end
points t and s, respectively. For any selfadjoint Darboux transformation ¥(x,z) €
8Dy from the Airy function, given by (3.10), (3.11), (3.24) the integral operator
with kernel

K\p(gc,y)z/F U(z,2)V(y,z)dz

acting on L*(T1) is integrable in the sense of Its—Izergin-Korepin—Slavnov [16].
Moreover there exist functions a;(x), bi(y), ¢i(z), and d;(y) that are smooth on Ty
such that

N
(3.41) K(w9) = S Ka(o) + Y ai(olbity)
_ vly) S
(3.45) = o) KAy + > cil@)di(y)

where K a(xz,y) is the Airy kernel given by (3.23)

Kalr.) = [ 0ata0ay, 2y = AOAQED AN L)

z—y
Proof. According to (3.32)
(3.46)
1 1 1
Ku(e.9) = 75 /F T AR 0, 2) s (baR(e, B2 WAy, )
Integrating by parts (2.7) the second operator (1/g(z))baR(z,0,) we get
Ko(x )—#/ <ab R(2,0.)——baR(z, 0.)U sz z))\IJ (y, 2)dz
I @l Jp, AT AT AL A
1
(Gt e a2 ()

The second term above gives rise to the second term in (3.44). Eq. (3.45) is proved
by intergrating out the second operator (1/g(2))baR(z,0,) in (3.46). O

4. INTEGRAL OPERATORS ASSOCIATED TO SELFADJOINT DARBOUX
TRANSFORMATIONS OF BESSEL FUNCTIONS

4.1. The Bessel bispectral function. Recall that the Bessel functions of third
kind are given by

_ e (t/2)*"
(4.1) L(t) = (t/2) mz::O T+ 1)’ t € C\{0}

for v € C\Z, see e.g. [6, Chapter 7.2.2]. For those values of v one defines the
functions
_ I—V(t) B L,(t)

27 sin(vr)

(4.2) K (1)
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which are called modified Bessel functions of third kind. Both I, (t) and K,(t) are
multiple valued holomorphic functions of ¢ € C{0}. By continuity one defines I, (t)
and K, (t) for v € Z, see [6, Sections 7.2.4-7.2.5] for details.

By abuse of notation the functions

(4.3) U, (2,2) = (22) /2K, 1 o(a2)
will be also called Bessel functions. Consider the Euler operator
D, = z0,
and the operators
(4.4) LA@&Jzaﬁ—zggizziﬁDm+uxDm—u—U
to be called Bessel operators. The Bessel functions satisfy the equations
(4.5) L,(x,0,)V,(x,2) = 220, (z, 2),
(4.6) DV, (z,2) =D,V,(z, z),
(4.7) 220, (2, 2) = L,(2,0,)V,(x, 2).

For shortness the algebras By, and Cy, associated to the Bessel function ¥, (z, 2),
recall (1.1), will be denoted by B, and C,.

Because of (4.5)—(4.7) the algebras of differential operators 5, and C, contain
the operators L, (x,0,), D, and 2%. We will denote their subalgebras generated by
those operators by B, and 5,,, respectively. Clearly (4.5)—(4.7) imply

b,(B,) =C,.
The algebras B, and C, are described in the following Proposition.

Proposition 4.1. (i) For v € C\Z the algebras B, and C, are generated by the
operators L, (z,0;), Dy, and 22, i.e.

B,=B,, C,=0C,.
(ii) If v € Z the algebras B, and C, are larger than g,, and CNL,, e.g. Bg=Co =
Wholy- B B
For those values of v the subalgebras B, and C, of B, and C, consist of exactly

those differential operators in B, and C, that are invariant under the transformation
T — —.

Remark 4.2. In the definition of ¥, (x, z) instead of K, (-) we could use the Bessel
functions of first kind J, (i-) or the modified Bessel functions of first kind I,,(+). In
that case the corresponding algebras B, and C, would be smaller, in fact equal to
B, and C, above. This will not reflect the fact that the operators L,(x,d,) generate
rank 1 maximal bispectral algebras for v € Z, see [4, 8].

Proof of Proposition 4.1. Part(i): We will need Proposition 2.4 from [4] which
states that C[L, (x, ;)] is a maximal bispectral algebra of rank 2 for v € C\Z. In
particular this means that
(4.8) [L,(x,0,),C(x,d,)] = 0 implies C(x,9,) € C[L,(z,d,)].

Since b, : B, — C, is an antiisomorphism, as in Proposition 3.1, we have that
for any D(z,d;) € B, there exists an integer k such that

(4.9) mg@@ﬂpgxm):a
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The minimal such k for a given D(z,d,) will be denoted by k(D).

First we will prove by induction on k(D) that D(z, d,) € B, implies that D(x, 9,,)
is invariant under the transformation x — —x. (In the case k(D) = 1 this follows
from (4.8).)

Note that D(—z, —0,) € B, and

b, (D(—z,—05)) = (byD)(—2,—-0,)
because ¥, (z, z) depends only on xz. Now (4.9) implies that
k(D)—1
Ay o0y (D, 00)) = a(Lu(, 02))
for some polynomial ¢(t). Since L,(z,d) is invariant under the transformation
T +— —x we get

k — k _
adL<V’§;781)(D(x, d,)) = ade(’;ﬁi)(D(_x, —0,)).

That is

k(D(ZE, am) - D(_:Ev _az)) < k(D) -1,
and due to the inductive assumption the operator
(4.10) D(x,0;) — D(—x,—0:)

is invariant under the transformation 2 — —z. At the same time the operator (4.10)
is clearly skewinvariant under « — —z. This can only happen if D(z, d;) is by itself
invariant under z — —z. _

Now fix D(z,9,) € B,. We will show that D(z,d,) € B,. If the leading term
of D(x,0;) is p(x)0%2, we have p(z) = p(—=x) because D(z,d,) is invariant under
T —x.

Analogously to Proposition 3.1, using (4.9) one shows that p(z) is a polynomial.

If n is even then p(z) = h(z?) for some polynomial h(t) and

D(x,8,) — h(z®)L"?(x,8,) € B,

and has order less than ord D.
If n is odd then p(x) = zh(x?) for some polynomial h(t) and

D(z,8;) — h(a?) D, LV *(x,0,) € B,

and has order less than ord D.
In either cases the proof of part (i) is completed by induction on ord D.
Part (ii): Recall that

Kl/Q(t) = (7T/2t)1/26_t
and thus
Wo(z,2) = (7/2)Y 27",

Analogously to Proposition 3.1 one proves that By = Co = Whoiy-

For v € Z the algebras b, 1(C, N C|z]) are maximal bispectral algebras of rank
1, [4, 8, 29]. This means that that they contain differential operators of odd order
with leading coefficient 1, and hence they contain differential operators that are not
i{lvariantN under x — —zx. That is for v € Z the algebras B, and C, are larger than
B, and C,.

The last statement in part (ii) is proved analogously to part (i). O
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The Bessel functions corresponding to v1,1v2 € C that differ by an integer can
be obtained by a Darboux transformation from each other:

1
(4.11) U,i1(x,2) = —(Dy —v— 1)U, (z, 2),
xz
1
(4.12) U, (z,z) = E(Dz +rv+ 1T, 14(, 2),

which corresponds to the factorizations
L,=2x'Dy+v+1)z "Dy —v—1), L,y =x(Dy—v—1z (D, +v+1).

The above Darboux transformations are the reason for the fact that for v € Z the
Bessel operators L, (z, d,) belong to maximal bispectral algebras of rank 2.

4.2. Selfadjoint Darboux transformations from the Bessel functions. The
set of rational Darboux transformations D, from the Bessel function U, (z,z), de-
fined in [4], consists of those functions ¥(z,z) for which there exist differential
operators

(4.13) P(z,0:),Q(x,0;) € (By)5,nc()\{0})
such that
(4-14) f(Lu(Ia 81)) = Q(I, 3I)P(x, ax)a
1
(4.15) U(z,z) = @P(x,(?w)\ll,,(x,z),

for some polynomials f(¢) and p(z). It is not hard to show that the subset 5, N
C(x)\{0} of B, satisfies the Ore condition and the quotient ring in (4.13) makes
sense. The function ¥(x,z) is further normalized by dividing it by the leading
coefficient of P(z,d,), see [4].

Let us note that for v € Z the intersection B, N C(z) is larger than C[z?]. For
the present paper we will need the smaller algebra B, N C(xz), for which part (ii) of
Proposition 4.1 implies

C[z?] = B, N C(x),
C[Ly(x,8,)] = b, (C, N C(2)).
(Note that for v € Z the intersection B, N C(z) is larger than C[z?], see part (ii) of
Proposition 4.1.)

The following theorem was proved in [29] for ¥ = 1 and in [4, 3] in the general
case.

Theorem 4.3. All rational Darbouz transformations from the Bessel functions are
bispectral of rank 2 if v € C\Z and of rank 1 if v € Z.

Definition 4.4. Define the set of selfadjoint (“even, selfadjoint” in the case v € Z)
Darboux transformations SD,, from the Bessel functions ¥, (z, z) to consist of all
functions ¥(z, z) for which there exists a monic polynomial f(¢) of the form

(4.16) ft)=t"g(t)>, m=0or1
and a differential operator

P(x,0.) € (B,)(Cle’]\{0})""
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with leading term ™ such that

(4.17) f(Lu(z,0,)) = (=1)™(aP)(x,0:)x " P(x,0:)
1

ng(22)$m

(4.18) U(z,z) = P(x,0,)¥,(z,2).

In general the polynomial g(¢) can vanish at 0.

Equations (4.11)—(4.12) show that ¥, ,(z,z) are (even) selfadjoint Darboux
transformations from ¥, (z, z).

Below we explain the reason for the terminology even. In Section 5 we will show
that the set SD, consists of those rational Darboux transformations ¥(z, z) from
the Bessel function ¥, (z, z) for which in the notation (4.14)—(4.15)

(4.19) Qw,0;) = (1) P (aP) (=, 0,)
with the additional property in the case v € Z
(4.20) P(—z,-0,) = P(x,0;).

In (4.19), Q(x,8,) and P(z,d,) denote the differenial operators obtained from
Q(z,0,) and P(z,d,) by dividing them by their leading coefficients on the right
and on the left, respectively. As a consequence it is obtained that the polynomial
f(t) in (4.14) has the form (4.16). (An appropriate normalization of p(z) is made
as well.)

According to part (i) of Proposition 4.1 in the rank 2 case v € C\Z the condition
(4.20) is a consequence of (4.13) because in that case

B, = B,.

In the rank 1 case v € Z the term even reflects this extra condition, recall that
due to part (ii) of Proposition 4.1 the algebra of operators in B, invariant under
z — —x is exactly B,. The extra condition (4.20) is needed since in the case of
Darboux transformations from the Bessel function the prolate spheroidal property
will be deduced from the second condition in Theorem 2.5.

4.3. Size of the algebras gl, relative to the antiisomorphisms b,. Similarly
to (2.12) the algebra B, has a Z; x Z filtration induced by the antiisomorphism
b, : B, — C, and the standard Z. filtration on W,.,; by the order of the operator:

(421) B ={R(x,8,) € B, | ord R(x,d,) < 2l1,0rd(b,R)(z,0,) < 2l}
Lemma 4.5. The set of operators

{2*™ (L (2,0:))" | n < l1,m < I} U{a*™ D, (L, (2,0:))" | n < l1,m < l2}.
is a basis of the space B2,

Proof. The operators 2L, (x,0,), 22, and —D, — 1/2 satisfy the commutation
relations for the Cartan generators of sla(C) :
(4.22)

[Dy, L, (x,0,)] = —2L,(x,0,), [Dy, 2% = =222, [2°, L,(z,0,)] = —4D, — 2.

Using in addition the fact the operators L,(x,d,), D, and x? generate B, one
easily obtains that the following set is a basis of B,

{1727” (Ly(, ax))n ) fEQsz (Ly(, 81))71}?:,71:0-
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In terms of this basis the antiisomorphism b, : gl, — CNI, is given by
b, (me(L,,(x,am))") = (L,(2,0.))"2*™,
by (2> Dy(Ly(x,0:))") = (Lu(2,0,))"D.2*".

Now the statement of the Lemma is obvious. O

Note that the formal adjoint involution a of W, preserves the spaces B!z
Since a? = id the space B2 is the direct sum of the eigenspaces of a with eigen-

values £1. The eigenvalue 1 subspace of gf}h will be denoted by B!z

v,sym*
Let us also note that bispectral involution b, and the formal adjoint involution

a commute on B, :
(4.23) ab, (P(x,8,)) = bya(P(z,8,)), VP(z,9;) € B,.

(This is proved by a direct check on the generators L, (z,8,), Dy, and z2 of B,.)
From the commutativity (4.23) we obtain

Birlz = {R(z,0,) € B, |ord R(z,d,) < 21y, ord(b, R)(2,8.) < 2,
aR(x,0;) = R(x,0,), a(byR(x,0:)) = b, R(x,0.)}.

Lemma 4.6. The set of operators

(4.24) {2®™ (L, (2,0.))" + (L, (,0,))"2*™ | n < 11, m < o}

is a basis for the space B,l}zsl;m. In particular

dim Bll2 = (Iy +1)(l2 4 1).

v,sym
The Proof of Lemma 4.6 is similar to the one of Lemma 3.5. We start with
a(L,(x,0;)) = Ly(2,0;), a(Dy+1/2)=—(D,+1/2).
Thus the operators in (4.24) and
(4.25) {2™ 0 (La(x,0:))" + (La(2,0:))"0xx™ | n < ly,m <o}

are eigenvectors of a with eigenvalues 1 and —1, respectively. Obviously these are
subsets of Bfi’b.
From the commutation relations (4.22) we get

Ly (z,0,)"2*™ = 2™ L, (x,0,)" Z cijv* L, (2,0,)
0<i<m
0<j<n
+ Y dijat Dy +1/2)Ly (3,0,

0<i<m
0<j<n

Ly(2,0,)"(Dy +1/2)2™ = 2™ (Dy + 1/2) Ly (2, 8:) + Y ;2" Ly(x,0,)

2,9
0<i<m
0<j<n
i+ji<m+n—1

+ 20 gt (Dt 1/2) L, 00)
0<i<m
0<j<n
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for some integers ¢; j, d; j, c; ;, d; ;. Applying Lemma 4.5 we get that the operators
in (4.24) and (4.25) are linearly independent elements of B:+*2. Thus the dimension
of the direct sum of the spaces spanned by (4.24) and (4.25) is

(h+1)(l2+1) + lilo
which is exactly the dimension of B't+2. This is only possible if the set (4.24) is
basis of Bf} ’Slﬁm. O
Example 4.7. Consider the integral operator with kernel

sins(z — y)

4.26 Ksin z,Y)=

(1.26) () = 2
acting on L%[—t,], s,t € R. The fact that it commutes with the differential operator
(4.27) Dy(x,0,) = 0y (2% — t2)0, + s%a?

is an essential property of (4.26), having important application to time and band
limiting, and the bulk scaling limit of the gaussian unitary ensemble, as shown by
Landau, Pollak, Slepian [23, 18] and Tracy, Widom [24]. (Typically one uses s = 7
and divides the above kernel Ky, by m. We introduce the extra parameter s since
there is a natural duality between s and ¢ to be described below.)

Here we show how Dg(z, 0,) is easily constructed from Theorem 2.5 and Lemma
4.5.

First of all observe that the sine kernel (4.26) is also given by

eisem) _ gmista=y) 1 is
2i(w—y) 2 /

Note that e** and e~®% span the space of functions satisfying (4.5)—(4.7) for v = 0
and according to Lemma 4.5

(4.29) Eé:ym = Span{1, 22,02, 2?0? + 92z?}.

Now Theorem 2.5 immediately implies that the sine kernel possesses a commuting
second order differential operator but such is also easy to construct on the basis of
Proposition 2.1 and Lemma 2.4 as follows. From Proposition 2.1 we get that

D(z,0,) = ua® +v02 + w(x?02 + 922%) /2
commutes with K, if
(4.30) ¢+(D(z,0;)) = 0 and ¢;s((boD)(z,0,)) = 0.
But

(4.28) Kin(z,y) = e Y*dz

—1is

D(z,0,) = 0, (wa? 4 v)0, + uz® +w
and
(boD)(z,0.) = ud? + vz? + w (2202 + 022%)/2
= 0. (wz? +u)d, +vz® +w
Lemma 2.4 implies that (4.30) is equivalent to

wt? +v =0, —ws>+u=0.

2

The triple w = 1, v = —t2, u = s? is a solution of this system producing the

commuting differential operator
D(z,0,) = s%2® — 1202 + (202 + 8%2?) /2 = Do(x,0,) +1/2,
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cf. (4.27). Again in the above form the duality between ¢ and is is preserved while
in (4.27) it is not transparent. O

Example 4.8. Bessel kernel. (|

4.4. Size of the algebra By s, for an (even) selfadjoint Darboux transfor-
mation from a Bessel function. Fix an arbitrary selfadjoint (and in addition
even in the rank 1 case v € Z) Darboux transformation from a Bessel function
U, (z,2), U € 8D, given by (4.17)-(4.18) for some P(z,d,) € (C[z2\{0})"'B,
and f(t) = t™g(t)?, g(t) € C[t]. Let

1
(4.31) P(x,0,) = v(:z:Q)R(x’ Ox)
for some R(z,d,) € B, and v(z) € Clz]. Set
(4.32) ord R(z,0,) = p1 and ord(b,R)(z,0:) = pa.
Denote
_ 1 L Bli—p1,l2
Su1 = Span{xmv(IQ)R(:v,(’“)m)M(:C,61)(aR)(:v,8m)xmv(x2) | M(x,0:) € B o},

Sy 5 = Span{z™v(z?) M (z, 9, )z v(x?) | M (x,d,) € B1l2-r2}.

v,sym

Proposition 4.9. (i) The spaces of differential operators Sg,1 and Sy 2 are sub-
spaces ofol}jizym

antiinvolution by associated to the function ¥ (x,z) acts on these spaces by

(4.33)
by (éR(x,8I)M(x,8x)(aR)(:r,3z)%) = zmg(zz)(bl,M)(z,8z)zmg(z2),

and are invariant under the transformation x — —x. The bispectral

xmu(x?) mu(z?)
(4.34) 1 1
by (z™v(2®) M (2, 0p)a™v(2?)) = W(b,,R)(z,('L)(bl,M)(z,82)(ab,,R)(z,8z)

(ii) The dimension of the intersection Sy 1 N Sw2 is less than or equal to
(i —p1 +1)(l2 — p2 +1).

Proof. Applying Theorem 4.2 from [3] we obtain that (4.17)—(4.18), (4.31) are
equivalent to

(4.35) Ly(2,0,)"v(Ly(2,0.))* = (ab, R)(z, 8Z)W1(22)2(b,,1€)(z, )
1
(436) \I](JI,Z) = W(byR)(z,ﬁz)\Ify(x,z),

cf. the dual expressions for Darboux transformations in the Airy case (3.31)—(3.32).
Part (i) is proved analogously to Proposition 3.7 using (4.35)—(4.36).
Part (ii) is similar to Proposition 3.8 but there are several differences:
The orders p; and py of the operator R(z, d,) and (b, R)(z, 0,) are not necessarily
even. First

(4.37) p1(=ord R) = m+ 2degg, that is py = m( mod 2).

2mg(2%)
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This is obtained by comparison of the orders of the operators in (4.17), using (4.16)
and (4.31). Second from (4.35) one gets
(4.38) p2(=ordb,R) = m + 2degv, i.e. pr =m( mod 2).

Since P(z,0,) = ﬁR(z, 0y ) has leading coefficient 2™ the differential operator

R(z,0,) must have leading coefficient 2™ v(x?).
Thus if m is even R(z,d,) has the form

degg—1

(4.39)  R(z,0:) = v(2®)Ly(2,02)5 + > (g;(a*) +r;(2*)Da) Ly (2, 0 )
7=0
and if m is odd R(z,d,) has the form
(4.40)
degg—1
R(xaaw):(U(x2)Dw+Qdegg(x2)) v(z, 05 degq+ Z (g;(x +T]( YD) Ly (2,8,
7=0

for some polynomials ¢;(t), r;(t).
Similarly to the Airy case we need to show that the dimension of the space of
differential operators

M(z,0,) € gf};ﬁ;lz and N(z,0,) € Bll’l2 P2

such that
(4.41) R(z,0,)M (z,0;)(aR)(x,0,) = 2°™v(x?)* N (x, 0, )x* ™ v (x?)?

is less than or equal to (I — p1 4+ 1)(I2 — p2 + 1). Write two such operators M (z, d,,)
and N(x,0;) in the form

(4.42) Z (2,00 + Ly(x,0:)b;(2?)) ,
5t

(4.43) N(z,0;) = (cj(:zzQ)L,,(x, 02)! + L, (x, 3z)jcj(x2))
§=0

where b;(t) and ¢;(¢) are polynomials and
(4.44) degb; <lo, degej <l — pa,

recall Lemma 4.5. As in the Airy case in terms of those we need to show that
the dimension of the space of of polynomials {bj(t)}é-l:_op1 and {c;(t) é ), satisfying
(4.41), is less than or equal to (I; — p1 + 1)(lz — p2 + 1). (The polynomials v(t),
¢;(t), and r;(t) are fixed. They determine the function ¥(x, z).)

Using the commutation relations (4.22) from (4.39)-(4.40) and (4.42) we deduce

li—p1

(4.45) R(z,0,)M (z,0,)(aR Z 222 v(2?)2b; (x?) Ly, (z, 0, ) A1

l1l

—|—Z al +ﬁz ) m)LV(xaai)i
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for some polynomials «;(¢) and §;(t) depending only on the polynomials by(t) for
k €li—p1 + 1,11 — p1]. Similarly the right hand side of (4.41) is given by

A
(4.46) 2®™v(2?)2N(z,0p)x* ™ v(z?)? = 222 v(2?)* Z ci(2®)L, (x,0,)"

+o(@®)? > (3(@?) + 6i(2*)Da) Ly (2, 0x)'
=0
for some polynomials ~;(t) and §;(¢) depending only on the polynomials cg(t) for
ke i+1,0).
Finally we substitute (4.45) and (4.46) in (4.41) and compare the two sides,
based on the fact that

{2 Ly (2,0,)", 2°* Do Ly (2, 02)" 2500

are linearly independent.
1. First from the coefficient of L, (z,d,)"* we have

bi,—ps (x2) = x2mv(:b2)2q1(:102), that is by, —,, (t) = tmv(t)chl(t).

Because deg t™v(t)? = p1, see (4.38) and degb;,_,, < l2, the polynomial by, _,, (¢)
depends (linearly) on at most ly — po + 1 parameters. Fixing those parameters
determines the polynomial ¢, (t) as well.

2. By induction, assume that b;(t), ..., by, —p, (t) and ¢;4q, (t), ..., ¢, (t) and are
fixed for j running from Iy — p; down to 1. From the coefficient of L, (z,0,)'~! we
obtain

bj—1(2?) = 27" 0(2%)? g, —1(2%) + (jpp,—1(2%) = Njgp,—1(27)) 227 0(2?)?.

Therefore the remainder of b;_1 (¢) modulo t™v(t)? is fixed from the previous steps
of the induction. Because degb;_1(t) < I and degt™wv(t)> = pa the choice of bj_1(2)
depends (linearly) on at most ls — p2 + 1 parameters. Fixing b;_1(t) completely
determines cj4, —1(t).

Adding up these “maximal degrees of freedom” for the polynomials by(t), ...,
bi,—p, (t) completes the proof. O

Theorem 4.10. For any selfadjoint (and even, selfadjoint in the case v € Z)
Darboux transformation from a Bessel function ¥, (z, z), ¥(z,z) € SD, the space
Sw1 + Swa consists of differential operators invariant under the transformation
T —

dim(Sq/J + 8\1/72) > (ll + 1)(12 + 1) — p1pP2.

In particular the dimension of the subspace of Bfﬁi@m of differential operators in-

variant under x — —x is greater than or equal to (I + 1)(Ia + 1) — p1p2.

Theorem 4.10 and Theorem 2.5 imply our final result for Darboux transforma-
tions from the Bessel functions:

Theorem 4.11. Let ¥(x,z) € 8D, be a selfadjoint (and in addition even if v € Z)
Darboux transformation from the Bessel function ¥, (z,z), given by (4.17), (4.18),
(4.16), (4.31). Let 'y, T'y be two connected finite contours that do not contain the
roots of the polynomials v(t) and g(t), respectively and such that e(T';) = —e(T;).
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Then the integral operator with kernel
Kay) = [ W 2)w(y,2)d:
I

on L?(T'y) commutes with a formally symmetric differential operator with rational
coefficients of order less than or equal to 2p1p2 and domain all smooth functions
onI'y.

Remark 4.12. Let ®;(x, z) and ®3(z, z) be two functions satisfying (3.2)—(3.4) or
(4.5)—(4.6). E.g. in the rank 1 case (section 4, v = 0) one can choose

(I)l('rv Z) = ewz, (1)2(175 Z) =e ¥
and in the rank 2, Bessel case (section 4)
Dy(x,2) =V, (x,2), Po(z,2) =T, (x,—2).

Fix a differential operator P(x,d,) and a polynomial g(z) that define an (even) self-
adjoint Darboux transformation from the Airy or Bessel functions as in Definition
3.3 and Definition 4.4. Define

1
zmg(2?)
in the Airy and Bessel cases, respectively. Then Theorem 3.10 and Theorem 4.11
hold for the integral operator with kernel

K(:zc,y)z/F Uy (z, 2)Ps(y, z)dz

Ui(z,2) = ﬁP(x,&m), and U, (z,2) = P(z,0,), i =1,2

and exactly the same commuting differential operator that appears in those Theo-
rems.

5. CLASSIFICATION OF SELFADJOINT DARBOUX TRANSFORMATIONS OF BESSEL
AND AIRY FUNCTIONS

5.1. Properties of the bilinear concomitant.
5.2. Rank 1 case.
5.3. Airy case.

5.4. Bessel rank 2 case.
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