Math 116 Professor: Padraic Bartlett

Homework 1: Basic Counting
Due Friday, Week 2 UCSB 2015

1 Homework Problems

Solve the following five problems!

1. Take the Towers of Hanoi problem from class before:

e Start with 3 rods A, B, C.

e On one rod, place n disks with radii 1,2,...n, so that the disk with radius n is
on the bottom, the disk with radius n — 1 is on top of that disk, and so on/so
forth.

e Your goal is to move all of the disks from the far-left rod A to the far-right rod
C, subject to the following rules:
— You can move only one disk at a time.
— Each move consists of taking the top disk off of some rod and placing it on
another rod.

— You cannot place a disk D; on top of any other disk D; with radius smaller
than Dl

Add in the following new rule, which was not present in our class discussion:

e When moving a disk, you may only move it to an adjacent rod. That is, you
cannot move a disk directly from A to C or vice-versa: the only legal moves are
A< Bor B C.

(a) Show that it is still possible to move all of the plates from the left peg to the
right peg. What is the smallest number of moves that are needed to do this?

(b) Under the same restrictions, suppose that you want to move all of the plates
from the left peg to the right peg in the largest number of moves possible with-
out repeating any previously-visited configuration. What is this largest possible
number of moves?

2. The Josephus problem has a rather violent history behind it. Per Wikipedia:

The problem is named after Flavius Josephus, a Jewish historian living in
the 1st century. According to Josephus’ account of the siege of Yodfat, he
and his 40 soldiers were trapped in a cave, the exit of which was blocked
by Romans. They chose suicide over capture and decided that they would
form a circle and start killing themselves using a step of three. Josephus
states that by luck or possibly by the hand of God, he and another man
remained the last and gave up to the Romans.



In class, we studied a variant on this problem, where there were n elements in a circle
and we eliminated every second element until only one was left (the “survivor,” or
Josephus’s number.) The history of this problem motivates a natural question; given
that Josephus and the other man both survived, we would want to know a formula
for the second-to-last element eliminated as well! Call this value I(n); to give a few
small values, you can easily check that I(2) =2,1(3) =1,, I(4) =3, and I(5) = 5.

Create a closed formula for I(n).

3. Prove that the Fibonacci sequence {f,,}°°, as defined in class satisfies the following
recurrence relation:

f2n+1 = f§+1 + fg

(Hint: you may want to prove the more general formula fi,1n11 = fint1fnt1 + finfn
instead!)

4. Prove that the Fibonacci sequence {f,,}°°, as defined in class satisfies the following
identity:
1251

fn = Z: (n—l]:—l)

(Hint: in the lecture notes online, you can find a proof of the following useful combi-
natorial fact: (";1) + (Z:i) = (}). You may find this observation useful here!)

5. Find simple, compact expressions (i.e. without indexed sums or ellipses or other such
things) for the following two expressions:

(a) kik(Z)

) > (Z)

k=1

2 Extra Credit

Solve the following problem if you’re curious!

1. Suppose that the soldiers in the Josephus problem are suspicious of Josephus, and
make him stand at the top of the circle; i.e. he cannot choose where he stands in the
circle. In exchange, however, they let him pick the interval that they choose people
by: i.e. Josephus can choose to eliminate every second person, or every third person,
or every k-th person for any k > 2.

Can Josephus still survive?



2. As above, but Josephus and all of the soldiers are now cats, each with d lives for some
fixed natural number d that is the same for everyone. (I.e. when people are eliminated
in the circle, they have a set number of lives, and stay in the circle as long as they
each have at least one life.)

Can Josephus still survive?
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