UNKNOTTING TUNNELS AND SEIFERT SURFACES
MARTIN SCHARLEMANN AND ABIGAIL THOMPSON

ABSTRACT. Let K be a knot with an unknotting tunnel y and suppose
that K isnot a 2-bridge knot. There isan invariant p = p/qe Q/2Z, p
odd, defined for the pair (K, y).

Theinvariant p hasinteresting geometric properties: It isoften straight-
forward to calculate; e. g. for K atorus knot and y an annulus-spanning
arc, p(K,y) = 1. Although p is defined abstractly, it is naturally revealed
when KUYy is put in thin position. If p # 1 then there is a minimal
genus Seifert surface F for K such that the tunnel y can be dlid and iso-
toped to lie on F. One consequence: if p(K,y) # 1 then genus(K) > 1.
This confirms a conjecture of Goda and Teragaito for pairs (K,y) with

p(K,y) # 1.

1. INTRODUCTORY COMMENTS

In [GST] the following conjecture of Morimoto’s was established: if a
knot K c S* has asingle unknotting tunnel y, then y can be moved to be level
with respect to the natural height function on K given by aminimal bridge
presentation of K. The repeated theme of the proof isthat by “thinning” the
1-complex K Uy one can simplify its presentation until the tunnel is either
alevel arc or alevel circuit.

The present paper was originally motivated by two questions. One was
a rather specialized conjecture of Goda and Teragaito: must a hyperbolic
knot which has both genus and tunnel number one necessarily be a2-bridge
knot? A second question was this: Once the thinning process used in the
proof of [GST] stops because the tunnel becomes level, can thin position
arguments still tell us more?

With respect to the second question, it turns out that there is an obstruc-
tion to further useful motion of y that can be expressed asan element p € 2% :
Surprisingly, further investigation showed that, so long as K isnot 2-bridge,
the obstruction p can be defined in a way completely independent of thin
position and thereby can be viewed as an invariant of the pair (K,y). More-
over, this apparently new invariant has useful properties: It is not hard to
caculate. If p # 1, then the tunnel can be isotoped onto a minimal genus
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Seifert surface. This, in combination with some work [EU] of Eudave-
Munoz and Uchida, verifies a conjecture of Goda and Teragaito [GT] inthe
casein which p(K,y) # 1. If p = 1 and the tunnel is alevel edge, then the
tunnel can be moved so that instead of connecting two maxima (say) of K,
it connects two minimaand vice versa. A future paper [Sc2] will expand on
this observation, addressing the technically difficult and rather specialized
case in which p = 1 with the goal of verifying the Goda-Teragaito conjec-
turein thisfinal case.

Here are a faw technical notes on conventions and notation used in the
arguments that follow:

1. For X C M a polyhedron, n(X) will denote a closed regular neigh-
borhood, whereas (abusing notation slightly) M — n(X) will mean the
closed complement of n(X) in M.

2. Pairs of curves in surfaces will typically be regarded as having been
isotoped to minimize the number of points in which they intersect.
Only occasiondly is care required with this convention. For example,
if a surface S containing curves a and 3 is cut open along a circle ¢
and the remnants a — ¢ and 3 — ¢ are isotoped in S— ¢ to minimize
thelr intersection (not necessarily fixing a Nc or BN c) then when S
is reassembled, new intersections are introduced because of twisting
around c. In most contexts this will not matter, since it is the absence
of intersections that typically complicates an argument.

3. When put in thin position asin [GST], a 1-complex I" in S will typi-
cally be regarded as having first been made “generic” with respect to
the given height function on S; that is, all vertices will be of valence
3, with two edges incident from above (resp. below) and one from
below (resp. above). At any height there will be at most one criti-
cal point or vertex. This convention leads to the following semantic
problem: A processwhich putsT in thin position typically terminates
when an edge of I' is made level. Then I isno longer generic, but can
be made generic by a small perturbation in which the height function
on the edge becomes monotonic. To describe this situation we will
sometimes say that the edge is a*“ perturbed” level edge.

2. UNKNOTTED HANDLEBODIES IN S® AND THEIR SPLITTING SPHERES

Consider astandard genus two handlebody H in S® and suppose i, p—, Wt
are three non-parallel, non-separating meridian disks for H, fixed through-
out our discussion. Let ¥ denote the 4-punctured sphere 0H — (put U ™),
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with boundary components uli, U, Let it denote a fixed separating merid-
ian disk of H that is disjoint from p* and intersects |t in asingle arc. There
is a natural projection of  to the rectangle | x | so that pu* projects to a
horizontal bisector, |t to avertical bisector, the two copies u,+ and ;- of pt
in 0Z project near the pointsdl x {1} and the two copies |~ and p of p~
in 0 project near the pointsol x {—1}.

A complete pair of arcsin Z will be a pair of arcs whose boundary has
one point on each boundary component of 2. A complete pair of arcs Ao
digoint from |t is said to have infinite slope and a complete pair of arcs Ag
that is digoint from p is said to have slope 0. The union A, U Ag divides
2 into two copies of | x I, which we'll call the front face and the back
face of 2. See Figure 1. There is anatural correspondence between proper
isotopy classes of complete pairs of arcs in 2 and the extended rationals
p/g € QUo. Here |p| is the number of times one of the pair intersects
i, |g| is the number of times it intersects !, and the fraction is positive
(resp. negative) if the pair (when isotoped to have minimal intersection with
A UAp) isincident to the lower left corner |~ onthefront (resp. back) face.
Note that a complete pair of arcsin Z for which one end of each arc lieson
i~ and the other on U™ correspondsto arational p/qwith p odd. See Figure
2.

Definition 2.1. Given two complete pairs of arcs A and A’, with slopes p/q
and p'/d respectively, define AA\, ) = |pd — p'q].

Notethat if A(A,\") < 1 then the two pairs can be isotoped to be digjoint;
otherwise, AN A'| = 2A(A,\) — 2.
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FIGURE 2. Slopel/3

Definition 2.2. SupposeH C S° isan unknotted genus two handlebody and
Sis a sphere that intersects 0H in a single essential circle. Then Sisa
splitting sphere for H.

Alternatively, we could define a splitting sphere to be a reducing sphere
for the Heegaard splitting S* = H Uy, (S — H).

Suppose Sis a splitting sphere for H ¢ S%, so D = SN H is an essential
separating disk in H. One possibility is that D lies entirely inside the ball
H — (u Up™). But, if not, then an outermost arcin D of DN (ut Up™) cuts
off adisk Dg and DgndH isan arc a with both ends at one of the boundary
componentsof Z, say . Anarcin Z, such asa, with both ends at ", say,
iscalled awave based at |4. A simple counting argument (as many ends of
arcsof DN Z lieon .~ ason ;) showsthat thereis also awave a’ based at
M, and that one of the components of >~ — a is an annulus whose other end
isone of it or uﬁ. A spanning arc for that annulus unambiguously gives us
an arc with one end on i~ and the other end on one of ™ or uﬁ. Similarly
a’ unambiguously gives us an arc from i~ to the other choice of W or
pﬁ. Thus, given a splitting sphere, either its intersection circle with oH lies
entirely in Z or thereis unambiguously defined acomplete pair of arcs, each
of which has one end on i~ and one end on p. On the other hand, knowing
that a specific essential pair A is the result of this construction, we do not
know whether the waves are based on = or on ™. In other words, to any
choice of essential pairs of arcs, each of which has one end on u~ and one
end on uT, there correspond exactly two possible (pairs of) waves.

Definition 2.3. Let H be the standard genus two handlebody in S°, let
pt, u~, 1t be three non-parallel, non-separating meridian disks for H and
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let p- a fourth, separating, meridian disk that is disjoint from p* and which
intersects |t ina single arc. Finally let Sbe a splitting sphere for H.
Define py (1T, u—, 1, 1h, S) € QU  to be the Slope associated to the
waves of SN Z as defined above.
Two splitting spheres S S are said to have the same augmented slope

(with respect to ™, u—, W, i), if
pL(Mt T i ph,S) = po (UF, um W ph, S)
and the associated waves are based at the same meridian ™ or .

A natural question is to what extent p, (ut, =, W, pt, S), or indeed the
augmented slope, depends on our choices. Let us begin by considering
different choices of splitting spheres.

Definition 2.4. Let Sand S be two splitting spheres for H ¢ S® and let C
and C' be the corresponding separating curves dH N Sand 0H N S. Define
the intersection number S- S' to be the minimum number of pointsinCNC’.

The relation between spheres with low intersection number is easy to
understand and describe, as we now outline. (For more detail see [Scl].)

Lemma2.5. If Sand S are not isotopic then S-S > 4. If S-S = 4 then
Sn S isasinglecircle and each of the 4 bigons formed in dH by adjoining
anarc of C—C' to an arc of C' — C bounds a non-separating disk in exactly
oneof H or S*— H. (SeeFigure 3).

Proof. If S-S = 0then SNS = 0. In a genus two handlebody, any two
digioint separating disks are parallel, so Swould beisotopicto S. If S-S =2
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FIGURE 4

then C and C’ would be two separating circles in dH that intersect in two
points, hence they would be isotopic, a contradiction.

So suppose S-S =4, i. e |CNC'| =4. Lety represent the curve(s)
SN S. Itiseasy to remove, by isotopy of Sor S rel dH, any component of
y that does not intersect dH (hence intersect it at least twice). Each point
inCNC isredly apointinSNSNoH, socCNC' =Cny=C'ny. If
y has more than one component then it has exactly two (since each must
contain at least two pointsin CNC'). If y does have two components then
of course they are parallel in Sand in S. So CUy cuts four bigonal disk
components from Sand C’ Uy cuts four bigonal disk components from S'.
These may be assembled (gluing aong the four arc components of y— dH)
to give disks in both H and S* — H with the same boundary in dH, namely
two bigons formed from arcs of C— C’ and C' — C in 0H. This means that
each of these bigonsin dH is the intersection with a sphere, although each
isnon-separating. Thisisimpossible.

So we conclude that y = SN S isasingle circle. We can then exploit the
fact that there is essentially only one way for a pair of circles in the sphere
tointersect in4 points. See Figure 4. In particular, note that each of thefour
arcs y— 0H is adjacent to exactly one bigonal disk in S— (CUYy) and one
bigonal disk in S — (C' Uy). Assembling these bigonal disks, just as above,
gives the required non-separating disksin H or S> — H.

Proposition 2.6. If Sand S are two splitting spheres for H ¢ S° then there
isa sequence of splitting spheres

S=9%—S—...»S=S
sothatfori=1,....mS_1-§=0o0r 4.
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Proof. Thereisan obvious (but obviously not unigque) orientation-preserving
homeomorphism h : S$>— S® with the property that h(H) = H and h(S) = S.
By the Alexander trick, h isisotopic to the identity.

In [Go] Goeritz shows that any isotopy of S that ends in a homeomor-
phism carrying H to H is a product of particularly simple such isotopies,
whose effect on a fixed separating sphere & is easy to describe. In each
case, either § is preserved or the intersection number of Sy with itsimage
is4.

The upshot is this: the homeomorphism h is the composition of homeo-
morphismsh = hjohyo...ohy where each h; is the H-preserving home-
omorphism of S® obtained by one of the simple isotopies. To obtain a se-
quence of splitting spheres wetake S = hjohzo...ohi(S). Then notice
that S N S§_1 can be understood by viewing it as the image under the home-
omorphismhiohyo...ohi_1 of hj(§) NS, s0S-S-1=hi(SH)-S=0o0r
4.

Remark: This argument can be extended to Heegaard splittings of arbi-
trary genus, using work of Powell [Po]. See [Scl].

Lemma 2.7. If two splitting spheresfor H have different augmented slopes,
then thereis an essential disk in S — H which intersects each of pt and p~
at most once.

Proof. The conclusion is obviousif any splitting sphere SintersectsH ina
disk digoint from pu™ U, for just use the disk S—H. So we may as well
assume that every splitting sphere defines an augmented slope.

Suppose Sand S are splitting spheres that give rise to two different aug-
mented slopes. Then there is a sequence of splitting spheres, beginning
with Sand ending with S, such that each has intersection number 4 with
the previous splitting sphere. Since the first and last terms have different
augmented slopes, somewhere there is a pair in sequence with different
augmented slopes. So we may as well assumethat S-S = 0 or 4.

Let A and A’ bethe completepair of arcs associated to the waves of SNoH
and S N oH respectively. First notice that A(A,\") < 1. For if not, then |]A N
N | > 2. If we double each of the four arcs, the total number of intersection
points is 8, and converting a doubled arc into a wave can never remove
intersection points, only add them.

Suppose next that A(A,\') = 1. Then A and A" can be made disjoint, but
not the waves that define them. Indeed, if one pair of waves has its ends on
u~ and the other on pt then each wave from Sintersects each wave from S
in at least two points, atotal of at least 2- 2- 2= 8 points. See Figure5b.

On the other hand, if A(A\,A") = 1 and both pairs of waves have their
ends on P~ (or both on put) then each wave from Sintersects each pair of
waves from S in at least 2 points, atotal intersection of just the waves of 4
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points. Any other arc of Swith the same slope will intersect a wave of S,
and vice versa, so Sand S must both be disjoint from p*. Following 2.5
we can say more: the bigons determined by the intersection points bound
non-separating disks, two in H and twoin S*— H. In our case each relevant
bigonin S* — H is made up of aunion of arcs, each with one end on i~ and
oneend on |". In particular, the bigon intersects U~ twice or more, always
with the same orientation. (The extraintersections arise fromarcsof CNZ
and/or C'N X that run from ;- to . See Figure 6.) But no such curve can
bound adisk in S*— H, for the union of the solid torusH — pt with the disk
would define a punctured lens space in S°.

Finally, suppose A(A,A\') = 0 but S has waves on u~ and S on u*. The
first observation is that there is a meridian v of H, with ov C , so that v
is digoint from both C and C’. (Just take v to have the same slope as the
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waves.) Let W be the solid torusH — n(v), with v4. C 0W the two remnant
copies of v. That is, let v4 = n(v)NowW. Pick a bigon 3 C dW, cut out
by CUC/, so that B bounds a non-separating disk in (S*—H) ¢ (S —W).
The only way an essential curve on W can bound a disk in S* — W isif it
isisotopic to alongitude of the knot, so 3 is isotopic in dW to a longitude
of W. Moreover, because the waves are based at different meridians pu*, the
arc components of B — p* adjacent to v each have one end on p~ and the
other end on pt. This implies that every arc of B — pt has one end on p~
and oneend on pt. The only closed curve on W that both has this property
and is also isotopic (in dW) to alongitude, is a curve that is isotopic also
in (0W —v4) C dH to alongitude, that is, to a curve that intersects each
meridian pt of W exactly once.

We have this corollary:

Corollary 2.8. If different splitting spheres define different augmented slopes
for (ut, u=, 1, pt) then the knot core of the solid torus H — n(t) is a 2-
bridge knot.

Proof. We can regard H as the regular neighborhood of a 1-vertex figure-8
graph ™ in S, in which p* are meridians of neighborhoods of the two edges
of the graph. Let k¥ ¢ I' denote the subknots of " corresponding to the
meridian disks pE. It suffices to show that I is a standard unknotted figure-
8 graph in S® since then the boundary of a regular neighborhood of the
vertex of " serves as a bridge sphere for a 2-bridge presentation of the knot
core of H —n(W). Following the unpublished [HR] (see [ST]) it suffices
then to show that each of the knots k* c I isthe unknot.

Suppose that E ¢ S* — H is an essentia disk, given by Lemma 2.7, that
intersects each of du™ and du~ at most once. If OE is digjoint from exactly
one of the meridians, say u~, then E is an unknotting disk for k*, and
Hun(E) is an unknotted solid torus whose core isk™. Similarly, if 0E is
disjoint from both meridians, then E divides S®— H into two solid tori, each
of whose meridiansisan unknotting disk for oneof k*. If 9E intersects both
meridians, then H Un(E) is an unknotted solid torus in which both k™ and
k~ can be viewed (individually) as core curves.

The next lemma shows that, given |, thereis anatural choice of meridi-
anspt. Firstnotethat if p, (ut, u=, W, ut, ) isfinite, then different choices
of ut will change itsvalue by afinite amount. Indeed, any other possible pt
will differ from the given one by some number of full Dehn twists around
ut, and such a Dehn twist changes p, by +2.

Lemma 2.9. Suppose that i is a non-separating meridian disk for an un-
knotted genus two handlebody H and that Sisa splitting sphere for H. Then
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there is exactly one pair pt of meridians disks for H such that {pf, ut, =1
is a complete set of meridian disks for H and p (pF, p=, 1, it ) is finite
for any (hence every) choice of pi- that is digjoint from pt and inter sects it
inasinglearc.

Proof. Suppose, to begin, that thereis an extension of | to a set of meridi-
ans {pf, ut, u—, pt } with respect to which p, isfinite. Because p, isfinite,
an outermost disk of D = SN H cut off by the pair of meridians u* ¢ H
intersects pt. Then an outermost subdisk Dy of this subdisk, cut off by |, is
disjoint from both meridians u*. Furthermore, dDg intersects Wt in asingle
arc dividing p! into two subdisks. The union of each of those subdisks with
Do gives meridian disks for H parallel to p*. (See Figure 7).

Now dDg — | is an essential arc a in the twice punctured torus Tp =
0H — oy, and the arc has both its ends on a single puncture. Let of be
closed curvesin T paralel to a U { puncture}, lying on either side of o U
{puncture}. If B isany other arc of To N S which has both its ends on a
single puncture, then B is digjoint from a*; thisis obvious if the ends of
lie on the other puncture, and follows from a counting argument on ends of
arcsin SN Ty if the ends of 3 lie on the same puncture as those of a. Any
non-parallel separating pair of closed curves, e. g. duT, in To— o must be
parallel to at. So we see that it are determined precisely by taking closed
essential curvesin Tp that are parallel to a U { puncture}. (See Figure 8)

Itisnow easy to see that thereis always some such pair. Consider an out-
ermost disk Dg of D cut off by pt in H. Then the union of Dg with each of
the two subdisks of (it into which Dg splits it produces two natural meridian
disks p* for the solid torus H — pt. These, together with [t comprise a com-
plete collection of meridian disks for H. Moreover, dDgN Ty is an essential
arcthat is digjoint from both meridians p* of the solid torusH — pt bounded
by To. Since some arc of SN T lying in the pairs of pants To — Pt has both
ends on d|t, the wave described just before Definition 2.3 (and so the span-
ning arc digoint from the wave whose slope determines p ; ) must intersect
aut. Hence p; isfinite with respect to the meridian set {p*, u—, pt}.



11

FIGURE 8

3. KNOTS WITH A SINGLE UNKNOTTING TUNNEL

Definition 3.1. A knot K has tunnel number one if it is possible to attach a
singlearcytoK in S — K sothat S* — n(K Uy) is a solid handlebody.

Put another way, K has tunnel number one if there is a meridian disk pt
for a standard genus two handlebody H ¢ S® so that the solid torus H — it
has core knot isotopic to K.

Definition 3.2. Let K be a knot and let y be an unknotting tunnel for K. Let
Sbea splitting sphere for H = n(KuUy) and it ¢ H bea meridian disk for y.
Let ut be the meridians of H — i given by Lemma 2.9 and pi- beameridian
of H — i that intersects | in a single arc. Define p(K.y,S) € Q/2Z to be
the value, mod 2 of p | (U, u=, Wb, ik, S).

Since different choices of ut change p, by multiplesof 2, p(K,y, S) is
well-defined. Moreover, by Corollary 2.8, if K is not 2-bridge, p is inde-
pendent of Sand so can be written p(K,y). Here we examine some features
that p reveals about the knot and its tunnel.

Much is aready known about their geometry. The central theorem of
[GST] says that if the graph K Uy, viewed as a trivalent graph in S°, is put
inthin position, then K is, onits own, in thin position and in bridge position,
and y is a (perturbed) level edge. Moreover, the tunnel y either has one end
on each of two different maxima (or minima) or is a (perturbed) level loop,
or “eyeglass’, whose endpoint lies on a single maximum (or minimum) and
which encircles al the other bridges of K.

The first claim is that the slope p(K,y,S) is naturally revealed by some
thin positioning of K Uy. That is, there is a thin positioning of K Uy so
that the two isotopy classes of meridians of K — y with which level spheres
intersect K — y are the classes |t identified in Lemma 2.9.

First we consider the case in which, upon thinning, y becomes a (per-
turbed) level eyeglass. We can equivalently take, in this case, yto bealevel
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edge with both ends incident to K in thesame point p € K, i. e. yisacycle.
Let P be thelevel sphereinwhichy lies. Following [GST], we can further-
moretake p to be the lowest maximum (or highest minimum) of the knot K;
every bridge of K other than the one containing p has one end on each disk
component of P—y. By ameridian of K — p we will mean any meridian
of K that is digoint from the (vertical) meridian of K corresponding to the
maximum p.

Lemma 3.3. Suppose Sis a splitting sphere for H = n(Kuy) andlet D =
SN H. Then any outermost disk Dg of D cut off by a meridian pof K — p
intersects the meridian i of the tunnel y. Moreover, a subdisk of Dg cut off
by Wt is digoint from a horizontal longitude of n(y).

Proof. Cut H open aong the copies of p, denoted |y and 1, corresponding
to the points of K N P that are nearest to p in K. Then  and | lie on
different (disk) components of P—y. Cutting H open aong these meridians
leaves one component that is a solid torus W whose core is the cycle y and
whose boundary contains disks corresponding to py and .. The meridian
' of y and the curves PN oW (parallel in H) naturally define respectively a
meridian curve (which we continue to call pt) and horizontal longitudesin
the twice-punctured torus Top = 0H NW. We want to understand the pattern
of arcsI” = SN Tp. See Figure 9.

We begin by examining how I" intersects the twice punctured annulus A
obtained by cutting open Ty along the horizontal longitude A at the top of
0H. Note that | intersects A in a single spanning arc. The boundary of A
can be thought of as the two copies dpA, d1A of A that liein PN To.

Claim: Among the arcsin I N A that intersect |, either there is one that
has both ends on the same component of 0A and separates the punctures
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K and p, or there is one that has one end on 0A and the other end on a
puncture L or L.

Proof of Claim: Let E = S—H be the exterior disk, and consider an
outermost disk Eq cut off from E by an outermost arc 3 of EN (P —H).
(It is easy to remove al closed components of ENP, since K isthin.) Let
o = dEg — B. Since 3 obvioudly lies in a single component of P —H, it
followseasily that Eg must lie below P (all arcsof I' — A can be assumed to
be essential and so each spans the annulus To — A) and so Ep N H liesin A.
Thearc [3 cannot have one end on each of |y and | since theseliein distinct
components of P — . If the ends of 3 (hence the ends of a) both lie on the
meridian W, say, then a is a longitudinal arc in the punctured annulus A.
That is, a U is acore curve of A. On the other hand, the outermost disk
of D cut off by u must be a meridional wave in Tp, so it too must also be
based at |y. The complement of the two arcs, one meridional and the other
longitudinal, is then a punctured disk in Tp containing just the puncture .
But then no wave could be based at |, and there would be more ends of I
on | than on 1, an impossibility. We deduce that a has one or both ends
on dA. Noticethat if both ends of a lie on dA then they must lie on the same
component (dpA, say) of 0A (since they are connected by an arcin P — H)
and then the subdisk Ag of A cut off by a contains at |east one puncture (or
it would be inessential) but not both (else I" would intersect dpA more often
than it intersects 01 A).

It remains to show that o intersects pt. We will show that if it does not,
it can be used to make K thinner. Suppose that o is disjoint from pt and so
lies in the twice-punctured disk A— pt. Consider first the case in which o
has one end on |, (say) and other end on dA and let K_ denote the subarc of
K that lies between the maximum p and the meridian py. W — Wt is a 3-ball
which is further cut by P into two 3-balls; let W_ denote the one that lies
below P. It'seasy to seethat a isparallel inW_ to K_. Viathat parallelism
and thedisk Eg, K_ canbemovedto lieentirely inthe plane P. (Afterwards,
K_ —W = ). This cancels a minimum with a maximum, thereby thinning
K. Similarly, if both ends of a lie on (necessarily the same component
of) 0A, then Eg basically presents a lower cap that separates K_ from the
other components of K — P that lie below P. Within the ball bounded by the
lower cap and a subdisk of P, K_ can again be moved to liein P. From this
contradiction, we conclude that o intersects |, establishing the Claim.

Following the Claim, we have two cases to consider, corresponding to
the two types of arcs given by the Clam. Both arguments will use the 4-
punctured sphere & = To — W bounded by , 1 and two copies Pt of L.
We briefly recount some of its properties. An outermost disk D’ of D cut off
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by ut U p exhibitsawave of I" in Z; that is, D' N X is an arc with both ends
at one of the meridians. If it isbased at meridian |y an end count shows that
thereis awave based at | and vice versa. Similarly if awave is based at
one of |t thereis awave based at the other. Furthermore, any two waves
in £ must have the same slope. The arc AN X is a path joining the two
copies |, ; we can use it to establish Slope 0= 0/1 in Z. In these terms,
arestatement of the Lemmais the claim that the wave determined by D’ is
based at one of |t and isdigoint fromA.

Supposefirst that the arc a given by the Claim has both ends on a bound-
ary component doA of A and cuts off from A a disk Ag containing asingle
puncture 1y (say). Once a Nt is minimized by isotopy, an outermost arc of
it in Ag cuts off a bigon B containing |- and bounded by subarcs of pt and
a. (See Figure 10.) An outermost arc of I in B (possibly the subarc of a
in 0B) isawave of I in T based at ' that is digoint from A, since B is.
It follows that all the wavesin X, including that determined by D’, have the
same property.

Suppose finally that only one end of a lies on A and the other end lies
on | (say). Since a intersects |, the end segments of o in 3 have these
properties: One end, n*, connects one of P, to b and is disjoint from
A. The other end connects A to one of |, essentially; let n~ denote the
segment of I N that contains this end. Since one of N* intersects A and
one does not, they have different lopesin 2. (See Figure 11.) Observe that
if waves are based on two boundary components of a 4-punctured sphere,
the only digoint arc that can have a different slope than the wavesis an arc
that connects the bases of the waves. Since only one end of n* can be the
base of awave, it followsthat N~ must connect the two bases of the waves.
Since one end of N~ lies on one of |t this means that the waves must be
based at |f ., and n~ runs between .. Finally, the Slope of the wave must
bethat of nT, so the waveis digoint from A.

Corollary 3.4. Suppose S is a splitting sphere for H = n(K Uy) and let
D = SN H. Suppose in a thin positioning of K Uy the tunnel y is a level
eyeglass at a maximum (minimum) p of K. Then the ends of y at p may be
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FIGURE 11

did slightly down (up) K so that, with respect to the resulting meridians pt
of K —vy, pisfinite.

Proof. We know from Lemma 2.9 how to find meridians with respect to
which p is finite: Begin with an outermost disk Do of D cut off by pt
and choose meridians parallel to it UdDg in the solid torus H — pt = n(K).
Lemma 3.3 tells us precisely what those meridians are: oneis |, the merid-
ian of K — p. The other is bounded by the union of an arc digoint from the
highest horizontal longitude A of the circuit y, and an arc that intersects A
once. Hence the boundary of the second meridian has a single maximum,
so it can be viewed as simply the vertical meridian of K at p, separating the
ends of y.

Theorem 3.5. Suppose S is a splitting sphere for H = n(K Uy) and let
D = SnH. Then y can be dlid and isotoped to some thin positioning of
K Uy so that p isfinite with respect to the meridians of K —y.

Proof. Put K Uyin thin position so that y can belevelled. If yisan eyeglass,
the result followsfrom Corollary 3.4, so assumeyisalevel edge e. Follow-
ing [GST] we can assume that K isin minimal bridge position and the ends
of y connect the two highest maxima of K. If P, isalevel spherejust below
e, then the part of > — H lying above P, isjust acollar (P, —H) x I, sowe
may as well assume that the exterior disk E = S— H intersects this product
region in bigons whose boundaries each consist of an arcin P, —H and an
arcinoH —PR,.
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Let p™ and pu— be the meridians of the two arcs K —y; we know that
ut, say, cuts off an outermost disk Dg of D = SN H. If Dg intersects the
meridian ' of the tunnel y we are done, so suppose that Dg is disjoint from
ut. Somewhere below P, and above the highest minimum of K, thereis a
generic level sphere P which cuts off both an upper disk E, and a lower
disk E from E. Since E, and Dg can be made digoint, it follows that 0E,
crosses the meridian pt of the tunnel at most once.

We are now in a position to apply the argument of [GST, Theorem 5.3],
though now in the context that the edge e digoint from P isy, not asubarc of
K: There cannot be simultaneously an upper cap and alower cap that have
digoint boundariesin P, or K could be thinned. If thereis an upper cap and
a digoint lower disk or a lower cap and a digoint upper disk, then, as in
[GST] we can find such a pair for which the interior of the disk is digoint
from P. Then thin position implies that there cannot be simultaneously an
upper cap and alower disk and, if thereisalower cap whichisdigoint from
an upper disk (whose interior is now digoint from P) then we can ensure
that the boundary of the upper disk runs across the tunnel, hence exactly
once across the tunnel. Similarly, if there is an upper disk which is digoint
from alower disk then we can ensure that the interior of the upper disk is
digoint from P and isdigoint either from alower cap or alower disk whose
interior isaso digoint from P. Furthermore, the boundary of the upper disk
must be incident to the tunnel, hence run exactly once across thetunnel. But
then the upper and lower disks describe how to push the tunnel down to, or
even below, the level of at least one minimum. Following [GST, Corollary
6.2, Cases 1 and 2] thisimplies (almost, see next paragraph) that the tunnel
can be pushed down to connect two minima, which we may maketo be the
lowest minima. Furthermore, this operation lowers by two the number of
extrema of K (in our case, the number of minima) found in the interior of
the component of K — y containing p™, the base of the waves.

The argument then continues; it finally fails when there is only one ex-
tremum in the component of K —y containing u*. That is, in the argument
above, it may finally happen that the two maximato which the ends of y are
attached have only one minimum lying between them, and it is the compo-
nent on which pt is found. In this case, the upper disk pushesy down to P,
and then y together with the segment 3 C (K — P) containing the minimum
form an unknotted cycle. If any other minimum could be pushed up above
this cycle then, again following [GST, Corollary 6.2], al the other minima
could, and the cycle would bound a disk digoint from K, a contradiction.
We conclude that the lower disk or cap isin fact alower disk that pushes 3
up to P, thereby forming alevel cycle. It can be used to dide y to form a
level eyeglass, at which point we appeal to Lemma 3.3.
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4. PUSHING THE TUNNEL OFF OF A SEIFERT SURFACE

The next section will show that if p(K,y) # 1 then y can be pushed onto
aminimal genus Seifert surface for K. lronicaly, the first step is to show
that y can be pushed completely off of such a surface, which we will show
in this section.

Let K beaknot in S® and F be a Seifert surface for K. We say that K is
parallel in S® to animbedded curvec in F if thereis an annulus A imbedded
inS® suchthat ANF =0A=0F Uc=KUCc.

Lemma4.l. LetK beaknotinS® and F beaminimal genus Seifert surface
for K. SupposeK isparallel inStoacurvecinF. ThenK = oF isparallel
tocinF.

Proof. Let A be the annulus giving the parallelism between K and c. Let
N(A) be a neighborhood of A containing a neighborhood of K. Since A
is an annulus, we can think of n(A) as being a ribbon-like neighborhood
of K itself. In the complement of n(A), the remnant of F is a possibly
disconnected surface F, with three (preferred) longitudinal boundaries on
the boundary of n(A). If F is disconnected (corresponding to the case in
which c is separating) then one of the components of F is a Seifert surface
for K. Since it cannot be of lower genus than F, the other component must
be an annulus, defining a parallelism between K and c in F, as required.

Suppose ¢ is non-separating. Then zero-framed surgery on K yields a
manifold M and “caps off” F; call the capped-off surface F’. A capped-off
version F’ of the Seifert surface F alsoimbedsinM and F’ and F/ represent
the same homology classin M. Since genus(F’) is less than genus(F'), it
follows from work of Gabai [Ga, Corollary 8.3] that genus K is less than
genus F, a contradiction.

Proposition 4.2. Suppose K is a knot and y is an unknotting tunnel for K.
Theny may be slid and isotoped until it is disjoint from some minimal genus
Seifert surface for K.

Proof. First choose a minimal genus Seifert surface F and slide and iso-
tope y, doing both so as to minimize the number of points of intersection
between y and F. The slides and isotopies may leave y as either an edge or
an eyeglass. (Inthe latter case, let y, be the edge in y and y, be the circuit.)
We aim to show that ynF = 0.

Suppose to the contrary that after the slides and isotopies yn F is non-
empty. Let E be an essential disk in the handlebody S* — n(K U'y) chosen
to minimize the number |E NF| of componentsin ENF. [ENF| > O for
otherwise the incompressible F would lie in a solid torus, namely (a com-
ponent of) S — n(KUyUE), and so be a disk. Furthermore, since F is
incompressible, we can assume that E N F consists entirely of arcs.
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Let e be an outermost arc of ENF in E, cutting off a subdisk Eq of
E. Thearc eisessentia in F —, for otherwise we could find a different
essential disk intersecting F in fewer components. Let f = d(Eg) —e, an
arc in on(K Uy) with each end either on the longitude oF C dn(K) or a
meridian disk of y corresponding to a point of ynF.

e If a meridian of y is incident to exactly one end of f, then we can
use Ey to describe a simple isotopy of y which reduces the number of
intersections betweenyand F.

e If no meridian of yisincident to an end of f, then both ends of f lie
on oF C an(K). If theinterior of f runs over y we are done, for f
is digoint from F. If the interior of f lies entirely in dn(K) and e
is essential in F then Eg would be a boundary compressing disk for
F, contradicting the minimality of genus(F ). If the interior of f lies
entirely in on(K) and eisinessential in F, then the disk Do it cuts off
from F necessarily contains points of y (since eisessential in F —).
But then replacing Do by Eg would lower F Ny.

The only remaining possibility is that both ends of f lie on the same
meridian of y. In this case, e formsaloop in F and the ends of f adjacent
to e both run along the same subarc y, of y. Since f is digoint from F,
Yo €ither terminates in dn(K) or y is an eyeglass and Y, terminates in the
interior vertex of y.

If yo terminates in an end of y in n(K) then, since the interior of f is
digoint from F, f must intersect on(K) in either an inessential arc in the
torus or in a longitudinal arc. The former case is impossible, since if the
disk bounded by the inessential arc did not contain the other end of y then it
could beisotoped away and E N F reduced. If the disk did contain the other
end of y, then 0E would cross one end of y more often than the other, an
impossibility. It followsthat f intersects the torus on(K) in alongitudinal
arc. Then n(ypU Ep) is a thickened annulus A, defining a parallelism in
S® between K and the loop e on F. By Lemma 4.1 that means the loop
e is pardlel to dF. Substituting A for the annulus between e and JF in
F would create a Seifert surface for K with fewer intersections with y, a
contradiction.

So y is an eyeglass and Yy, terminates in the interior vertex of y. |If,
nonetheless, the interior of f intersects dn(K) this means that f traverses
the edgey, C ysoy, isdigoint from F. In that case, we can just repeat the
argument above, absorbing n(y,) into n(K). So we can assume that f lies
entirely on dn(y). Now the component Q of dn(y) — F on which f liesis
either a punctured torus (if F is digoint fromy,) or a pair of pants. In the
former case, consider the Seifert surface F’ obtained from F by removing
the meridian disk ps of F nn(y) on which theendsof f lieand substituting
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Q. F’ isof one higher genus than F, and intersects y in one fewer point.
Surgery to F' using Eg reclaims the minimal genus without introducing an-
other intersection point. Thus we get a contradiction to our choice of F.

If Qisapair of pants asimilar argument works: Since F isincompress-
ible, it follows that the loop e bounds adisk in F. Since f is essential, that
disk contains exactly one of the other two meridian disks (call it pe) of y
in F that correspond to boundary components of Q. Remove the meridian
disks ys and pe from F and attach instead an annulus that runs parallel to
the subarc of y (containing the interior vertex) that has ends at pe and pis.
This creates a Seifert surface F’ of genus one greater than F, but having one
fewer intersection point with y. Now do surgery on F’ using Ep, deriving
the same contradiction as before.

5. PUSHING THE TUNNEL ONTO A SEIFERT SURFACE

In this section we will show that if p(K,y) # 1 then y can be pushed
onto a minimal genus Seifert surface for K. The first step was taken in
the previous section: In general, y can be pushed completely off of some
such surface. A difficulty is that, after the slides used to push the tunnel
off the Seifert surface, we no longer know that the resulting meridians of
K —y are the ones by which we defined p(K,y) above. Our strategy will
be to use the meridians p* by which we defined p, but at this cost: On
the twice-punctured torus on(K) — y we no longer can assume that oF is
a standard longitude. All we know is that it is a curve that is isotopic in
the unpunctured torus to the standard longitude. The point of the following
lemma, is that this situation is not a serious obstacle to further analysis.

Lemma5.1. Suppose K is a knot with unknotting tunnel y, H = n(Kuy),
and Ko C dH is a curve in the twice-punctured torus dH — n(y) which, in
the unpunctured torus dn(K) is isotopic to a standard longitude. Suppose
a isanarc in dH so that a N Ko = da and a traverses n(y) once. Then a
is an unknotting tunnel for Ko and the pair (Ko, o) is equivalent (by slides
and isotopies) to the pair (K,y).

Proof. Since a traverses y once, we can shrink a, dragging along its end
pointsin Ko until a isjust a spanning arc of the annulusdH Nn(y). (Atthis
point, we can identify a with y but we cannot yet identify Ko with K.) Kq
is a possibly complicated curve lying on T = dn(K) and Ko is incident to
o =yattheendsof y.

Using acollar T x| of T inn(K) isotope Ko C T until it is a standard
longitude lying on the boundary of the smaller tubular neighborhood n - =
N(K) — (T xI) of the core K. Extend the isotopy to an ambient isotopy of
T, i. e. aself-homeomorphismof T x | C n(K). This extends the ends of
o as a 2-braid through T x I; call the extended arc a ;.. The construction
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shows that n_ un(ay) isisotopicin H to n(KouU o). Now make the braid
trivial by absorbing it inton . (Thistransatesinto slides of the ends of o
onadn_). Afterwards, H — (n_ un(a)) isjust acollar of oH.

Theorem 5.2. SupposeK isa knot with unknotting tunnel yand Sisa split-
ting sphere for the handlebody H = n(K uy) with p(K.,y,S) # 1. Suppose
further that F is an incompressible Seifert surface for the knot K and that
F isdigoint fromy. Theny can be dlid and isotoped until it lieson F.

Proof. Let Ko be the copy F NdH of K in dH. Consider the hemispheres
E =S—H and D = SN H. By definition of p there are meridians ™ and i~
for n(K) C H that realize the slope p. Then, in particular, there are subarcs
of 0E = 0D that are waves based at one of these meridians. (Warning: we
know little about how these meridians intersect Ky.) If the exterior disk E
were digoint from F, then F would lie in a solid torus obtained by com-
pressing H to the outside along E, contradicting the assumption that F is
incompressible. So F NE # 0. We can isotope 0E and oF to have minimal
intersection and then remove any closed components of F NE since F is
incompressible.

Let Eg be an outermost disk of E cut off by F. Then 0Eg consists of two
arcs, a lying on o0H and 3 lying on F. We may assume that (3 is essential
in F, for otherwise the subdisk of F it cuts off, together with Eg, would
again give an essential disk in S* — H that is digjoint from F. An important
observation is that the ends of o lie on dF and are incident to the same side
of F. That is, if dF is normally oriented, the orientation points into (say) a
at both ends of a.

It is also true that a must cross the meridian pt of y at least once. For
otherwise, Eq would give a0-compression of F to dn(K), contradicting the
fact that F isanincompressible (hence 0-incompressible) Seifert surfacefor
K. If o crosses i exactly once, then, following Lemmab5.1, o is equivalent
toy, so Eg provides away of isotoping y to F, completing the proof. Hence
it suffices to show:

Claim: Any subarc of 0E N 0H whose interior is digoint from oF and
whose ends lie on the same side of dF crosses |f at most once.

Proof of claim: Continue to denote this subarc by a. Let 2 denote the
four-punctured sphere obtained by cutting open 0H aong the meridians ™
and u~ of K.

Case 1. dF intersects 2 in loops as well as arcs.

Say the loops are based at u,+ and i (see Figure 12).
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Wefirst note that we may aswell assumethat o liesentirely in Z. Indeed,
since p is finite, there are waves of 0E = 0D based at | that liein X and
are on opposite sides of W' (see Figure 13). It follows that a cannot cross
U~ except to terminate at Ko; if that isthe case, then a isdigoint from |t as
required. For the same reason, we can assume that any component of o — pt
with an end on put must lie in the component >t of = — 0F that contains 1,
for any other component can be isotoped out through ™. But the segments
N = and ytNZ are disjoint, for otherwise the two adjacent loops of
OF N X based at pt and - would form a simple closed curve, which is
impossible.

So now assume that o C . (We say a isshort.) Since dF intersects &
in loops as well as arcs, then to intersect |t at all, a must lie in the annulus
lying between the two outermost loops. (See Figure 14.) This annulus has
i as its core (since dF is disoint from pt) and any essential path in the
annulus intersects | at most once.

Case 2: dF intersects 2 only in arcs.
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If OF intersects = only in arcs, then (considering the torus H — pt) it must
be in precisely two arcs, both of infinite slope (connecting uff toy and
Kt to i) If a C Z, the argument is the same as above, using the annulus
> —O0F (seeFigure 15).

So finally suppose a is not contained in 2 and suppose with no loss that
thewaves of I = SNZ are based at |~ and . Any arc of ' = SN Z with
an end on either uﬁ or it will then have a fixed slope, and since the slope
pisnot +1=-1¢ 2% it will intersect oF in itsinterior. Moreover, if the
normal orientation induced by that of F points towards uﬁ on an arc with
an end on u,+ it will point away from pi- on an arc with an end on ™ (see
Figure 16). Hence we conclude that o cannot cross .

Itisaseasy to rule out the possibility that a crosses u—. Anarc of I' with
oneend on - may have slope p or have slope p’ withA(p,p’) = 1. That is,
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FIGURE 16

fixing a meridian pt so that p; = p/q,q > |p|, p odd, we could have that
P/, =r/swith|ps—rq| = 1. The arc could not have its other end on p* so
riseven, hencesisoddandr/s+# +1.

Notethat [p/q—r/s| = 1/|gs| whereashoth [p/qg| and 1—|p/q| = 1/|q| =
1/|gs. Inwords, p/qisat least asclosetor/sasitisto 0 or +1. Hence
Ir/s| < 1and either r/s=0 (e. g. when p/q= 1/K) or r/s has the same
sign as p/q. So any subarc of I with anend on |~ or | is either digoint
fromoF (if p/, = 0) or it first intersects 9F on the same side as an arc with
slope p. In particular, a subarc of SN dH that intersects yu~ and intersects
OF precisely in its endpoints, necessarily ends on opposite sides of dF, and
So cannot be a.

The proof of Case 1 in Theorem 5.2 did not require the assumption that
p # 1. In particular, we have the following corollary:

Corollary 5.3. Suppose K is a knot with unknotting tunnel y and Sis a
splitting sphere for the handlebody H = n(K Uy). Suppose further that F
is an incompressible Seifert surface for the knot K and that F is digoint
fromy. If either of the meridians p of H, chosen via 2.9 so that p is finite,
intersects Ko = F N0H in more than one point, then y isisotopic to an arc
onF.

More significantly:

Corollary 5.4. SupposeK isa knot with unknotting tunnel y, Sisa splitting
sphere for the handlebody H = n(K Uy), genus(K) = 1 and p(K,y, S) # 1.
Then K is a 2-bridge knot.

Proof. By Proposition 4.2 we may assumethat yisdig oint from some genus
one Seifert surface F. Theorem 5.2 shows that we can then isotopeyonto F,
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necessarily as an essential arc. Then F — n(y) isan incompressible annulus
A whose ends comprise a non-simple (because of A) tunnel number one link
L. (The core of L’s unknotting tunnel is the dual arc to y in the rectangle
n(y)NF.) Thisimplies, via[EU], that each component of L is unknotted.
This then implies via [HR] or [ST] that the figure 8 graph obtained from
K Uyby crushing y to apoint v can beisotoped to liein aplane. Thisfinally
impliesthat K is a 2-bridge knot, with an(v) the bridge sphere.

This establishes the following conjecture of Goda-Teragaito ([GT]) inthe
case that p # 1, and without the assumption that K is hyperbolic.

Conjecture 5.5 (Goda-Teragaito). A knot that isgenusone, hastunnel num-
ber one, and is not a satellite knot is a 2-bridge knot.

The verification of the remaining case, when p = 1 and K is hyperbolic,
will be discussed elsewhere. Note that Matsuda [Ma] has verified the con-
jecture for all knots which are 1-bridge on the uknotted torus, i. e. those
with a (1, 1)-decomposition.

6. A SAMPLE CALCULATION

Let T  S® be an unknotted torus and K T be atorus knot in T. Let
y be a spanning arc for the annulus T — K. y is an unknotting tunnel for K
since > — n(K Uy) isahandlebody, namely the union of theinterior and the
exterior of T alongadiskin T. Inthissection wewill show that p(K,y) = 1.
We will then use this calculation to construct examples of knots and tunnels
with p taking any valuein Q/27Z.

To understand n(K Uy) we will regard it as a bicollar of the punctured
torus TN N(KUy) = nt and consider its lift f] x | to the universal cover
U=R?x1 of T xI|. Hereis a back-handed way of doing that. Since
L=T-—nrisadisk, R?—fjisaZ?=Z x Z lattice of disks. We can then
regard fj as the complement of the slightly fattened lattice L = n(Z?) c R°.

Using thispicture, it is easy to describe how alift of the meridian pt of the
tunnel intersects R%. Begin by considering an arc p connecting the lattice
point (0, 0) with the lattice point (m, n), wherem, n > O are relatively prime.
Then the complement of all trandates of pin R2— L will be the complement
of al tranglates of the line my = nx, namely an infinite collection of bands,
each with slope n/m. Each of these bands can also be described as alift of
nt(K) to R?, if K isthe (n,m) torus knot. Thus we see: if K isthe (n,m)
torusknot, P x I C i} x | isalift of the meridian disk p of yto U.

In asimilar spirit, a vertical arc between adjacent pointsin Z?2 is the lift
of a meridian circle of T, and a horizontal arc between adjacent points is
the lift of a longitude. Consider the following simple closed curve ¢ on
on(K UYy) (or rather the lift G of o to fj x |): & intersects R? x {0} in two
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adjacent vertical arcs connecting, say, the pair of points (0,0) and (1,0) to
the points (0,1) and (1, 1). G intersects R? x {1} in the two horizontal arcs
connecting the pair of points (0,0) and (0, 1) to the points (1,0) and (1,1).
These two pairs of arcs, one vertical and one horizontal, are then connected
to each other by product arcsin dL x |. See Figure 17. In particular, the
curve § projects to a unit squarein R,

One can see that o bounds an essential disk in both n(K Uy) and in its
complement. Indeed, it bounds a disk D in n(K Uy) whose lift in fj x |
projects to the nullhomotopy of the square in the plane. A disk E that o
bounds in S$* — n(K Uy) can be described as the union of two meridian
disks in each solid torus component of S* — (T x |) (atotal of four disks)
each attached along asinglearcto adisk intheball L x I C T x 1. Thedisk
EN(L x 1), when projected to | has asingle critical point, asaddle.

Now that we have found the tunnel meridian and a splitting sphere S=
D UE, we need to find the preferred meridians of K — v, that is, meridians
with respect to which p, isfinite. The following argument is inspired by
the proof of [OZ, Lemma 2.2].

Since m,n are relatively prime, thereare p,qsothat 0 < p< mand 0 <
g<nandmg—np=1. Since

det(m ”):1,
P q
1
m n
(ba)

isan integral matrix, so every point of Z2isin
( m n ) 72
P q
It follows that the parallelogram P with corners

{(0,0),(m—p,n—q),(m,n),(p,q)}

it follows that
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FIGURE 18. The parallelogram P

contains no element of Z?2 in its interior. See Figure 18. In particular, ap-
propriate lifts of the two triangles

A((Ov 0)7 (m_ p,n— q)v (mv n))
and

A((0,0),(p.q),(m,n))

tile each band in R? that (as was described above) is a universal cover of
nt(K) C T. It follows that the two arcs a* in R? with ends respectively
a (0,0),(p,q) and (0,0), (m— p,m— q), when thickened in U, are lifts of
meridians ut and pu~ of n(K). It will now be straightforward to show that
these are the appropriate meridiansfor calculating p.

We begin with the easy fact that if a,b,c,d > 0 are integers so that a >
bc>dandac—bd=1,thena=c=1and b=d = 0. It follows then

fromdet(m;p naq> = 1thatif m—p>pthenn—-q=>qand if

m— p < pthenn—q < g. Rephrasing this as geometry: the minor diagonal
of the parallelogram P, whose ends lie at (p,q) and (m— p,n—q), never
has negative sope. It followsthat, for each corner (p,q) and (m— p,n—q)
(say (p,q)) of P, some lift of the square o has the property that it intersects
P in atriangle, with (p,q) a vertex, and its entire opposite side lying in
asingle side of P. (See Figure 19.) Trandating the plane geometry into
the motivating context, the triangle represents a disk Dg, cut off from the
interior disk D bounded by 0. Dg is cut off by the meridian of K represented
by the side of P on which the triangle is based. So the two sides of the
triangle incident to (p,q) are awave of aD that crosses !, represented by
the major diagonal of P, in two points. Thus p(K,y) is not only seen to be
finite, itiscalculatedto be 1l € Q/2%Z.
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Itis easy to extrapolate from this cal culation to create examplesin which
p can take on any value we like. Namely, replace the two strands of K ina
neighborhood of y by an appropriate rational tangle. See Figure 20.

A torusknot isasimple example of aknot admittinga (1, 1)-decomposition.
That is, it can be written as a 1-bridge knot on an unknotted torus T in S°
(see [Do], [MS]). Each knot K admitting a (1, 1)-decomposition has an
unknotting tunnel v (in fact two of them) best described as the eyeglass ob-
tained by connecting the corey,, of asolid torus T bounds to the minimum
of the knot K C (T x |) by an ascending arc v, in T? x |. (For K atorus
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knot, y istypicaly different from the tunnel y above.) An ambitious reader
should be able to discover an algorithm which determines, for this eyeglass
tunnel y and any knot K admitting a (1,1) decomposition, the value of

P(K,Y)-
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