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INTRODUCTION

The first part of this paper is devoted to an analysis of moment problems
in R™,n > 1, with supports contained in a closed set defined by finitely many
polynomials inequalities. The second part of the paper is using the repesentation
results of positive functionals on certain spaces of rational functions developed
in the first part, for decomposing a polynomial which is positive on such a semi-
algebraic set into a canonical sum of squares of rational functions times explicit
multipliers.

Let n > 1 be a fixed integer. Due to the fact that for n > 1 not every
nonnegative polynomial in R™ can be written as a sum of squares of polynomi-
als (see, for instance, [2, §6.3]), the moment problems in n variables are more
difficult than the classical one variable problems. This very intriguing territory
has been investigated by many authors (see [2], [7], [12] and their references),
although characterizations for measures whose support lies in an arbitrary (gen-
erally unbounded) semi-algebraic set do not seem to exist.

The present paper starts from an idea of the second author, see [19], of
solving moment problems by a change of basis via an embedding of R™ into
a submanifold of a higher dimensional Fuclidean space. Rougly speaking we
prove that certain (n + 1)—dimensional extensions of a moment sequence are
naturally characterized by positivity conditions and moreover, these extensions
parametrize all possible solutions of the moment problem. To be more specific,
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be the moment sequence of a positive Borel measure p on R”, rapidly decaying
at infinity, where x is the current variable in R™. Up to present, for n > 1,
there is no known intrinsinc characterization of the moment sequence (v4) in
terms of one or several positivity conditions (contrary to the case n = 1 where
Hamburger’s condition (’yp+q)gf’q:0 > 0 gives such a characterization, see for
instance [1]). The starting observation in the first part of our paper is that,
instead, the extended sequence:

s
5a,m = / 7(@(5”): (aam) €ZL x7Z >
re (14 [2[)™ o

can be characterized by a single positivity condition. In addition, on these
extensions of the moment sequence one can naturally impose semi-algebraic
restrictions on the support of the representing measures.

Our approach, as that from [19], relies only on elementary facts of algebra
and operator theory. The main new ingredient is Nelson’s celebrated criterion
of (strong) commutativity of a tuple of essentially selfadjoint operators (see [8]).

The second part of the paper represents an algebraic counterpart to the
first one. As it is by now well understood, moment problems are in natural
duality with additive decompositions of non-negative polynomials into squares
of polynomials or rational functions. This latter subject is a central topic in
real algebraic geometry, cf. [3]; several algebraic, geometric or analytic methods
have recently contributed to refining such decompositions into sums of squares,
cf. [4], [11], [13]. The proofs we propose below use, besides the above mentioned
base change in the related moment problems, only the separation theorem of
convex sets in finite dimensional spaces.

One of the motivations of the contents of Section 4 is a new proof for the
representation of a positive polynomial as a sum of squares of rational functions,
allowing as denominators only powers of 1+ ||z||? (which also occur in the first
part of the paper). This result, recently proved in an elegant way by B. Reznick,
extends and improves older assertions due to Polya, Habicht, Delzell etc. (see
[11], where a more complete list of references is given).

As a matter of fact, our method permits a description, in this spirit, of
every homogeneous polynomial that is positive on a semi-algebraic set given
by a simultaneous system of homogeneous polynomial inequalities (see also [3]
and [16] for similar statements). And slightly more general results, valid for
non-homogeneous polynomials, when control of the highest degree term on the
hyperplane at infinity is imposed, are also derived. It is interesting to remark
that the universal denominator 1+ ||z||?, or its square root, is good not only
for representing positive polynomials on the whole R"™, but also for these more
general representations. The homogeneity assumption makes it possible, after



dimensional extension, a reduction of the supports of the representing measures
to an Euclidean sphere. Then a simple but refined convexity method due to
Cassier [4] comes naturally into the proofs.

In contrast to most known decomposition theorems of a polynomial p(x)
which is positive on the semi-algebraic set {x € R";¢;(z) > 0,1 < j < d}, our
results in Section 4 provide, modulo the denominator 1 + ||z||? and possibly its
square root, representations of p(z) as a sum of squares of polynomials times
each generator ¢;, and not times general products g;, g, . .. i, , cf. [3].

We have not included here a discussion of the uniqueness of the representing
measures of the moment problems we investigate. In this respect we refer to
[1], Theorem 2.3.4 and [1], Problem 14 to Chapter 5 for two different general
uniqueness criteria applicable to moment problems in any dimension.

1. PRELIMINARIES

First we fix some notation and terminology.

Let R be an algebra of complex-valued functions, defined on the Euclidean
space R", such that the constant function 1 € R, and if f € R then f € R. A
linear map L : R — C is said to be positive semi-definite if L(ff) > 0 for all
f € R. If L is positive semi-definite on R, we shall always assume that L(1) > 0
(i.e., L is not degenerate).

Let R be an algebra as above, and let L : R — C be positive semi-definite.
This pair can be associated, in a canonical way, with a certain pre-Hilbert space
(see [6], [7] etc.). To recall this construction, let N' = {f € R; L(ff) = 0}.
Since L satisfies the Cauchy-Schwarz inequality, it follows that A is an ideal of
R. Moreover, the quotient R/N is a pre-Hilbert space, whose inner product is

given by
(1.1) (F+N,g+N)=L(fg), fg€eR.

Note also that R/N is an R-module.

An arbitrary map L : R — C is said to be a moment map if there exists
a positive measure g on R” such that R C L*(u), and L(f) = [ fdu, f €
R. In this case, the measure y is said to be a representing measure for the
(necessarily linear) map L. Clearly, every moment map is positive semi-definite.
The moment problem on R is to charactrerize those positive semi-definite maps
on R which are moment maps. A solution of a moment problem is said to be
determined if the corresponding representing measure is uniquely determined.

In this paper, following the classical case, we shall be particularly interested
by the following framework. Let us denote by Z the set of all multi-indices a =
(a1, ..., ), where Z is the set of nonnegative integers. Let P, be the algebra
of all polynomial functions on R"™, with complex coefficients. We shall denote



by t* the monomial ¢§* - --t%», where ¢t = (t1,...,t,) is the current variable in
R", and a € Z%. Therefore, using a standard notation, we have P, = C[t].

An n-sequence v = (7‘1)‘1@1 is said to be positive semi-definite if the associ-
ated linear map L., : P, — C is positive semi-definite, where L, (t%) = 74, a €
7.

Similarly, an n-sequence ¥ = (V4)aczr is said to be a moment sequence if
the associated map L. is a moment map. In this case, the representing measure
of L, is also called a representing measure for ~.

The paper is organized as follows. In the next section we propose solu-
tions to the moment problem for the algebra P,,, which is usually called the
Hamburger moment problem (in several variables). When one seeks, in this
context, representing measures whose support is concentrated in R, then the
corresponding moment problem is known as the Stieltjes moment problem (in
several variables). Solutions to these problems are provided by Theorems 2.8
and 2.9. These results are consequences of a general assertion, which charac-
terizes those moment sequences that have a representing measure concentrated
in an arbitrary semi-algebraic set given by simultaneous polynomial inequalities
(see Theorem 2.7).

The structure of the moments of a positive, slowly decreasing measure at
infinity in R™ is briefly analyzed in Section 3.

The description, mentioned in the introduction, of all polynomials that are
positive on a semi-algebraic set is provided by Theorem 4.2, while the result
by Reznick is the statement of Corollary 4.3. A couple of other related state-
ments illustrate the potential applications of the functional analytic technique
we develop.

Finally, we mention that a thorough discussion concerning various moment
problems in one variable, as well as many historical remarks, can be also found
in the monographs [1] and [15]. The interested reader might find additional
information, related to some special moment problems, in the recent work [5].

2. MOMENT RESULTS

Let H be a complex Hilbert space, whose scalar product (resp. norm) will
be denoted by (x,*) (resp. || ).

An operator in ‘H is a linear map S, defined a linear subspace D(S) C H,
with values in H. We use the standard terminology concerning (unbounded)
operators.

Proposition 2.1. Let Ty,...,T, be symmetric operators in H. Assume
that there ezists a dense linear space D C ﬂ;{k:lD(Tka) such that T;Tyx =
TyTjz, © € D, j # k; j,k = 1,..,n. If the operator (T + --- + T2)|D is
essentially selfadjoint, then the operators Ty, ...,T, are essentially selfadjoint,



and their canonical closures Ty, ...,T, commute.

The proof of this result, stated for n = 2, can be found in [8, Corollary 9.2].
We only note that the proof from [8] can be extended to an arbitrary number
of symmetric operators (see also [9, Theorem 4]) .

Lemma 2.2. Let A be a positive densely defined operator in H, such that
AD(A) C D(A). Suppose that I + A is bijective on D(A). Then the canonical
closure A of A is a selfadjoint operator.

Proof. For every z = (I + A)y € D(A) we have:
(T+A) w,m) =T+ A) 7 (T + Ay, T+ A)y) > 0,
implying that (I + A)~! is positive on D(A). In addition,
((I+ A7 z,z) <+ Ay, (I + A)y) < (z,2),

showing that (I + A)~! has a bounded extension, say B, to H, which is also
positive.

It is easily seen that B(I + A)z = z, z € D(A), and that (I + A)By = y for
all y € H. Thus B = (I + A)~!, and we have B* = (I + A)71)* = (I + A*)~L.
Hence B=B*= (I+A)~' = (I + A*)~! and so A = A*.

Lemma 2.3. Let p = (p1,...,Pm) be a given m-tuple of real polynomials
from Py, and let

bp(t) = (L+ti+- -+ 2 +p1 () + - +pmu(®)?)™, teR™

Denote by Ry, the C-algebra generated by P, and 0. Let p : Ppy1r — Ry,
be given by p : p(t,s) = p(t,0p(t)). Then p is a surjective unital algebra ho-
momorphism, whose kernel is the ideal generated by the polynomial o(t,s) =
s+t 4+ + 2 +p1(t)2+ -+ pm(t)?) — 1.

Proof. That p is a surjective unital algebra homomorphism is obvious. We
have only to determine the kernel of p.

Let p € Ppt1 be a polynomial with the property p(t,6p(t)) = 0, ¢t € R™.
We write p(t,s) = 355, q(t)s”, with gs € Pn \ {0} only for a finite number
of indices 8. Then we have

p(t,s) = plt,s) —p(t,6p(t) = Y _ as()(s” = 0p()")
B#0
= (S - ap(t))e(ta S, Hp(t))a
where ¢ is a polynomial.

Let b = max{@;pg # 0}, and let 7(t) = (1 + ] + -+ +t, +p1(t)* +--- +
Pm(t)?)?. Then, from the above calculation, we deduce the equation

21)  T(®)p(t,s) = (sQA+17 + -+, +pr () + -+ pm()?) — Dat,5),



with ¢ € Ppy1-

If b = 0 for all j, then p(¢,s) = po(t) = p(t,0p(t)) = 0. Therefore, with no
loss of generality, we may assume b # 0.

It is obvious that the polynomials 7, o, have no common zeroes in C"*!. By
a special case of Hilbert’s Nullstellensatz (see, for instance, [16, Section 16.5]),
there are polynomials 7,6 in P, 1 such that

(2.2) TF+05 =1

If we multiply (2.2) by p, and use (2.1), we obtain the relation
p=o(q7 +6p),

which is precisely our assertion.

Remark. 2.4. Set 6(t) = 1+t +---+2)" "t = (t1,....tn) € R",
and let Ry be the C-algebra of rational functions generated by P, and 6. Let
p:Ppni1 — Ry be given by p: p(t,s) — p(t,0(t)). Then p is a surjective unital
algebra homomorphism, whese kernel is the ideal generated by the polynomial
o(t,s) = s(1+t3+---+t2) — 1. This is a particular case of the previous lemma,
obtained for p = (0).

The key result of this paper is the following.

Theorem 2.5. Let p = (p1,...,pm) be a given m-tuple of real polynomials
from Py, and let

() =1+t +- -+ +p (1) + - +pm(t)?), teR™

Denote by Ry, the C-algebra generated by P, and 0. Let A be a positive semi-
definite map on Rg, such that A(pg|r|*) > 0, r € Rq,, k = 1,...,m. Then
A has a uniquely determined representing measure whose support is in the set
N p, t(Ry). Moreover, the algebra R, is dense in L*(p).

Proof. Step 1. If A is as in the statement, we define a sesquilinear form on
Ry via the equation

(2.3) (ri,r2)a = A(ri72), 71,72 € Ryp.

Let N = {r € Ry; A(rr) = 0}. Then (2.3) induces a scalar product {x,*) on
the quotient Ry, /N (corresponding to (1.1)), and let #H be the completion of
the quotient Ry, /N with respect to this scalar product.

We define in H the operators

(2.4) Ti(r+N)=tir+ N, reRy,, j=1,..,n,
which are symmetric and densely defined on Rg,/N for all j. In addition, set

(2.4" Sk(r+N)=ppr + N, r € Rop, k=1,...,m,



which are also densely defined and symmetric operators.

Let B=T¢ +---+ T2+ 57 +---+ S2, be defined on D(B) = Ry, /N. The
domain D(B) is clearly invariant under B.

We shall show that B satisfies the conditions of Lemma 2.2. Let 7(t) =
24+ 2+ p ()4 + ()2, t = (t1,..,tn) € R™ Since A(7 | r |?) >
0, r € Rep, it follows that B is positive.

If r € Rgp, is arbitrary, then the function u(t) = 6p(t)r(t) € Ry, satisfies the
equation (1 + 7(t))u(t) = r(t), whence we infer that the map I + B is bijective
on D(B).

According to Lemma, 2.2, the operator B is essentially selfadjoint. By virtue
of Proposition 2.1, this implies that the operators Ti, ..., Ty, S1, ..., Sm are es-
sentially selfadjoint, and their canonical closures mutually commute. In par-
ticular, Aj,...,A,, where 4; = T; for all j, have a joint spectral measure
(see for instance [18]). If E is the joint spectral measure of Aj,..., A,, then
u(*) = (E(*)(1 +N),1+N) is a representing measure for A. We have, in fact,
the equality

(2.5) A() =/"r(t)d(E(t)(1 FN),LHN), € Rop.

Indeed, if r(T') is the linear map on Ry, /N given by r(T)(f+N) =rf+N,
for all r,f € Rgp, then we have r(A) D r(T), where r(A) is given by the
functional calculus of A = (Ay,...,A,). Indeed, as we have 8(A4)° O §(T)?,
which follows from the obvious relations (A)~? > 6(T)~?, and §(A) P (§(A)P —
6(T)P) = 0, we infer easily that r(4) D r(T) for an arbitrary r. Therefore:

A(r) ={r@®)1, DA = (M)A +N), 1+ N) = {r(A) (1 +N), 1+ N)

:/ r(OA(E) (1 +N), 1+ N,

Step 2. We next discuss the uniqueness of the representing measure of A.

Let v be an arbitrary representing measure of A. Then the space H can be
identified with a subspace of L?(v), since A(r172) = [ riF2dy(t) for all ry,7r; €
Rop. Therefore, as the functions from N are null v-almost everywhere, the
space H is identified with the closure of Rgy, in L*(v).

We proceed now as in [7, Theorem 7]. The operators (H; f)(t) = t;f(t),t =
(t1,...,tn) € R™, f € L?(v),j = 1,...,n, are commuting selfadjoint in L?(v).
Clearly, H; D T}, and so H; D A; for all j. Therefore, as we have (4; +iu)~! =
(Hj +iu)™'|H for all u € R, it follows that the spectral measure E; of H;
leaves invariant the space H, as a consequence of [6, Theorem XII.2.10], for
all j. If Eg is the joint spectral measure of H = (Hy, ..., H,), then we have
Eg(By x---x Bp) = E(By) -+ E,(By,) for all Borel sets By, ..., B, in R. This
implies that the space # is invariant under Ex. Hence, xg = Ex(B)1 € H for
all Borel subsets B of R™, where yp is the characteristic function of B. This
shows that L?(v) = H, since the simple functions form a dense subspace of



L?*(v). In particular, we have the equalities H; = A;, j = 1,...,n. Therefore,
with p and E as above, u(B) = (E(B)1,1) = (Eg(B)1,1) = [ xpdv, for all
Borel sets B. Consequently, u = v, showing that the representing measure is
unique.

The assertion concerning the density of the algebra Rgp, in L?(p) is now
obvious.

Step 3. We have only to prove the assertion concerning the support of the
representing measure. Note that Sy = pr(A4), k = 1,...,m, where p;(A) is given
by the functional calculus of A. Indeed, as we clearly have S, C pg(A), and
Sy is essentially selfadjoint, we must have S; = pg(A4) for all k. Condition
A(pg|r?) > 0, r € Rg,, k = 1,...,m, implies that Sy is positive for all k.
Therefore, py(A) is positive for all k. The spectral measure Fy, of pi(A) is given
by Fy(B) = E@;l(B)) for all Borel sets B C R.. Since the spectral measure F,
must be concentrated in R4 for all &, it follows that the spectral measure E of
A is concentrated in the set ﬂ}c”:lp,;l(RJr), which implies that the representing
measure of A itself is concentrated in the same set N7, pi " (Ry).

This completes the proof of the theorem.

The preceding proof can be used to obtain the following assertion (see also
[19, Remarks 2.4, 2.7] for similar results).

Corollary 2.6. Let Ry be the C-algebra generated by P, and 6(t) = (1 +
24 +12)7L t = (t1,....,t,) € R, and let A : Ry — C be an arbitrary positive
semi-definite map. Then A has a uniquely determined representing measure
in R™, and the algebra Ry is dense in L>(p).

Moreover, if A(t;|r]?) >0, r € Ry, j = 1,...,n, then support of u is con-
tained in R .

Proof. We apply the previous proof with p = (0). Proceeding as in Step 1,
we obtain the existence of a representing measure u for A, while Step 2 insure
its uniqueness, as well as the density of Ry in L?(u).

The assertion concerning the support of u follows as in Step 3, using the fact
that the operators A1, ..., 4, are already positive, via the equalities A; = T} for
all j, given by Step 1, and the assumed conditions A(¢;|r|?) >0, r € Ry, j =
1,..,n.

The next result is a general moment theorem, valid on arbitrary semi-
algebraic sets.

Theorem 2.7. Lety = (’yoé)oéezfL (7o > 0) be an n-sequence of real numbers,
and let p = (p1, .-, Pm) € P, where pp(t) = debc aret®, k = 1,...,m, with
I, C Z7 finite for all k. Then vy is moment sequence, and it has a representing
measure whose support is in the set ﬂ}cnzlp,zl(RJr), if and only if there exists a
positive semi-definite (n+1)-sequence § = (5(a,ﬂ))(a,ﬂ)eZ1xZ+ with the following
properties:

(1) Ya = 6(a,0) for all a € Z7%.



; (QZ)Z 5(a,ﬂ% = g(a,ﬂirl) + 3001 Oataes 1) T 2o het 2o et WkeTknO(atern,04+1)
or alb o € LY ,0 € 4y .

(3) The (n+1)-sequences (3_¢cy, akEJ(a+E,ﬂ))(a,ﬂ)€Z1xZ+ are positive semi-
definite for allk =1, ...,n.

The n-sequence v has a uniquely determined representing measure on
ﬂ’knzlp,;l(R_F) if and only if the (n + 1)-sequence & is unique.

Proof. We prove first that conditions (1), (2), (3) are necessary. Assume
that the sequence v = (%‘)"Ezi has a representing measure u whose support is

in the set ©, = N7 p; ' (R4) . Define

(2.6) sy = [ 7007 dult), a €2}, BEZ,

Ep
where 6 is as in Lemma 2.3. Clearly, § = (6(a,ﬂ))(a,ﬂ)€Z1xZ+ is a positive
semi-definite (n + 1)-sequence, satisfying (1). Next, since

(2.7) / o)L+ 12+ -+ £ + 1 (1) + -+ pm(t)®) — 1)126(t)° dp(t) = 0

P

for all « € Z%, 8 € Z ., we infer (2). Moreover, since

(2.8) / pr(t) | p(t, (&) dp(t) > 0

P

for all p € Ppy1,k =1,...,m, we also have (3).

Conversely, assume that the (n+1)-sequence § = (5(a,ﬁ))(a,ﬁ)€Z1XZ+ exists.
Let Ry, be as in Lemma 2.3. We define a positive semi-definite map A on Ry,
via the equality

(2.9) A(r) = Ls(p), 7 € Ry,

where L; is the linear map associated with &, and p € P, satisfies r(t) =
p(t,0p(1)), € R,

Notice first that A is correctly defined. Indeed, by virtue of Lemma 2.3,
the algebra Ry, is isomorphic to the quotient P,41/Z,, where Z, is the ideal
generated in P, by the polynomial o(t,s) = s(1+tZ+---+2 +pi(t)>+-- -+
pm(t)?) — 1. Note that (2) implies Ls | Z, = 0. Therefore, the map A, which can
be identified with the map induced by L;s on the quotient P, 1 /Z,, is correctly
defined, and positive semi-definite, on Ry, .

Condition (3) implies Ls(pk|p|?) > 0,p € Ppt1, and so A(pg|r|?) > 0, r €
Re, for all k=1,...,m.

By virtue of Theorem 2.5, there exists a uniquely determined representing
measure p for A, whose support is in ¥p. In particular

Ya = 0(a0) = Ls(t%) = / t2dp(t), o € 23,
by

P



i.e., v has a representing measure.
If § is uniquely determined, and if p', u" are two representing measures for
v, then we must have

/ 1200 dy (1) = / 1200 du (1)
)

P EI-’

by the uniqueness of §. Therefore fzp r(t)du' (t) = fzp r(t)dp" (t) for allr € Ry,
implying u' = p”, by Theorem 2.5.

Conversely, if the representing measure p of 7y is unique, and if the sequences
§',8" satisfy (1), (2), (3), then we have d, 5 = fzp t*0(t)Pdu(t) = 61, 5 for all
indices «, 8, via (2.5), which completes the proof of the theorem.

Theorem 2.7 shows that for a given n-squence ¥ = (V4)acz» there exists
a one-to-one correspondence between the convex set M, , of all representing
measures of vy, with support in ¥, and the convex set E,  of all extensions
0 = (5(a,5))(a,ﬁ)ez1xz+ with the properties (1), (2), (3) from this theorem.
This correspondence obviously preserves the extremal points. In addition, if
e: R® — R is given by €(t) = (t,0p(t)),t € R™, then for every u € M, , the
measure u.(B) = u(e~1(B)), B a Borel set in R™!, is a representing measure
for 4.

Theorem 2.7 applies, in particular, for compact semi-algebraic sets, provid-
ing alternate solutions to the corresponding moment problems (see [13] for a
different solution).

We shall denote by e; € Z%, j = 1,...,n, the multi-index whose coordinates
are null except for the j*P-coordinate, which is equal to one.

A solution of the Hamburger moment problem in several variables is given
by the following (see also [19, Theorem 2.3] for an equivalent statement).

Theorem 2.8. An n-sequence v = (’)’a)ozez';r (7o > 0) is a moment se-
quence if and only if there exists a positive semi-definite (n + 1)-sequence § =
(5(a,,6))(a,,6)ez1><z+ with the following properties:

(1) Ya = 6(a,0) for all a € Z7 .

(2) 8(a,8) = O(a,p+1) F0(at2er,p+1) T +O(at2en,041) for alla € ZY, B € Zy..

The n-sequence v has a uniquely determined representing measure in R™ if
and only if the (n + 1)-sequence § is unique.

Proof. This is a consequence of Theorem 2.7, with p = (0). We only note
that, for a direct proof, one should replace 8, by the function 6, the algebra Ry,
by the algebra Ry (see Remark 2.4), and the set ¥, by the set R™, respectively.
The corresponding versions of (2.6) and (2.7) show that conditions (1), (2) from
the above statement are necessary.

10



Conversely, using the corresponding version of (2.9), as well as Remark 2.4
and Corollary 2.6, we obtain the existence and uniqueness of a representing
measure for .

The next result is a solution to the Stieltjes moment problem in several
variables (see also [19, Theorem 2.6] for an equivalent statement).

Theorem 2.9. An n-sequencey = (’ya)aez1 (70 > 0) is a moment sequence,
and has a representing measure in R™ | if and only if there exists a positive semi-
definite (n + 1)-sequence § = (5(a,ﬁ))(a,ﬁ)ezixz+ with the following properties:

(1) Ya = 6(a,0) for all a € Z7 .

(2) Oa,8) = O(apt1) + Oat2er,41) T+ + Hat2en,g41) for all a € ZY, S €
Z,.

' (3) (O(ate; ,ﬁ))(a,ﬁ)ez1xz+ is a positive semi-definite (n+ 1)-sequence for all
=1 ..n.

The n-sequence v has a uniquely determined representing measure in R} if
and only if the (n + 1)-sequence § is unique.

Proof. Theorem 2.9 is, in fact, a particular case of Theorem 2.7, with p(t) =
(t1,-,tn). As in this case O,(t) = (1 + 27 + --- + 2t2)~!, conditions (2),
(3) from the above statement are (slightly) different from the corresponding
versions of conditions (2), (3) of Theorem 2.7. Therefore, the solution obtained
via Theorem 2.7 should be combined with a change of variables. Specifically,
the (n+1)-sequence § = (5(a,ﬂ))(a,ﬁ)ez1 xz, should be replaced by the sequence
6= (S(a,ﬂ))(a,ﬁ)€Z1XZ+7 where S(aﬁ) = (\/5)_“’46(&,@ for all indices a, 8. Then
the sequence 4 satisfies the conditions of Theorem 2.9, with 0 as above, if
and only if § satisfies the above conditions (1), (2), (3), and each representing
measure fi of the sequence 4 = (S(Q,O))a is related to a representing measure p
for v by the formula du(t) = dji(t/v/2).

3. MOMENTS OF SLOWLY DECREASING MEASURES AT INFINITY

While the last section dealt with rapidly decreasing measures at infinity, re-
garded as continuous functionals on an algebra of rational functions in n real
variables, this section focuses on continuous functionals on a space of uniformly
bounded rational functions. The main results are completely similar to Theo-
rems 2.5 and 2.7. The only difference in the proofs is a simplification, namely
this time we need to digonalize a tuple of bounded self-adjoint operators.

With the notation of Sections 1 and 2, we define the rational functions:

¢pq (t) = tptqo(t)a 0<p,qg<n,

where tg = 1 and () = (1 + ||¢]|*) .
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Let Qp be the C-algebra generated by 1 and ¢,,,0 < p,q < n. Obviously
Qp C Ry and moreover, since all monomials t*6(t)*, |a| < 2s, belong to Qy, we

have:
Qs ={P(t)0(t)°; P € Clt],2s > deg(P)},

where deg(P) is the degree of P.

The functions ¢,, are not independent. They satisfy a set of algebraic rela-
tions described below. Let z = (Zp4)0<p,g<n be a system of coordinates in RV,
where N = (n + 1)2. Let

®:R" — RN, () = (¢pq(t))o<p,a<ns

be the map induced by the rational functions ¢pq.

Lemma 3.1. The map ® is injective and:

®(R") = {z = (Tpg)o<p,g<n; Too >0, Tpg = Tgp,

— 2 2 2 _
(3.1) TopTog = TpgToo, Too + Toy + .-+ T, = Too}-

Proof. To prove relation (3.1) and the injectivity of ® it suffices to remark
that _
tj = 1 SJ < n,

and then, with this choice of ¢, the solution z of (3.1) is precisely xpq = @pq(t).

From the previous lemma, it follows also that
®(R") C {z = (zpg)o<pa<n; |2l =1, zpp >0,

TpqTrs = Tprqs, 0 < P, q,7,8 < ’I’L}

Our next aim is to identify and represent by measures the class of positive
definite functionals on the algebra Qy.

Theorem 3.2. Let A : Qy — C be a linear, positive semi-definite func-
tional.

Then there exists a positive measure p on R™, and a positive measure v on
RY, supported by the semi-algebraic set H = {z; o0 = 0, ||z|| = 1, zpp >
0, TpgZrs = Tpriys, 0 < p,q,7,8 < n}, such that for every polynomial P € Clz]
one has:

(3.2) AP o®) = / (P o ®)du + / Pdv.

n

12



Note that every element f of Qp can be represented as f = P o ®, with
P € CJz]. This shows that formula (3.2) covers indeed all values of A. However,
the polynomial P in this representation may not be unique.

Proof. In view of relation (3.1), the positivity of A (i.e. A(|f|?) > 0) implies
A@If?) >0, f € Q.

Let H be the Hilbert space associated to the positive functional A, and let
us denote by A = (Apq)o<p,q<n the N-tuple of linear operators induced by the
multiplications by ¢pe,0 < p,g < n, on H. It is easily seen that all 4,, are
bounded commuting self-adjoint operators satisfying the algebraic relations:

0< Ay, <I, -IT<Ay,<I,

as well as

Apg = Agp, Z Apg =1,

P,q=0

(3.3)

ApgAoo = AopAog, Ago = AJg + Ady + ...+ AL,

for 0 < p,q < n.Indeed, 1—¢,, can be written as a sum of squares of monomials
times 6; therefore, for every element f € Qp and 1 < p < n, we have:

A(If1?) > Meplf17) > 0.

Then, for p # g we observe that Ap,> = AppAy,, whence —I < A4,, < I.
Equivalently, we can start from the relation - Af,q = I and reach the same
conslusion.

As the algebraic identities (3.3) are valid on a dense subset, via (3.1), and
since all operators are bounded, the relations (3.3) must be true everywhere in
‘H. Consequently, by virtue of Gelfand’s theory, the joint spectrum o(A) of A
lies on the closure of ®(R™) union possibly with other points in the set H (see
also the above Remark). In particular,

o(4) C B(R™) U H.

Let E be the joint spectral measure of the N-tuple A, supported by o(A). Let
oo = 0(A) N H and o1 = o(A) N (R"™), which are two disjoint Borel sets.
Next we define for a Borel set ¢ C RY the positive scalar measure v(o) =
(E(e N 60)1,1). Note that this measure is supported by H. Finally, let us
observe that the scalar masure p/(oc) = (E(oc N 01)1,1) has no mass on the
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set H. Thus there exists a positive measure g on R™ with the property that

po=®up.
At this point we can invoke the spectral theorem for the N-tuple A. For a
polynomial P € C[z] we obtain:

A(Po®) = (P(A)1,1) = [ Pd(E1,1) =
RN

P(dy' + dv) =
RN

Poddy+ / Pdv.
R H

This completes the proof of Theorem 3.2.

Below, by a real element of the algebra Qy we mean a polynomial with real
coefficients in the variables z, evaluated at (¢pq)-

Corollary 3.3. Let 7 = (11,...,Tm) be an m-tuple of real elements in Qg
represented as 7; = Tj0®, 1 < j<m. LetX, = {t € R"; 75(t) >0, 1 < j <m}
and H, ={z; 200 =0, [lz]| =1, 2pp > 0, Tpg@rs = Tprigs, Tj(x) 2 0}

A functional A as in Theorem 3.2, which in addition satisfies the conditions:

A(mi|f*) >0, 1<j<m,

can be represented as

A(Po®) = P o ®du + Pdy,
s, H.

where P € C[z] and the measures u,v are positive.
Proof. For the proof it suffices to remark that the conditions in the statement
mean T;(A) > 0,1 < j < m. Thus the spectral measure o(A) is supported by

the set {z; T;j(z) > 0, 1 < j < m}. In particular, the measure p will be
supported by the set X, and v by the set H..

Let us remark that the form of the denominator 8! is rather flexible in
Theorem 3.2 and Corollary 3.3. Any postive definite quadratic form, uniformly
bounded from below by € > 0 on the entire R™ can replace § 1.

In complete analogy with the above setting we can consider the embedding;:

¥:R" — R,
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given by the functions

tp

— P ___ 0<p<n,
@+ Py =P

¢p (t) =

where we put as before ¢y = 1. The range of ¥ lies in the unit sphere of R?*1.
We denote by y,, 0 < p < n, the coordinates in R"*1.

Let us denote by Qgi/2 the algebra C[(1p)o<p<n]. Again, the elements of
Qy1/2 are uniformly bounded algebraic functions on R™.

Theorem 3.4. Let A : Qg2 —> C be a linear, positive semi-definite
functional, so that A(6'/%%) is positive semi-definite, too.

Then there exists a positive measure pu on R™ and a positive measure v on
R, supported by the sphere S = {y = (yp)o<p<n; |yl = 1, yo = 0}, such
that for every polynomial P € Cly] one has:

(3.4) A(Po®) = / Poldu+ /S Pdv.

Proof. The proof repeats that of Theorem 3.2 and we omit most of the
details. Let ‘H be the Hilbert space obtained as separated completion of Qy1/2
with respect to the functional A. Let B; denote the multiplication operator by
t; on H. Since B2 + B + ...+ B2 = I on a dense subset of  we infer that
Bj are all bounded self-adjoint operators. Moreover, they commute, so a joint
diagonalization exists. From the assumption it follows in addition that By > 0.
The rest of the proof is unchanged.

4. STRUCTURE OF POSITIVE POLYNOMIALS

In this section we shall describe the structure of all polynomial functions
that are positive on a semi-algebraic set given by a simultaneous system of
polynomial inequalities (including, after homogenization, the points at infinity).
Similar results were obtained, in the case of compact semi-algebraic sets, in [10].
In fact we work with homogeneous polynomials and sets given by homogeneous
inequalities. This restriction is imposed by the proof and by the results of
Section 3. However, for continuity with the previous section purposes, we state
all results for non-homogeneous polynomials.

We start by a few simple algebraic arguments. Let V : R»*! - RN, N =

(n+1)?, be the map V(z) = &, where z = (p)o<p<n, & = (TpTq)o<p,g<n, Whose
range can be easily described. Indeed, if & = (Zpq)o<p,q<n is @ point in RV such
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that zp, > 0, Tpg = Tp, TpgTrs = Tprys for all 0 < p,q,r,s < n, then we can
find z = (zp)o<p<n satisfying z,, = z,z, for all p, ¢, and therefore V(z) = Z. As
the map V is related to the Veronese imbedding (see [14, Chapter 1, Section 4]),
the above assertion follows easily from the elementary properties of the latter.
Now, let P be a homogeneous polynomial in & = (2p)o<p<n Of even degree
2d. Then we can find a homogeneous polynomial P of degree d (not unique, in
general) such that P(z) = P(V(z)),z € R""! (see also [14]). In particular, if
P(z) > 0 for all  # 0, then we have P(&) > 0 for all # # 0 in the range of V.
Note also the identity :

(4.1) P(L,t1,t2, ooy tn) = P((tptg8(t))o<p.a<n) (1 + [It]%)?,

with 8(¢) = (1 + [|t]|>)~! for t € R™.

The following technical assertion is a separation result for vector spaces
possessing a certain graduation. The proof uses a procedure which goes back to
[4, Théoréme 4].

Lemma 4.1. Let S be a real vector space, and let C C S be a convezx cone
with the property S =C —C.

Assume that C = Ug>1Cq, where Cq is a convex cone such that the linear
space Sqg = Cq — Cq be of finite dimension, and C441 N Sq = Cq for all d > 1.
Denote by int(Cy) the relative interior of Cq as a subset of the Euclidean space
Sa-

Assume that there exists an element & € Cy with the property that, for any
d > 1 and any non-zero functional | € S; which is non-negative on Cq one has
1€ > 0.

Letrg € Sg,\int(Cq,) for some index dy. Then there ezists a linear functional
L : S = R such that L(rg) <0 and L|int(Cq) > 0,d > do. In particular L|C > 0.

Proof. The equality Sq = C4 — Cg4 implies int(Cq) # 0 for all d > 1.

Fix rg € Sg, \int(Cq,). We shall construct by recurrence a sequence (L)x>0
such that Ly is a linear functional on Sgy4x, Li(re) <0,

Lk|int(Cd0+k) > 0, and Lk+1|8do+k = Lk for all k& 2 0.

Note that the property Ly |int(Cgo4x) > 0 implies Lg|Cqo4x > 0 for all k£ > 0,
since the closure of int(Cy,4) coincides with the closure of C4, 41 (as the latter
is a convex cone with nonempty interior).

We choose first a linear functional Lo on Sy, such that Lg(rg) < 0 and
Lo(u) > 0 for all u € int(Cq,)-

Assume that the functionals Ly, ..., L have been constructed. To construct
L1, we note that

ker(Ly) Nint(Cgy+r+1) C ker(Ly) Nint(Caorr) = 0,

which follows from the condition C441 NSg = C4,d > 1. Therefore, there exists
a linear functional A on Sy 4+x+1 such that ker(Lg) C ker(A), and A positive
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on int(Cgo4x+1). In view of our assumption, A(§) > 0 as well as Lg(§) > 0.
Then we must have A|Sq 4+ = cLj, for some ¢ > 0. Hence, the functional
Lj41 = ¢ A has the desired properties.

It is easily seen that S = Ug>1S4. Therefore, we may define a linear
functional L on S, by setting L|Sgy+x = Lk, k > 0. Then L|C > 0, since
L|Cao+x > 0 for all k, and L(ro) = Lo(ro) < 0. This completes the proof of
Lemma 4.1.

Recall for later use how to associate each polynomial p € C[¢], t € R™, deg(p)
d, with its homogenization P € C[z], x € R""! by the formula:
I Ip

-y —), Zo 75 0.

P(xo, @1,y ) = a:op(a70 e o

Theorem 4.2. Let (p1,..-,pm) be an m-tuple of real polynomials in t € R™,
and let
0t)=(1+ti+---+t2) ', teR™

Let p be a real polynomial on R™. Suppose that the degrees of p;’s and p are all
even.

Let Pi,...,Py,P be the corresponding homogenizations of the polynomi-
als p1,---,Pm,p, and assume that P(x) > 0 whenever © € ﬂ;"zlPk*l(RJr),
x #0.

Then there exists an integer b > 0, and a finite collection of real polynomials
{ae,q10},£ € Lk =1,...,m, such that:

(4.2) pt) =00 a®” + D> pe(t)ae(t)®), teR™

Lel k=1¢€L

Proof. We use the notation introduced in Section 3. Let S be the R-algebra
of real elements of Qy. That is, S is the R-algebra generated by 1 and the
rational functions ¢;;,0 <3 < j <n.

Let 2d, 2d; be the degrees of p, respectively p;. Relation (4.2) is implied by:

(4.3) POt =" 17+ k0™ fR

{eL k=1{€L

with elements f;, fre € S. According to relation (4.1), there are homogeneous
polynomials P, P; in RN satisfying, with the notation of Section 3, p§? = Po®,
pef® = P, o®,1 < k < m. Moreover, the positivity assumptions in the
statement imply that P > 0 on the set {V(z);z € R, z # 0, Pj(Vz) >
0,1 < j <m}, where V is the map defined at the beginning of this section.
With these preparations we can return to Lemma 4.1. Let C be the positive
cone in S consisting of finite sums of elements of the form 72, p;§%7r?, with
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r,rj € S,j = 1,...,m. For every integer d > 0 we define the linear subspace
Fa as the collection of all r € S which have a representation of the form r(t) =
2o Capt®d(t)? with |a| < 248 < 4d.

Put also Cg = CNFyq, Sq = Cq—Cq, d > 0. The inclusion Sy C Fy shows
that S, is a finite dimensional vector space.

Notice that S = C — C. Indeed, any element f € S can be written as
W. We also have Cy C Cyq1, and Cg41 NSy C Cyp1 N Fy = Cq.
Hence Cq41 NSg = Cq,d > 0. Clearly, C = Ug>oCq.

Our next aim is to prove that the constant function £ = 1 satisfies the
condition in Lemma 3.1. Indeed, fix an integer d > 1 and let I € $*; be a
non-negative functional on C4 which, by way of contradiction, vanishes at 1.
Let us denote:

A=1+8+-+1t2).

Remark that A2? is a polynomial of degree 4d which can be written as a
sum of squares of monomials, each with positive integral coefficients. Moreover,
any monomial 2%, with |a| < 2d, explicitly appears in this decomposition.
Consequently,

P20
1- 357 €Ca,  la] < 2d.
Since I(1) = 0 and 1|Cq > 0, it follows that:
P20
l(m) =0, |of<2d.

We choose next multi-indices «, 8 satsfying |a|, || < 2d . Let A be an
arbitrary real number. Since all three terms in the binomial expansion below
belong to &4, we must have:

t® tP
l[(ﬁ + AF)Q] > 0.

As X is arbitrary, this implies (t®*7/A2?) = 0 whenever |a/, || < 2d . There-
fore, via an obvious decomposition of an arbitrary multi-index a with |a| < 4d,
we deduce: o

xa)
Finally, if we write t/A2% = @ A2d=2k /A2d if |o| < 4k < 4d, and t*/A%F+L =
t*A/AZH2 if |a| < 4k + 2 < 4d, we infer t*0(t)” € S, if |a| < 28 < 4d, and

=0, |o<4d

1(t*6(t)") = 0,

showing that | = 0 and that Lemma 3.1 can be applied.
Note that the above discussion implies, in fact, the equality F3 = Sy.
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With p as in the statement, we clearly have p§? € Fy = Sy. Assume p#? ¢
int(C4) . By virtue of Lemma 3.1, there exists a linear functional L on S, which
is nonnegative on C, such that L(pg?) < 0.

We can extend the functional L by linearity to the complex space Q.
By Corollary 3.3, there exists a positive measure p, with support in ¥y =
™, pi ' (R4), and a measure v supported by the set Ho = {(zq) = Vz; ||[Vz|| =
1, mgo =0, P;j(Vz) >0, 1< j < m}, such that:

0> L(ph?) = / pbldp+ [ Pdv >0,
EO HO

which is impossible. Consequently, p#? € C; and the representation (4.3) follows.
By simplyfying the denominators we finally obtain relation (4.2).

Remark. Tt follows from the previous proof that the decomposition (4.3)
takes place actually in the space F4, where 2d = deg(p).

The next result is one of the main assertions from [11].

Corollary 4.3. Let p be a polynomial such that its homogenization P satis-
fies P(z) >0, x € R""1\{0}. Then there exists an integer b > 0, and a finite
collection of real polynomials {qe}ecrL, such that

p(t) =0 > q(t)’, teR",
el

where 0(t) = (1 + 3 +--- +¢2)71.

A variety of particular cases of Theorem 4.2 can at this point be discussed.
We mention only one. Namely, assume for instance that p(t) = ||#[|>¢ + q(¢) and
deg(q) < 2d; then the associated homogeneous polynomial P(z) is automatically
strictly positive on the hyperplane at infinity g = 0. Therefore we can repeat
the proof and obtain the following result.

Corollary 4.4. Let (p1,...,pm) be an m-tuple of real polynomials int € R™,
and let
) =1+ +---+t2)"', teR"

Let g1(t),go(t) be real polynomials with deg(go) < deg(g1), such that the
homogeneous polynomial Gy attached to g1 satisfies G1(z) > 0, x € R"1\ {0},
and letp=go + 91.

Assume that p(t) > 0, whenever t € N p; ' (R4).

Then there exists an integer b > 0, and a finite collection of real polynomials
{@e, qre}, £ € L,k =1,...,m, such that:

p(t) =00 a®)® + D> pe(t)ae(t)?), t€R™

LeL k=1 {¢€L
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It is, in fact, only the preceding result the first place where the explicit
decomposition of the functional A (cf. Corollary 3.3) into two integrals is needed
by the proof. Otherwise, for Theorem 4.2 and Corollary 4.3 we could have
worked as well on the bigger space R, without explicitly decomposing the
functional A.

The case of polynomials p and p; of arbitrary degree requires Theorem 3.4
and a repetition of the above proof. The novel fact this time is the occurence of
6'/2 as a necessary factor in the decomposition of p. We simply state the result.

Theorem 4.5. Let (p1,...,pm) be an m-tuple of real polynomials int € R™,
and let
Aty= 1+ +---+12), teR"

Let p be a real polynomial on R™.

Let Py,..., Py, P, be the corresponding homogenizations of the polynomials
Dy Pm,p. Assume that P(z) >0, z € N7, P, (Ry), = # 0.

Then there exists an integer b > 0, and a finite collection of real polynomials
int, /A, {qe, qre,re,rre}, (L€ Lk =1,....m), such that

APp(t) = lge(t, VA + /Bre(t, /A 1+

LeLl

0D pe@lane(t, VA)? + /Brie(t,/B)?], t € R

k=1{¢€eL

Final remarks: 1. We have encountered above several rational or algebraic
embeddings:
R:R" — RV,

which had the quality that the positive definite maps on the polynomial algebra
in N variables, which are supported by a natural closure of the range of R are
easily representable by positive measures. By pull-back on R™ we have thus
obtained the moment results and the structure of positive polynomials. This
scheme can obviously be applied to other embeddings of the affine space, with
similar consequences.

2. Returning to Theorem 2.8 and Corollary 4.4, we remark that the semi-
group ta0(t)5 ,a € Z," B € Z,, is finitely genetated. Consequently Theorem
6.1.11 of [2] applies and it shows that any polynomial p satisfying p(t) > 0,t €
R™ , can be approximated in the finest locally convex topology of R[t,6] by
elements in the convex cone X of squares of polynomials multiplied by powers
of 6. Indeed, p(t) + €(1 + ||t||?)?, with € > 0 and 2d > deg(p) will satisfy the
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positivity condition in Corollary 4.4. However, as it is mentioned in [11], there
are such polynomials p which do not belong to ¥. Therefore the cone ¥ is not
closed in the finest locally convex topology of the algebra R]t, 6].

3. While this paper was circulating as a preprint and partially under its
influence, a purely algebraic approach to decomposition results such as Theorem
4.2 above was developed by Thomas Jacobi, under the supervision of Alexander
Prestel. See T. Jacobi: A representation theorem for certain partially ordered
commutative rings, preprint, Konstanz, 1999. We thank them both for informing
us early about their work.
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