
Spectral Graph Theory Instructor: Padraic Bartlett

Homework 4

Week 3 Mathcamp 2011

Attempt the problems that seem interesting! Easier exercises are marked with (−) signs;
harder ones are marked by (∗). Open questions are denoted by writing (∗∗), as they are
presumably quite hard. Oh! Also, typos build character: if you find any (not that there
ever could be such things in my problem sets,) correct them to the most reasonable thing
you can think of and proceed from there!

Also also! I have too many typos in my notes. If you find any, let me know! I will
offer rewards! (Rewards to be defined soon. Rewards will typically not be granted for
grammatical or spelling errors, as frustrating/embarrassing as they are.)

1. In lecture, we gave a lower bound on the chromatic number in terms of eigenvalues.
Follow these three steps to get a far simpler proof that there is also an upper bound
in terms of the eigenvalues:

(a) Let G be a graph. Prove that if λmax is the largest eigenvalue of AG, then
δ(G) ≤ λ ≤ ∆(G).

(b) Let G be a graph and H be any induced subgraph of G. Prove that

λmin(G) ≤ λmin(H) ≤ λmax(H) ≤ λmax(G).

(c) Combine the two above results to show the following bound: for any graph G,
we have χ(G) ≤ λmax(G) + 1.

2. Prove the following linear algebra results we mentioned in class:

(a) Let B be any real symmetric matrix. Then, for any v with ||v|| = 1, we have

µmin ≤ 〈Bv,v〉 ≤ µmax,

where µmin, µmax are the smallest and largest eigenvalues of B, respectively.

(b) (−) The trace of a matrix is equal to the sum of its eigenvalues (counted with
respect to their algebraic multiplicity.)
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