Math 116 Professor: Padraic Bartlett

Homework 5: Mobius Inversion
Due Friday, Week 7 UCSB 2015

In this HW set, there are two sections: a noncollaboration section and a collabora-
tion section. For the noncollaboration section, use only your notes/class notes, and don’t
work with others. For the collaboration section, work as normal!

1 Non-Collaboration Section

Do the one problem below!

1. Let P be a finite poset, and f € A(P) be a function in the incidence algebra of P.
Prove that the following properties are all equivalent:

(i.) For any x € P, we have f(x,z) =1, and for any x < y € P, we have

> fzy)=o0.

z:x<z<ly

(ii.) For any xz € P, we have f(x,z) =1, and for any x < y € P, we have

Z f(z,z) =0.

zx<z<ly

(iii.) For any z € P, we have f(x,z) = 1, and for any x < y € P, we have

j{: f(z7y)::'_f(xay>

zx<zly

(iv.) For any x € P, we have f(z,z) =1, and for any x < y € P, we have

jg: f($7z)::'_f($7y>

zx<z<y

(v.) fis u, the Mébius function on P.



2 Collaboration Section

Do two of the four problems below!

1. Take any two finite posets P, Q). We can define the direct product P x Q) of P and
Q as the following partially ordered set:

e The elements of P x @ is the set {(p,q) | p € P,q € Q}.

e Given any two elements (p1,q1), (p2,q2) € P x Q, we say that (p1,q1) < (p2,2)
if and only if p; < py and q1 < g2, with (p1,q1) # (P2, q2).

Let pup be the Mobius function of P, g be the Mobius function of (), and ppxg be
the Mobius function of P x Q. Prove that for any a,b € P,c,d € (), we have

MPXQ((G7C)7 (b,d)) = pp(a,b) - MQ(Q d).

(Hint: try using some of the equivalent characterizations of the Mobius function that
you’ve proven in the non-collab section!)

2. Consider the poset P visualized as follows:

If you prefer symbols to pictures, P is simply a poset on the set {1,2,3,...n} U
{1/,2/,3",...n'} U{0}. The relation < on P is defined as follows: for any z,y in our
set, we can say that z < y in our set precisely whenever z < y as a pair of natural
numbers (i.e. 2 < 3,4’ < 16,3 < 5,7 < 12 are all true in our poset!)

Find a closed form for the Md&bius function p of this poset P.

3. In our inclusion-exclusion lectures from week 4, we defined the Euler ¢-function as
follows:

©(n) = the number of integers in {1,...n} that are relatively prime to n.

(a) Show that for any n € N,

n= Z o(d).

deN:d|n



(b) Use Mobius inversion on the above to prove that for any n € N,

p(n) p(1,d)
D Dl i
deNd|n

4. Prove the following “multiplicative” version of the Mobius inversion theorem: suppose
that P is a finite poset with a unique minimal element 0. Let f be any function from
P to RT; using f, create the function g : P — R* by setting

g(a) = [ f(a).

z<a

Prove that
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