
Math 116 Professor: Padraic Bartlett

Homework 8: Latin Squares

Due Friday, Week 10 UCSB 2015

This set is different, because it’s the last week. You have just one section here: it’s the
collaboration section! There are four problems here. Do at least two here to receive full
credit.

If you’re looking for extra credit, though, attempt more! Unlike normally, all of the
problems you attempt will be graded. Problems beyond your highest two scoring problems
will count for half a point; i.e. the maximum score on the HW set is 150%.

Have fun!

1 Collaboration Section

1. Given a n × n Latin square L, a k × k subarray M of L is any subset of k of L’s
rows and k of its columns; this gives us a k× k array by simply taking all of the cells
of L that are contained within the intersection of these rows and columns.

A k × k subarray is called a subsquare if it is a Latin square in its own right; i.e. it
is a k×k square filled with k different symbols with no repeats in any row or column.
So, for example,

1 2 3 4 5 6

3 1 2 6 4 5

2 3 1 5 6 4

4 6 5 1 3 2

5 4 6 2 1 3

6 5 4 3 2 1

is a 6× 6 Latin square containing a 2× 2 subsquare.

(a) For any prime n, find a n×n Latin square that contains no k× k subsquare, for
any 1 < k < n.

(b) Show that if L is a n× n Latin square that contains a k × k subsquare M , then
either k ≤ n/2 or k = n.

2. Given a group 〈G, ·〉 containing n elements g1, g2, . . . gn, a group table for G consists
of the n× n table where we put gi · gj in the entry (i, j):

gi · gj g1 g2 . . . gn

g1 g1 · g1 g1 · g2 . . . g1 · gn
g2 g2 · g1 g2 · g2 . . . g2 · gn
...

...
...

. . .
...

gn gn · g1 gn · g2 . . . gn · gn
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For example, consider the set (Z/2Z)× (Z/2Z), otherwise denoted as (Z/2Z)2. This
set has four elements: (0, 0), (0, 1), (1, 0), (1, 1), and is a group under the operation of
“pairwise addition mod 2.” It has the following group table:

+ (0, 0) (1, 1) (1, 0) (0, 1)

(0, 0) (0, 0) (1, 1) (1, 0) (0, 1)

(1, 1) (1, 1) (0, 0) (0, 1) (1, 0)

(1, 0) (1, 0) (0, 1) (0, 0) (1, 1)

(0, 1) (0, 1) (1, 0) (1, 1) (0, 0)

(a) Show that if you ignore the row and column labels, the n× n table given by the
group table of any group is a Latin square.

(b) Is is true that for any Latin square, there is a corresponding group G and enu-
meration of G’s elements? Or is this false: i.e. can you find a Latin square L
such that no group G can possibly correspond to this square?

3. This problem introduces the idea of “orthogonality” for Latin squares:

(a) Take the 16 aces, kings, queens, and jacks from a deck of playing cards. Can you
arrange these 16 cards into a 4 × 4 array, so that in each column and row, no
two cards share the same suit or same face value?

(b) A pair of n × n Latin squares are called mutually orthogonal if when we
superimpose them (i.e. place one on top of the other), each of the possible n2

ordered pairs of symbols occur exactly once. So, in the problem above, you
basically created a pair of mutually orthogonal 4× 4 Latin squares.

Does every Latin square have an orthogonal mate? That is: for any Latin square
L, can you find a Latin square M such that L,M are orthogonal?

4. For every n ∈ N, find a 2n× 2n partial Latin square P such that

• no row, column, or symbol is used more than n + 1 times in total, and

• P cannot be completed to a Latin square.

To give an example:

P =

1 2 3

3 4 2

3 4 1

2 4

is a 4× 4 partial Latin square in which no row is used more than three times in total
(i.e. no row contains more than three nonblank cells,) no column is used more than
three times in total, and no symbol is used in the entire square more than three times
in total.
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