Math 7TH Professor: Padraic Bartlett

Lecture 10: Generating Functions
Week 10 UCSB 2015

1 Generating Functions

1.1 Power series: a crash course/refresher.

If you’ve taken Calculus BC or an equivalent class in high school, you’ve probably ran into
power series before. In case you haven’t, here’s a quick definition:

Definition. Suppose we have a sequence {a,}>2, = (ag,a1,az,...) of numbers. We can
form the formal power series associated to this sequence as follows:

Az) = i anz".
n=0

By a formal power series, we simply mean that we are considering this object above not
as something that is a function of x, but rather as a collection of convenient placeholders to
index our values a1, as, ag, ... with. In other words, we're usually not going to worry about
“plugging in values for x;” instead, we’re going to take this object and just pretend that all
of the z%’s are placeholders that allow us to tell a; and as and a3 and so on apart.

Given a formal power series, we can manipulate it in various ways! For example, we can
scale it by a number:

We can add two formal power series:

Az) = Zanac", B(z) = anx"
n=0 n=0
= A(z) + B(x) = (an + bp)a"™.
n=0

We can define a formal notion of “derivative,” where we replace each 2" with naz"~!:

d o0 oo
%A(x) = ; ap -naz" = nzzo(n + Dapy12".

We can also take the product of two formal power series! This is a little more involved: to
calculate the power series that is equal to



we basically need to do the same process that we used to FOIL polynomials when we were
younger! In other words, we need to take every term on the left, and multiply each one of
those by every term on the right. Because there are infinitely many, this might seem awful
to write down; so, to help, let’s try to restrict ourselves to a somewhat easier problem.
Suppose we want to calculate our product, but we are just trying to figure out how many
x™’s we get on the right-hand side, for some fixed value m. How does this work?

Well: let’s go through the product (37 janz™) - (3 ooy bpz™) term-by-term. If we just
look at the agz® term from the left part, we can see that we’ll have to multiply this by the
b, ™ term from the right part to get a ™. Similarly, if we look at ajz?
multiply this by b,,—12™ ! from the right to get to #™; in general, if we're looking at the
aipx® term on the left, we need to multiply it by b,,_zz™ ¥ to have the result be a multiple
of .

Therefore, if we're trying to find all of the x"’s, we're actually just calculating the sum

(i akbmk> ™.
k=0

But if we know the coefficients of each 2™ for every m, that gives us all of the terms in
our product! In other words, we’ve shown the following:

(i anx”> . (i bnxn> = io: ( ; akbn_k> "
n=0 n=0 n=0 \k=0

So we can multiply power series as well!
In general, we say that two formal power series are equal if and only if each term is
equal: i.e. (307 anz™) = (D7 bpa™) if and only if a,, = b, for all n.

, we'll need to

So: if you’ve seen power series before, you may remember that most of the times where
they come up, they’ve been objects where you’ve used your knowledge about how se-
quences work to study them! In other words, your proofs have probably looked like the
following:

(knowledge of {an};’f:l> = (knowledge of Z amv") .

n=1

We typically do this in calculus classes because, usually, we understand sequences better
than we understood power series. However, this is not necessarily true! Given enough time
in calculus/analysis classes, you will develop a lot of intuition for power series and Taylor
series. Given this, it is perhaps natural to ask if we can reverse the method described
above. In other words: suppose that we have a sequence that we want to study. What if
we turned it into a power series, and used our knowledge of how that power series works to
answer questions about the original series? I.e. can we make proofs that look like

(knowledge of Z an:c”> = <knowledge of {an}?f:1> ?

n=1
The answer to this question is a resounding yes! In mathematics, this process is called
the method of generating functions. This works as follows:



e Take some sequence {ay}2°; that you want to study.

e Look at the associated power series Y 7 | a,z".

e Find a nice closed form (i.e. like > 02 (2" = ﬁ) for this power series, using alge-

bra/our operations on power series / clever identities from calculus /etc.

e Use this closed form somehow to regain information about your original sequence. I.e.
your closed form may have a different expansion that you can figure out, via Taylor
series: therefore, because power series are unique, you know that the terms in this dif-
ferent expansion have to be equal to the terms Y ° | a,z™ in your original expansion!
In other words, you’ve found new information about your sequence {a,}2° !

We illustrate this with an example that you may have seen before:

1.2 Fibonacci numbers.

Definition. The Fibonacci sequence is the following sequence of numbers, defined as
follows:

e Base cases: fy =0 and f; = 1.

e Recursive definition: for any n > 2, we define f, = fr—1 + fn—2.

So, for example, the first nine entries of the Fibonacci sequence are the following:
0,1,1,2,3,5,8,13,21,34,55,89, ...
We let f,, the n-th Fibonacci number, be the n-th element of this sequence.

As defined, it is reasonably difficult to calculate these numbers. I.e. to find figgg, We
need to find the Fibonacci numbers fogg, fogs, for which we also need the Fibonacci number
fag7, for which we need the next Fibonacci number fggs...all the way down to fi, fo. In
other words, we have to find all of the Fibonacci numbers from 1 to 999 to find f1g0-

This seems. . . wasteful! IL.e. if all we care about is figgg, it seems somewhat silly to have
to calculate every number along the way to get to figgo. This is certainly not how we work
with other arithmetical operations; that is, to calculate 1000 - x, we don’t need to calculate
n - x for every value of n between 1 and 999 first!

Therefore, a natural question to ask here is the following: can we find a closed form
for these numbers f,? In other words, can we a way of calculating f,, without having to
find f,—1 and f,,_o7
Answer: Yes! Specifically, we can do this with generating functions!

To start, let’s look at the power series

00
> fat
n=0



The only thing we know about the constants f,, at first, is their recurrence relation
fn = fn—1+ fn—o. So: let’s plug that in to our power series! Specifically, let’s plug that into
all of the terms f,, with n > 2, as those are the terms where this recurrence relation holds:

Y " =fo- 2+ froat ) faa”
n=0

n=2

=042+ Y (foo1+ fa2)2"

n=2

) )
SR IS
n=2 n=2

0 [e9)
=+ xE :fn—lxn_l + 1’2 E :fn—2$n_2
n=2 n=2

o0 o0
:a:+x2fnw"+m22fna:”
n=1 n=0

where we justfied this last step by just shifting our indices (i.e. the sum starting at 2 of
fno12™ 1 is just the sum starting at 1 of f,2".) Finally, if we notice that because fy = 0,
we have > 2 | foz™ = x> " fnx™, we finally have

) oo oo
anxn :x+$2fnxn+x22fnxn
n=0 n=0 n=0

) ) )

=D Ja" —w ) fua" = a? ) Jr" =

n=0 n=0 n=0
)
= (1—x—x2)2fnm”—

:>anm 1—x—m2

Sweet! A closed form. So: according to our blueprint, we want to use this closed form
to find information about our original series, possibly by finding another way to expand it.
To start this, we first notice that with the quadratic formula, we can see that 1 —z — 22

M and therefore that we can factor 1 — z — 22 as follows:

1—x—x2——<x+1+2\/5> <x+1_2\/5>.

You may recognize the fraction H\[ as the golden ratio ¢, a famous mathematical con-
stant that shows up in all sorts of odd places! This has a few useful properties, especially

has roots —




in relation to the other root 1_2‘/5, which we list here for convenience’s sake:

1 2 20-v5  2(1-v5) 1-+5

¢  1++v5  (1+VB)(1-+v5) 4 2

Lo LFVE_1-v5 1
50_ 2 - 2 - (p?
2 2 1
l—p—p"=0=9p =1—s0=—;

We use these observations to further modify our polynomial:

1—x—x2:—<x—1+\/5> (x—l_\/g>
2 2

—(z+p)(r+(=1/9))
—(@+o) — - (z+(=1/p))
—((1/p)r + 1)(pz — 1)

1
¥
_|_

We can use this observation to cleverly split our expression for the Fibonacci series’

power series, using the technique of partial fractions':

T T

l—z—a22 (1-—=zp) (1—x(-1/p))

1 1 1
T o (—1/p) (1 —zp 1—1‘(—1/s0))
1 1 1
5 (1—3790 - 1—96(—1/90)>

To deal with these two fractions, we now notice the following power series identity: for
any y, we have as a formal power series the equation

0o
S
n=0

f you haven’t seen this before: this is just the mathematical technique where we replace a fraction of
the form W with some clever expression SE ; + D(z;, by “undoing” the common-denominator step in

adding two fractions.




This is not hard to check; if we multiply the LHS by (1 — y), we can see that we get
o o o]
Q=93 v =2 v =) v
n=0 n=0 n=0
o0 o0
S >
n=0 n=1
[o¢] [o¢]
e o
n=1 n=1

=1.

> 1
= Zy”zi-
n=0

1—y

In particular, if we let y = pz or y = (—1/p)z, we get

=36 e = D1

I—zp & 19~ %

Plugging this into our work earlier gives us

T 1 [e.9] o0
e DO WY >>">
- (Zw - (—1/<p)"):r”)
n=0

So: we found a new way to expand our series! In particular, because power series are
unique, we know that the coefficients of this different way to expand our series must be the
same as the coefficients of our original power series » | f,a":

o0 1 o0
nxn . n _ -1 n :L,n
> gt = Je (- v
" — (=1/p)"

V5
So we have a closed form for the f,,’s. In other words, it worked!

The las part of this lecture is devoted to studying a specific and particularly beautiful
example of this method: the study of nonstandard dice!

:>fn:

1.3 Nonstandard dice.

Definition. Define a k-sided die as a k-sided shape on which symbols s1,...s; € NT are
drawn. Analogously, we can define a k-die to be a bucket with & balls in it, each stamped



with a symbol s; € N*. In this sense, “rolling” our die corresponds to picking a ball out of
our bucket; for intuitive purposes, pick whichever model makes more sense and feel free to
use it throughout this lecture.

For our lecture, we restrict all of our symbols to be positive integers: i.e. elements from
the set {1,2,3,4,...}.

A standard k-sided die D is just a k-sided die with faces {1,2,3...k}. For example, a
standard 6-die is just the normal 6-sided dice that you play most board games with.

The motivating question of this section is the following:

Question 1. Can you find two 6-sided dice B,C with the following property: for any n,
the probability that rolling B and C' together and summing them yields n is the same as the
probability that rolling two standard 6-sided dice together and summing them yields n?

For example, the probability that (B + C = T) would have to be %, because there are 36
different ways for a pair of two 6-sided dice to be rolled, and there are precisely 6 different
ways for a pair of standard 6-sided dice to sum to 7. Similarly, the probablity for (B+C = 2)
would have to be %, because there’s only one way for a pair of standard 6-sided dice to sum
to 2.

To answer this, surprisingly, we can use the language of generating functions! To do
this, let’s use the following method of turning dice into sequences:

Definition. Given a k-sided die D, let d,, denote the number of ways in which rolling D
yields a n. In this sense, the die D and the sequence {d,}>°; are equivalent.
For a standard k-die D, the associated sequence {d,, }°; is just

1,1,1...1,0,0,...
—_———
k 1’s
Question 2. Take two dice B = {b,}32,C = {cn}32,, and let

n=1» n=1-

dn, = the number of ways that rolling B,C' and summing yields n.
What is {d,}52 1 in terms of the coefficients by, cp ?

Answer: How many ways can rolling B, C' and summing give you n? Well: suppose you've
already rolled B and gotten a k. Then you need to roll a n — k on C to get a sum of n! In
other words,

d,, = the number of ways that rolling B, C' and summing yields n

n
= Z(ways to roll B and get k) - (ways to roll C' and get n — k)
k=1

n
= Z bkcn_k.
k=1



So: let A ={an}o2, ={1,1,1,1,1,1,0,0...} be a standard 6-sided die. In the language
of sequences, then, we're trying to find a pair of dice-sequences {b,}5° ;,{cn}72, such that
for every n, we have

n n
Z brcn— = Z Akl
k=1 k=1

This looks. ..awful, right? In other words, we have a problem, and in the language of
sequences, it’s terrible. So: let’s use the method of generating functions to study these
sequences! After all, they can’t get much worse ...

Question 3. If A = {a,}2, is a standard k-die, what is the power series Y o | apx™
associated to A?

Answer: As mentioned earlier, we have

{an}o>, ={1,1,1...1,0,0,...}.
k 1’s

Therefore, the associated power series to this sequence is just the polynomial
ac+x2—|—aj3+...+xk.

Notice that any power series associated to a k-sided dice D is just a polynomial, as any
k-sided dice has only finitely many faces, and therefore finitely many nonzero elements in
its associated sequence {d,}>2 .

Question 4. Let B = {b,}321,C = {cn}02 1, be a pair of dice, and let B(x) =Y bya™, C(z) =
>~ cnpx™ be their associated power series.
Let {d,,} be the sequence associated to rolling both B,C and summing the result, as

discussed before. What is the power series associated to {dy}?

Answer: If we use our earlier observation about how we can formulate the d,,’s in terms
of the by, ¢,’s, we have

idnw” = i (f: bkcn_k> "
n=1 n=0 \k=0

But this is just the product of the two polynomials B(z), C'(x)! Specifically, you can check
by multiplying terms out via FOIL that

and therefore that



In other words, to get the generating function for the sum of two dice, we can simply
take the product of their individual generating functions!
So, in the language of generating functions, our question is now the following:

Question. Find a pair of polynomials with integer coefficients B(x), C(z) such that

e B(z),C(x) both correspond to 6-sided dice: i.e. B(0) = C(0) = 0 [no 0-faces],

B(1) = >>b; = 6,C(1) = > ¢; = 6 [they're 6-sided], and all of the coefficients of
B(z),C(x) are positive [you can’t have a negative number of ways to roll a certain
result.]

e Rolling B,C' and summing is equivalent to rolling two standard 6-sided dice and
summing: i.e. via our earlier work

B(z) - C(z) = (rolling B, C and summing, interpreted as a polynomial)
= (rolling 2 standard 6-dice and summing, interpreted as a polynomial)

= (z + 2% + 2%+ 2* + 2° + 20)%.

e Neither B or C are standard dice: i.e. neither B(z) or C(z) are equal to z + x2 +
23 + 2t + 25 4 25

Now our question is just one about algebra! I.e. we’re just looking for a pair of poly-
nomials whose product is some specific polynomial, whose coefficients are all positive, and
that when you plug in 0 yield 0 and when you plug in 1 yield 6. This is doable!

Specifically: after playing around with the above polynomial, or talking to an alge-
braicist, you’ll realize that

(x+a22+ 23+t +2°4+2%% = (@)% (@ + 1D2(2® + 2+ D (2 — 2z + 1)%

More specifically, none of the terms (), (z + 1), (z? + 2 + 1), (> — x 4 1) can be broken
up into smaller polynomials, and there is no way to break up this polynomial into different
integer polynomials. (In this sense, these polynomials (z), (z +1), (22 + 2+ 1), (2?2 =z +1)
are thought of as irreducible polynomials: you cannot break them into smaller parts, and
you cannot break anything made of these polynomials into different parts that does not
use them. A good analogy here is to the role of prime numbers in the integers: just like
any number can be broken up into a bunch of prime factors, any integer polynomial can be
broken up into a bunch of irreducible factors.)

So: the only thing for us to do now is find out if we can split these factors (z), (z +
1), (2?42 +1), (22 — x4+ 1) into two polynomials, so that they both correspond to 6-sided
nonstandard dice.

Because t +1is2atz =1, 22 +z+1is3atz=1,and 2?2 —z+1is 1 at x = 1, we
know that each A;(x) has to have exactly one copy of both z + 1 and 22 + z + 1 in it in
order for A;(1) to be 6. As well, because they both need to be 0 at = 0, we need to give



each polynomial a copy of z. Consequently, the only way we can have both of these dice
not be standard is if

rz+ D)+ + D@2 -2+ 12 =28+ 25+ 25 + 2t + 2% + 2,
Clz) =x(x+1)(2® + 2+ 1) = 2* + 22° + 227 + 1

i.e. we have one die with faces {8,6,5,4,3,1} and one die with faces {4, 3,3,2,2,1}.
Check this: they actually work! For example, there are precisely 6 ways in which rolling
these two dice yields 7, just like for a pair of standard 6-sided dice.
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