PROXIMITY IN THE CURVE COMPLEX: BOUNDARY
REDUCTION AND BICOMPRESSIBLE SURFACES

MARTIN SCHARLEMANN

ABSTRACT. SupposeN is a compressible boundary component of a
compact irreducible orientable 3-manifditland(Q,0Q) C (M,dM) is

an orientable properly embedded essential surfadé in which some
essential component is incidentand no component is a disk. Let
V and Q denote respectively the sets of vertices in the curve comple
for N represented by boundaries of compressing disks and by bound
components of.

Theorem: Suppose is essential ifM, thend(V,Q) < 1—x(Q).

Hartshorn showed ([Ha]) that an incompressible surfaceloged 3-
manifold puts a limit on the distance of any Heegaard spittiAn aug-
mented version of the theorem above leads to a version ofhtam’s
result for merely compact 3-manifolds.

In a similar spirit, here is the main result:

Theorem: Suppose a properly embedded connected suffsisan-
cident toN. Suppose further th& is separating and compresses on both
its sides, but not by way of disjoint disks. Then either

e d(V,9) <1-x(Q)or

e Qis obtained from two nested connected incompressible banynd

parallel surfaces by a vertical tubing.

Forthcoming work with M. Tomova ([STo]) will show how an aug-
mented version of this theorem leads to the same conclusiortartshorn’s
theorem, not from an essential surface but from an alteddatgaard
surface. That is, ifQ is a Heegaard splitting of a compa¢t then no
other Heegaard splitting has distance greater than twegéhus of.

1. INTRODUCTION

SupposeN is a compressible boundary component of an orientable ir-
reducible 3-manifoloM and (Q,0Q) C (M,0M) is an essential orientable
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surface inM in which an essential component is incideniNt@nd no com-
ponent ofQ is a disk. LetV, Q denote sets of vertices in the curve complex
for N represented respectively by boundaries of compressikg disd by
boundary components . We will show:

e The distancel(V,Q) in the curve complex oN is no greater than
1—x(Q). Furthermore, if no component @ is an annulus-
parallel intoN, then for each componemt of QN N, d(qg,V) <

1-X(Q).

A direct consequence is this generalization of a theoremartdHorn
[Ha]:

e If Sis a Heegaard splitting surface for a compact orientableinan
fold M and(Q,0Q) C (M,dM) is a properly embedded incompress-
ible surface, then(S) <2—x(Q).

Both results are unsurprising, and perhaps well-known égeS] for
discussion of this in the broader setting of knots in bridgsifon with
respect to a Heegaard surface).

It would be of interest to be able to prove the second reswdtt@torn’s
theorem) forQ a Heegaard surface, rather than an incompressible surface.
Of course this is hopeless in general: a second cody cbuld be used
for Q and that would in general provide no information about trstatice
of the splittingP at all. But suppose it is stipulated th@tis not isotopic
to P. One possibility is tha@ is weakly reducible. In that case (cf [CG])
it is either the stabilization of a lower genus Heegaardtamdj (which we
revert to) or it gives rise to a lower genus incompressibléase and this
allows the direct application of Hartshorn’s theorem. Strying to extend
Hartshorn’s theorem tQ a Heegaard surface, it suffices to consider the case
in which Q is strongly irreducible.

The first step in extending [Ha] tQ a Heegaard surface is carried out
here, analogous in the program to the first result above. ifg@dly, we
establish that bicompressible but weakly incompressiltases typically
do not have boundaries that are distant in the curve compdex €urves
that compress iM.

e Suppose a properly embedded surfrés connected, separating
and incident toN. Suppose further th& compresses on both its
sides, but not by way of disjoint disks, then either

—-d(V,9) <1-x(Q)or
— Qis obtained from two nested connected boundary-paraltel su
faces by a vertical tubing.
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From this result forthcoming work will demonstrate, via atparameter
argument much as in [RS], that the genus of an alternate Heggaplitting
Q does indeed establish a bound on the distané® of

Maggy Tomova has provided valuable input to this proof. Beysharp-
ening the foundational proposition (Propositions 2.5 ahddrem 5.4) in a
very useful way, she provided an improved proof of Theoren 3.

2. PRELIMINARIES AND FIRST STEPS

First we recall some definitions and elementary results,t mbwhich
are well-known.

Definition 2.1. Ad-compressing disk for Q is a disk©M so thatoD is the
end-point union of two arc® = DNoOM and3 = DN Q, andp is essential
in Q.

Definition 2.2. A surfacg(Q,0Q) C (M,0M) is essentialf it is incompress-

ible and some component is not boundary parallel. An essenrface is
strictly essentiaif it has at most one non-annulus component.

Lemma 2.3. Suppos€Q,0Q) C (M,0M) is a properly embedded surface
and @ is the result ob-compressing Q. Then

(1) If Q is incompressible so is’Q

(2) If Q is essential, so is Q

Proof. A description dual to the boundary compression fiQro Q' is this:
Qis obtained fromQ)’ by tunneling along an argdual to thed-compression
disk. (The precise definition of tunneling is given in Sextéh) Certainly
any compressing disk fa@’ in M is unaffected by this operation near the
boundary. Sinc&) is incompressible, so then @. This proves the first
claim.

Suppose now that every component®is boundary parallel and the arc
y dual to thed-compression has ends on componéj; of Q' (possibly
Qy = Q). If yis disjoint from the subsurfacd® andPy of 0M to which
Qp andQ; respectively are parallel then tunneling alonmerely creates a
component that is again boundary parallel (to the band-duhed? along
y), contradicting the assumption that not all component3 afe boundary
parallel. So supposdies inPy, say. If both ends oflie onQ;, (soQ) = Qp)
then the disky x | in the product region betwee@;, and Py would be a
compressing disk foR, which contradicts the incompressibility Qf

Finally, suppos€; # Q, soPy C Py andyis an arc inP, — Py connecting
0Py to dPy. Py is not a disk, else the aftin which thed-compressing disk
intersect) would not have been essential@ So there is an essential
simple closed curvg, C Py based at the pointn Py. Attach a band to
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Yo alongy to get an aroy, C Py with both ends ordP;. Then the disk
E1 =y, x| lying betweenP; C 0M and Q] intersectsQ in a single arc,
parallel inM toy, and lying in the union of the top of the tunnel aQyg.
This arc divides; into two disks; letE be the one not incident @M. E
then has its boundary entirely @ and since it is essential therg,is a
compressing disk fof, again a contradiction. See Figure 1. From these
various contradictions we conclude that at least one of gmeponents of
Q' to which the ends of is attached is nad-parallel, soQ’ is essential.

O

Definition 2.4. Suppose S is a closed orientable surfaceand. ., a, is a
sequence of essential simple closed curves in S so thatdbrlea i <n,
0j_1 anda; can be isotoped to be disjoint. Then we say that the sequence
is a length n path in the curve complex of S[té]).

The distance b, B) between a paia, 8 of essential simple closed curves
in S is the smallest a N so that there is a path in the curve-complex from
o to 3 of length n. Curves are isotopic if and only if they have dis&0.

Two sets of curveé8, Win S have distance(@, W) = nif nis the smallest
distance from a curve i to a curve inW.

Proposition 2.5. Suppose M is an irreducible compact orientaBlmanifold,

N is a compressible componentadfl and(Q,0Q) C (M,0M) is a properly
embedded essential surface wjitfQ) < 1 and at least one essential com-
ponent incident to N. LEY be the set of essential curves in N that bound
disks in M and let g be any componeno§j.

e If Q contains an essential disk incident to N, thévdy) < 1.

e If Q does not contain any disk components, thév,d) < 1—x(Q)
or Q is strictly essential and g lies in the boundary od-parallel
annulus component of Q.

Proof. If Q contains an essential digkincident toN, thendD € V. g may
bedD or it may be another component@® but in either casd(V,q) < 1.
Suppose) contains no disks at all and thy$Q) < 0. LetE be a com-
pressing disk foN in M so that,|E N Q| is minimal among all such disks.
Circles of intersection betwee@ andE and arcs of intersection that are
inessential irQ can be removed by isotopirkgvia standard innermost disk
and outermost arc arguments, so this choice of E guarartats andQ
only intersect along arcs that are essenti@.rf in fact they don't intersect
at all, thend(0E, q) < 1 for everyq € dQ and we are done. Consider, then,
an arcp of QN E that is outermost ik, cutting off fromE aod-compressing
disk Eq for Q that is incident toN. Boundary compressing alongkg gives
a new essential (by Lemma 2.3) surf@@ec M which can be isotoped so
that each component @t is disjoint from each component 8f). That
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FIGURE 1

is for each componemt of 0Q and each componenqt of dQ’ we have that
d(g,q) < 1.

The proof now is by induction on 4 x(Q). As Q has no disk compo-
nents, - x(Q) > 1. Suppose % x(Q) =1, i.e. all components dp are
annuli, soQ is strictly essential. As we are not making any claims abloait t
curves inQ coming fromo-parallel annuli components, we may assume all
annuli inQ are essential. The@ contains a compressing digkfor N (the
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result of boundary reducing an essential annulus compaié€nhtlongEop)
andaD is disjoint from allqg € 0Q. AsdD €V, d(q,V) <1=1-x(Q) as
desired.

Now suppose ¥ x(Q) > 1. If Qis not strictly essential, then it contains
at least two non-annulus components and, since it is eaeaitieast one
essential component. Thus there is a compo@graf Q which is essential
and such that + x(Qp) < 1—x(Q). By the induction hypothesis, for each
componentjp of dQp, d(do,V) < 1—x(Qop). Of course alsal(qg,qp) < 1.
Combining these inequalities, we obtain the desired result

Suppose next thdD is strictly essential and again aliparallel annuli
have been removed prior to the boundary compression descaibove. If
the boundary compression creates a disk compone@t tdfen it must be
essential and incident thl so 0D € V and for everyq € 0Q, d(q,V) <
d(q,0D) <1< 1-x(Q) and we are done. Suppose then that no component
of Q' is a disk andy; is any boundary component of an essential component
Qof Q. As 1—x(Q1) <1-x(Q) < 1-x(Q), the induction hypothesis
applies andi(q1,V) <1-x(Q1) < 1—x(Q). Since for every component
of 0Q, d(g,q1) < 1, we have the inequality(qg, V) < d(qy,V) +d(g,q1) <
1-Xx(Q)+1=1-x(Q), as desired. O

In order to prove Hartshorn’s theorem on Heegaard splitibgvill be
helpful to understand what it takes to be an essential sairfaa compres-
sion body. Recall the definitions (cf [Sc]):

A compression body ki a connected 3-manifold obtained from a closed
surfaced_H by attaching 1-handles @& H x {1} c d_H xI. (It is con-
ventional to consider a handlebody to be a compression bodyhich
0_H = 0.) Dually, H is obtained from a connected surfateH by at-
taching 2-handles td; H x {1} C d+H x| and 3-handles to any 2-spheres
thereby created. The cores of the 2-handles are calkzitlian disksaand a
collection of meridian disks is callebmpletef its complement i®_H x 1,
together perhaps with some 3-balls.

Suppose two compression bodigs andH», haved. H; ~ 0. Hy. Then
glueH; andH; together alon@ H; = S. The resulting compact 3-manifold
M can be writtenM = H; UsH> and this structure is called ldeegaard
splitting of the 3-manifold with boundariv (or, more specifically, of the
triple (M;0_H1,0_H>)). It is easy to show that every compact 3-manifold
has a Heegaard splitting.

The following is probably well-known:

Lemma 2.6. Suppose H is a compression body afoQ) c (H,0H) is
incompressible. 10QNdH = 0, Q is inessential. That is, each component
is d-parallel.
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Proof. It suffices to consider the case in whiGhis connected. To begin
with, consider the degenerate case in whitch- 0_H x |. Suppose there is
a counterexample; |€ be a counterexample that maximizg®)).

Case 1:H = 0_H x| andQ has non-empty boundary.

Q cannot be a disk sina&_H x | is d-irreducible, sox(Q) < 0. By hy-
pothesisgQ C 0_H x {0}. Choosea C 0_H x {0} to be any curve that
cannot be isotoped off @fQ and letA = a x | be the corresponding annu-
lusind_H xI. ConsideQNA and minimize by isotopy oA the number of
its components. A standard argument shows that there areeasantial cir-
cles of intersection and each arc of intersection is essent). SincedQ is
disjointfromo_H x {1}, all arcs ofQNA have both ends id_H x {0}. An
outermost such arc i defines @-compression o). The resulting surface
Q' is still incompressible (for a compressing disk @rwould persist into
Q) and has at most two components, each of higher Euler cleaistat and
so eachv-parallel intod_H. If there are two components, neither is a disk,
else the arc along whichrcompression was supposedly performed would
not have been essential. If there are two componer¥ ahd they are not
nested (that is, each is parallel to the boundary in the cemeht of the
other) it follows thatQ waso-parallel. If Q' had two nested components,
it would follow thatQ was compressible, a contradiction. (See the end of
the proof of Lemma 2.3 or Figure 1.) Similarly,@ is connected then, de-
pending on whether the tunneling arc dual to dh@ompression lies inside
or outside the region of parallelism betwe@handdM, Q would either be
compressible or itsell-parallel.

Case 2:H =0_H x| andQ s closed.

Let A=a x| C d_H x| be any incompressible spanning annulus. A
simple homology argument shows tl@tintersectsA. After the standard
move eliminating innermost disks, all intersection comgius are then es-
sential curves ir\. LetA be the curve that is closestAtod_H x {0}. Let
Q' be the properly embedded surface (now with boundary) obdairom
Q by removing a neighborhood afin Q and attaching two copies of the
subannulus oA betweer x {0} andA. It's easy to see tha is still in-
compressible and its boundary is still disjoint frémH x {1}, and nowQ’
has non-empty boundary, so by Cas&lis 0-parallel. The subsurface of
OM to which@' is 0-parallel can’t contain the neighborhogaf a x {0} in
0M, else the parallelism would identify a compressing diskJotft follows
that the parallelism is outside gfand so can be extended acrost® give
a parallelism betwee® and a subsurface (hence all)afH x {0}.

Case 3:The general case.

Let A be a complete family of meridian disks fbr, so whenH is com-
pressed along it becomes a produét_H x |. SinceQ is incompressible, a
standard innermost disk argument allodw® be redefined so thAN Q has
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no simple closed curves of intersection. Sige d.H = 0 it then follows
thatQNA = 0. Then infactQ C 0_H x | and the result follows from Cases
1) or 2). O

3. HARTSHORN S THEOREM

Here we give a quick proof of Hartshorn’s theorem (actualhyextension
to the case in whiclM is not closed) using Proposition 2.5. Recall that the
distanced(P) of a Heegaard splitting ([He]) is the minimum distance in the
curve complex oP between a vertex representing a meridian curve on one
side of P and a vertex representing a meridian curve on the other side.

Theorem 3.1.Suppose P is a Heegaard splitting surface for a compact ori-
entable manifold M andQ,0Q) C (M,0M) is a connected essential sur-
face. Then @P) < 2—x(Q).

Remark: As long a®f) contains no inessential disks or spheres, and at
most one essential disk or sphe@eneed not be connected.

Proof. The following are classical facts about Heegaard spligtifed) [Sc]):

If Q is a sphere the® is reducible, hence(P) = 0. If Q is a disk then
P is d-reducible sad(P) < 1. If neither occurs, theM is irreducible and
d-irreducible, which is what we henceforth assume. MoreoweceQ is
neither a disk nor a sphere ther-%(Q) > 2 so we may as well assume
thatd(P) > 2, ieP is strongly irreducible.

Let A, B be the compression-bodies into wheldividesM and let=A, 5B
be spines ofA andB respectively. That isT” is the union of a graph i
with 8_Aandx8 is the union of a graph iB with _B so thatM — (ZAUZB)
is homeomorphic t® x (—1,1). We consider the curvd® Q asP sweeps
from a neighborhood af” (i. e. nearP x {—1}) to a neighborhood af®
(nearP x {1}). Under this parameterization, lgtdenoteP x {t}. Consider
the possibilities:

Suppos@®N A = 0. ThenQis an incompressible surface in the compres-
sion bodyclosurgQ — =) = B. By Lemma 2.6Q would be inessential, so
this case does not arise. Similarly we conclude @atust interseck®. It
follows that whert is near—1, P, N Q contains meridian circles f&k; when
tis near 1, it contains meridian circles #r SinceP is strongly irreducible,
it can never be the case that both occur, so at some geneglalether oc-
curs. (See [Sc] for details, including why we can take sucévallto be
generic.) Hence there is a genetgcso thatR, N Q contains no meridian
circles forP.

An innermost inessential circle of intersectionRy must be inessential
in Q sinceQ is incompressible. So all such circles of intersection can b
removed by an isotopy d@. After this process, all remaining curves of
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intersection are essential By,. SinceR, N Q contains no meridian circles
for P, no remaining circle of intersection can be inessentiaieither.
Hence all components &, N Q are essential in both surfaces; in particular
no component of — R, is a disk. At this point, revert t& as notation for
PI()-
If PNQ = 0then we are done, just as in the case in whils disjoint
from a spine. Similarly we are done if the surfd@g = QN Ais inessential
(henced-parallel) inA or Qg = QN B is inessential iB. We conclude that
Qa andQg are both essential iA andB respectively, and the positioning of
P has guaranteed that no component of either is a disk.

UnlessQa and Qg are both strictly essential, the proof follows easily
from Proposition 2.5: Suppose, for example, fQatis not strictly essential
and letl,V be the set of curves iA bounding disks irA andB respectively.
Letq be a curve irPN Q lying on the boundary of an essential component
of Qg. Then Proposition 2.5 says thafg, U) < 1—x(Qa) andd(q,V) <

1-X(Qg) so
d(P)=d(U,V) <d(q,U)+d(q,V) <(1-X(Qa))+(1-X(Qs)) =2—X(Q)

as required.

The case in whiclQa, Qg are strictly essential is only a bit more difficult:
Imagine coloring each component @f (respQg) that is not ad-parallel
annulus red (resp blue). Sin€x andQg are both essential, there are red
and blue regions iQ — P. SinceQ is connected there is a path@(possi-
bly of length 0) with one end at a red region, one end at a bigiemeand no
interior point in a colored region. Since the interior of #rgire path lies in
a collection ofo-parallel annuli, it follows that the curves BN Q to which
the ends of the path are incident are isotopic curve.iftNow apply the
previous argument to a curgeC P in that isotopy class of curves v [

4. SOBERING EXAMPLES OF LARGE DISTANCE

It is natural to ask whether Proposition 2.5 can, in any Useay, be
extended to surfaces that are not essential. It appears tmlbely. If
one allowsQ to be d-parallel, obvious counterexamples are easy: take a
simple closed curvg in N that is arbitrarily distant fron¥ and use foiQ
ad-parallel annulus constructed by pushing a regular neighborhoog of
slightly into M. Even if one rules oud-parallel surfaces but does allayv
to be compressible, a counterexample is obtained by tubayga possibly
knotted torus irM to an annulu#\ as just constructed.

On the other hand, it has been a recent theme in the study cfdzet
surfaces in 3-manifolds that, for many purposes, a condesgparating
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surfaceQ in M will behave much like an incompressible surfac®i€om-
presses to both sides, but not via disjoint disks. Would sucbindition on
Q be sufficient to guarantee the conclusion of Propositio? Z/5at is:

Question 4.1.Suppose M is an irreducible compact orientaBlmanifold,

and N is a compressible boundary component of M. \Léte the set of
essential curves in N that bound disks in N. Suppose furtia(®,0Q) C
(M,0M) is a connected separating surface and q is any boundary compo
nent of Q. If Q is compressible into both complementary comapts, but
not via disjoint disks, must it be true thatgd V) <1—x(Q)?

In this section we show that there is an example for which tissvar to
Question 4.1 is no. More remarkably, the next section shbasit is the
only type of bad example.

A bit of terminology will be useful. RegardD? as the end-point union
of two arcs,0. D?.

e Suppos&) C M is a properly embedded surface ardinterior(M)
is an embedded arc which is incidenQqrecisely aby. There is a
relative tubular neighborhoatl(y) = y x D? so thatr(y) intersects
Q precisely in the two disk fibers at the endsyof Then the sur-
face obtained fronQ by removing these two disks and attaching
the cylindery x dD? is said to be obtained kybing alongy.

e Similarly, supposg C 0M is an embedded arc which is incident to
0Q precisely indy. There is a relative tubular neighborhogpgy) =
yx D? so that(y) intersectsQ precisely in the twd? fibers at the
ends ofyandn (y) intersect®M precisely in the rectanglex d_D?.
Then the properly embedded surface obtained @by removing
the twoD? fibers at the ends of and attaching the rectangjex
0. D? is said to be obtained kynneling alongy.

Let Py, P1 be two connected compact subsurfaces in the same compo-
nentN of dM, with each component aiP,,i = 0,1 essential imM and
Po C interior(Py). Let Q1 be the properly embedded surfaceMrobtained
by pushingP, rel 0, into the interior ofM. Let Qp denote the properly em-
bedded surface obtained by pushigel 0 into the collar betweeR; and
Q1. Then the regioR lying betweerQy andQ); is naturally homeomorphic
to Q1 x I. (HeredQ x I can be thought of either as vertically crushed to
0Q1 C dM or as constituting a small collar 01 in P, € dM.) Under the
homeomorphisnR= Q; x | the top ofR (corresponding t@; x {1}) is Q1
and the bottom oR (corresponding t®; x {0}) is the boundary union of
Qo andP; — Py. The properly embedded surfaQgU Q1 C M is called the
recessed colladetermined byry C P; boundingR.

Recessed collars behave predictably under tunnelings:
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Lemma 4.2. Suppose QU Q1 C M is the recessed collar determined by
Po C P1, and R= Py x | is the component of M Q on whose boundary
both Q lie. Lety C dM be a properly embedded arcaM — (QoUQ1). Let
Q.. be the surface obtained fromy@Q Q1 by tunneling along. Then

(1) If yC (PL—Po) andy has both ends 0dPy or if y C (dM — Py), then
Q. is arecessed collar.

(2) If y C Py then there is a compressing disk for @ M — R.

(3) If ycC (PL—Py) andy has one or both ends aiPy, then there is a
compressing disk for Qin R.

Proof. In the first case, tunneling is equivalent to just adding aldareither
P, or Py and then constructing the recessed collar. In the secora] taes
diskyx I in the collar betwee®y andQp determines a compressing disk
for Q. (that is, for the component @, coming fromQg) that lies outside
of R

Similarly, in one of the third cases, whgrC (P — Py) has both ends on
0Py, yx | in the collar betwee?; andQ; determines a compressing disk
for Q. (this time for the component @ coming fromQ);) that this time
lies inside ofR.

In the last case, when one endyof (P — Py) lies on each 0bP and
0P a slightly more sophisticated construction is needed.rAffietunneling
constructionpQ, Ninterior(P;) has one arc componeyitthat consists of
two parallel copies of the spanning arand a subarc of the component
of 0Py that is incident toy. This arcy € 0Q, can be pushed slightly into
Q.. Then the disky x | (using the product structure d®) determines a
compressing disk foQ_. that lies inR. (The disky x | looks much like the
diskE in Figure 1.) O

One of the constructions of this lemma will be needed in adffit con-
text:

Lemma 4.3. Suppose @UQ1 C M and Q UQ2 C M are the recessed col-
lars determined by connected surfacgsRnterior(Py) and R C interior(P,).
Let R, R> be the regions these recessed collars bound. Furthermete, |
Y, C OM,i = 1,2 be properly embedded arcs spanningF and B — Py
respectively. That is4 has one end point on each@®,0P_1. Let Q; be
the connected surface obtained from@Q1 U Q2 by tunneling along both
y; andy,. Then either

(1) There are disjoint compressing disks for @ Ry and R or
(2) Py is an annulus parallel in Pto a component ¢ adPy, and c is
incident to both tunnels.
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In the latter case, Q is properly isotopic to the surface obtained from
the recessed collar QJ Q. by tubing along an arc in interidiM) that is
parallel toy, C oM.

Proof. For P any surface with boundary, define apeglass grapin P to
be the union of an essential simple closed curve in the ortefiP and an
embedded arc in the curve’s complement, connecting theed¢odP.

Let ¢y C 0Py andcy C 0Py be the components to which the endsypf
are incident. Lety be the component afP; (note: notoP,) to which the
end ofy, is incident. (Possiblye; = cp.) Let a be any essential simple
closed curve iy and choose an embedded arcFy— a connectinga
to the end ofy; in co; the union of that arc, the closed curaeand the
arcy is an eyeglass curve in P; which intersect$; — Py in the arcy;.
Then the construction of Lemma 4.2, there applied to thelagsg, U co,
shows here that a neighborhood of the product| C Ry = P; x | contains
a compressing disk foQ. that lies inR; and which intersect€: in a
neighborhood o0& x {1}.

Similarly, for 3 any essential simple closed curveF) and an embedded
arc inPp — 3 connectind3 to the end ofy, in c; we get an eyeglass C P»
and a compressing disk f@, that lies inR, and whose boundary intersects
Q1 only within a neighborhood o0& x {1}. So if we can find disjoint
such eyeglasses i andP, we will have constructed the required disjoint
compressing disks.

Suppose first tha®y is not an annulus parallel tt,. ThenPy contains
an essential simple closed curwdahat is not parallel ta;. Sincea is not
parallel toc;, no component of the complemeprit— e; is a disk, so there
is an essential simple closed cuiden the component oP; — g that is
incident toc,. The same is true even i is an annulus parallel to; so
long ascy # co. This proves the enumerated items. See Figure 2

The proof that in case 2§, can be described by tubir@y to Q2 along
an arc parallel tg, is a pleasant exercise left to the reader. O

FIGURE 2
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Now consider a particular type of tubing of a recessed cofarmppose
QoUQ1 C M isthe recessed collar boundiRgletermined byPy C P, C M.
Let p denote a vertical spanning arcRythat is, the image iR= Py x | of
point x I, wherepoint € Py. LetQ be the surface obtained fro@y U Q1 by
tubing alongp. ThenQ is called aube-spanned recessed collar

A tube-spanned recessed collar has nice properties:

Lemma 4.4. Suppose Q is a tube-spanned recessed collar constructed as
above. Then

e Q is connected and separating and Q compresses in both cemple
mentary components in M..

e If Q compresses in both complementary components via wlisjoi
disks, then PC dM is compressible in M.

e If Q. is obtained from Q by tunneling, then either ¢ also a tube-
spanned recessed collar or,(zompresses in both complementary
components via disjoint disks. (Possibly both are true).

e If Q. is obtained from Q by tunneling together Q and-parallel
connected incompressible surfack en either Q is also a tube-
spanned recessed collar or,(zompresses in both complementary
components via disjoint disks. (Possibly both are true).

Proof. The construction guarantees tlfais connected and separating. It
compresses on both sides: etenote the componeR—n(p) of M —Q
and letX be the other component. A disk fibgiof n(p) is a compressing
disk forQin X. To see a compressing disk fQrin Y, start with an essential
simple closed curve iQg containing the end gf in Qq. The corresponding
vertical annulusA C Rincludes the vertical arp C R. ThenA—n(p) is a
disk inY whose boundary is essential@

To prove the second property, suppose that there are disfmmpressing
disks,Dx € X andDy C Y. dDy cannot be disjoint from the meridianof
n(p) since if it were,dDy would lie in either on the top or the bottom of
Y = (P — point) x |, either of which is clearly incompressibleYh SoDx
cannot be parallel tp. A standard innermost disk argument allows us to
chooseDx so thatDx N contains no circles of intersection, and an isotopy
of dDx on Q ensures that any arc componentdfx — 1 is essential in one
of the punctured surfacé€3; N Q or QoM Q. If Dy is disjoint fromy it lies
on Qq, say, but in any case it determines a compressing diskfor M, as
required. IfDx is not disjoint fromu then an outermost disk iRy cut off
by uwould similarly determine a compressionifin M.

The third property follows from Lemma 4.2. When the tunnglihere
leavesQ. as a recessed collar (option 1) then the operation hered€ave
a tube-spanned recessed collar. If the tunnelingydies in P, — Py and
thereby gives rise to a compressing diskRrfoption 3), the compressing
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disk Dy there constructed lies ivi and so can clearly be kept disjoint from
the vertical arg. ThenDy is disjoint from the compressing digkfor X,
as required. Finally, i lies in Py then the compressing digkyx in M —R
constructed there lies X and intersect§) in a single essential arc. The
simple closed curve Qo from which A is constructed can be taken to
intersectDy in at most one point, so in the end the dBk C Y intersects
Dyx in at most one point. Then the boundary of a regular neig rdmuttof
0XUaY in Qis a simple closed curve that bounds a disk in bétandY,
as required.

The fourth property is proven in a similar way. Suppose fistdQ’ is
disjoint from Py. If the regionP’ ¢ dM to which Q' is parallel is disjoint
from Py then tunnelingd’ to Q; just creates a largé-parallel surface and
Q. is a tube-spanned recessed collaPlf= P’ then the regioiR between
Q andQs is a recessed collar and according to option 3 of Lemma 4r2 the
is a compressing disk f@. in R N X that is incident tdQ; only in a collar
of 0Q1. In particular it is disjoint from a compressing disk f@rin RNY
constructed above from an annulyshat is incident taQ; away from this
collar.

Next suppose thalQ' lies in P, — Py, soP’ ¢ P, — Py. If the tunnel
connectsY’ to Qg then tunnelingQg to Q' just creates a larger-parallel
surface and). is a tube-spanned recessed collar. If the tunneling cosnect
Q to Q1 then the argument is the same as whkknis obtained fronQ by
tunneling intoP; — Py with both ends of the tunnel aif;.

Finally suppose thaQ@' lies in Py, soP’ C Py. Then the tunneling con-
nectsQ to Qp. The regionR betweenQ andQg is a recessed collar and
according to option 3 of Lemma 4.2 there is a compressingfdis®Q.. in
R N X that is incident taQ only in a collar ofdQ’. In particular it is dis-
joint from the compressing disk f@ in RNY constructed above from an
annulusA incident toQq in the image o’ c P, away from that collar. [

Corollary 4.5. Suppose M is an irreducible compact orientaBlmanifold,
and N is a compressible boundary component of M. \Léte the set of
curves in N that arise as boundaries of compressing disks dH&n for any
n € N there is a connected properly imbedded separating surf@céQ) C
(M,N) so that Q compresses in both complementary componentstiaino
disjoint disks and, for any component gag), d(q,V) > n.

Proof. Let A; be an annulus idM whose core has distance at leagtom
V. Let Ag C A; be a thinner subannulus and Btbe the tube-spanned
recessed product M that they determine. The result follows from the first
two conclusions of Lemma 4.4.

U
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5. ANY EXAMPLE IS A TUBE-SPANNED RECESSED COLLAR

It will be useful to expand the context beyond connected retiog sur-
faces.

Definition 5.1. Let (Q,0Q) C (M,0M) be a properly embedded orientable
surface in the orientable irreducib@manifold M. Q will be called &plit-
ting surfacef no component is closed, no component is a disk, and M is the
union of two3-manifolds X and Y along Q.

We abbreviate by saying that Q splits M into the submanifgldsd Y .

The definition differs slightly from that of [JS, Definition1], which
allows Q to have closed components and disk components. Note also tha
the condition thai is the union of two 3-manifoldX andY alongQ is
equivalent to saying tha) can be normally oriented so that any oriented
arc in M transverse t@ alternately crosse® in the direction consistent
with the normal orientation and then against the normahdaigon.

Definition 5.2. Suppose as above th@, 0Q) C (M,0M) is a splitting sur-
face that splits M into submanifolds X and Y . Q is bicompl#esi both X
and Y contain compressing disks for Q in M; Q is strongly cassgible if
there are such disks whose boundaries are disjointin Q. ¥ Qbi strongly
compressible then it is weakly incompressible.

Note that ifQ is bicompressible but weakly incompressibI@ is nec-
essarily essential idM, for otherwise an innermost inessential component
would bound a compressing disk f@rin Y NdM (say). Such a disk, lying
in dM, would necessarily be disjoint from any compressing diskfan X.

There are natural extensions of these ideas. One extehsibwitl even-
tually prove useful is t@-compressions of splitting surfaces:

Definition 5.3. A splitting surfac€Q, 0Q) C (M,0M) is stronglyd-compressible
if there ared-compressing disksypc X,Dy C Y andoDy NdDy = 0.

Here is our main result:

Theorem 5.4. Suppose M is an irreducible compact orientaBlmanifold,
N is a compressible boundary component of M 8@3dQ)  (M,0M) is a
bicompressible, weakly incompressible splitting surfaith a bicompress-
ible component incident to N.

LetV be the set of essential curves in N that bound disks in M argl let
be any component aQNN. Then either

e d(g,V) <1-—x(Q) in the curve complex on N or

e g lies in the boundary of &-parallel annulus component of Q or

e one component of Q is a tube-spanned recessed collar; adiroth
components incident to N are incompressible anzhrallel.
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Note that in the last cas@) lies entirely in a collar oN.

Lemma 5.5. Let(Q,0dQ) C (M,0M) be as in Theorem 5.4, splitting M into
X and Y. Let Q be the result of maximally compressing Q into X. Then

(1) Qx is incompressible in M and,

(2) there is a compressing disk D for N in M, so that some compédte s
of compressing disks for Q in X is disjoint from D and, moreove
QN D consists entirely of arcs that are essential iR.Q

Proof. First we show thaQy is incompressible. This is in some sense a
classical result, going back to Haken. A more modern viewnifdG].
Here we take the viewpoint first used in [ST, Prop. 2.2], whaclapts
well to other contexts we will need as well and is a good sotocédetails
missing here.

Qx is obtained fronQ by compressing intX. Dually, we can think of
Qx as a surface splittinlyl into X’ andY’ (except possibly\Qx has some
closed components) ar@ is constructed fron@Qx by tubing along a col-
lection of arcs inY’. Sliding one of these arcs over another or al@g
merely moves) by an isotopy, so an alternate view of the construction is
this: There is a graph C Y’, with all of its valence-one vertices dpx.

A regular neighborhood oQx U has boundary consisting of a copy of
Qx and a copy ofQ. (This construction of) from Qx could be called 1-
surgery along the graph.) The grapi™ may be varied by slides of edges
along other edges or alorgy; the effect orQ is merely to isotope it in the
complement ofRx.

Suppose thaF is a compressing disk fa@x in M. F must lie inY’,
elseQ could be further compressed inka Choose a representation Iof
which minimizes|F NT|, and then choose a compressing diskor Q in
Y which minimizes|F NE]|. If there are any closed componentsFof E,
an innermost one ik bounds a subdisk d& disjoint fromF, ' andQ; an
isotopy ofF will remove the intersection curve without raisifigNT|. So
in fact there are no closed curvesimE.

The diskF must intersect the graghelseF would lie entirely inY and
so be a compressing disk fQrin Y that is disjoint from compressing disks
of Q in X. This would contradict the weak incompressiblity@f One can
view the intersection of UE with F as a grapi\ C F whose vertices are
the pointd” NF and whose edges are the aFcS E.

If there is an isolated vertex of the graphc F (i. e. a pointinl NF
that is disjoint fromE) then the vertex would correspond to a compressing
disk for Q in X which is disjoint fromE, contradicting weak irreducibility.

If there is a loop iM\ C F whose interior contains no vertex, an innermost
such loop would bound a subdisk©fthat could be used to simplify; that
is to find diskEp for Qin 'Y so thatF NEp| < |F NE|, again a contradiction.
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We conclude tha has a vertew that is incident to edges but to no loops of
A. Choose an arp which is outermost ife among all arcs oF NE which
are incident tov. Thenf cuts off fromE a diskE’ with E' — 3 disjoint
from w. Let e be the edge of which containsv. Then the diskE’ gives
instructions about how to isotope and slide the eglgatil w and possibly
other points off NF are removed, lowering” NF|, a contradiction that
establishes the first claim.

To establish the second claim, first note that by shrinkingrapete set
of compressing disks fa@ in X very small, we can of course make them
disjoint from anyD; the difficulty is ensuring tha®x ND then has no simple
closed curves of intersection.

ChooseD and isotopex to minimize the number of componen3N
Qx|, then choose a representatiorfothich minimizesD NI |, and finally
then choose a compressing disKor Q in Y which minimizes|D NE|. If
there are any closed componentdofi E, an innermost one i bounds
a subdisk oft disjoint from D, I andQ; an isotopy ofD will remove the
intersection curve without raising eith@& N Qx| or [IDNT|. So in fact there
are no closed curves DNE.

Suppose there are closed curve®in Qx. An innermost one i will
bound a subdiskg. SinceQx is incompressibledDg also bounds a disk in
Qx; the curve of intersection could then be removed by an isotd®Qyx, a
contradiction.

From this contradiction we deduce that all component® of Qx are
arcs. All arcs are essential @x else|D N Qx| could be lowered by re-
choosingD. The only other components BfN Q are closed curves, com-
pressible inX, each corresponding to a pointm ™. So it suffices to show
thatDNI = 0. The proof is analogous to the proof of the first claim, where
it was shown thal' must be disjoint from any compressing diskfor Qx
inY’, but now forF we take a (disk) component &f— Qx.

If no component oD — Qx intersectd” there is nothing to prove, so let
F be a component intersectifigand regard\ = (T UE) NF as a graph in
F, with possibly some edges incident to the a@sn D lying in dF. As
above, no vertex ol (i. e. point of NF) can be isolated iM\ and an
innermost inessential loop M would allow an improvement ik so as to
reduceD NE. Hence there is a vertexof A that is incident to edges but no
loops inA. An edge inA that is outermost i among all edges incident to
w will cut off a disk fromE that provides instructions how to slide the edge
e of ' containingw so as to remove the intersection pomand possibly
other intersection points. As in the first case, some slidintpe end ofe
may necessarily be along arcsQy, as well as over other edgeslin [
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Proof of Theorem 5.4:Just as in the proof of Proposition 2.5 the proof is
by induction on 1-x(Q). SinceQ contains no disk components;-%(Q) >
1.

If compressing disks fo@Q were incident to two different components
of Q, then there would be compressing disks on opposite sideseimicto
two different components dp, violating weak incompressibility. So we
deduce that all compressing disks fQrare incident to at most one com-
ponentQg of Q. Qp cannot be an annulus, else the boundaries of com-
pressing disks irxX andY would be parallel inQg and so could be made
disjoint. If Q also contains an essential compon&hincident toN then
1-x(Q) <1-x(Q—Qo) <1—x(Q) and so, by Proposition 2.5, for any
component of 0Q' NN, d(d,V) <1—x(Q) < 1—x(Q). This implies
thatd(g,V) <d(d,V)+d(g,q) < 1-—x(Q) as required. So we will also
henceforth assume that no componen@oncident toN is essential.

We can also assume that each compone@ efQg is itself an incom-
pressible surface. For suppoBeis a compressing disk for a component
Q1 # Qo of Q, chosen among all such disks to have a minimal number of
intersection components witQ. If the interior of D were disjoint fromQ
thenD would be a compressing disk f@ itself, violating weak incom-
pressibility as described above. Similarly, an innermasieof QN D in
D must lie inQq. Consider a subdisk’ of D (possibly all ofD) with
the property that its boundary is second-innermost amongpooents of
DNQ. That is, the interior oD’ intersects exactly in innermost circles
of intersection, each bounding disksXn say. IfoD’ is not inQg then it is
also a compressing disk fQ@yx, contradicting the first statement in Lemma
5.5. The argument is only a bit more subtle wi is in Qg, cf the No
Nesting Lemma [Sc2, Lemma 2.2].

Let Q_ be the union of components @fthat are not incident thl. Since
Q_ is incompressible, each compressing disk Nors disjoint fromQ_.

In particular, it suffices to work inside the 3-manifdill— n(Q-) instead
of M. So, with no loss of generality, we can assume at= 0, ie each
component of is incident toN.

Since each component §f other thanQg is incompressible and not es-
sential, each is boundary parallel. In particular, remgwine of these com-
ponentsQ: from Q still leaves a bicompressible, weakly incompressible
splitting surface, though each componeniM¥f Q; in the region of paral-
lelism betweerQ; andoM would need to be switched froktoY or vice
versa. Since we don'’t care about the boundari@sprallel annuli, all such
components can be removed frdghwithout affecting the hypotheses or
conclusion. If there remainsaparallel componen®; that is not an annu-
lus, then conside®) = Q—Q;. We have 1 x(Q') < 1—x(Q) so the induc-
tive hypothesis applies. Then eith@g is a tube-spanned recessed product
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(and we are done) or for any componeghbf 0Q, d(d',V) <1-x(Q) <
1—x(Q). This implies thatd(q,V) < d(d,V)+d(q,q) <1-x(Q) and
again we are done. So we may as well assume@hatQg is connected
and, as we have seen, not an annulus.

Claim: The theorem holds i is stronglyd-compressible.

Proof of claim: Suppose there are disjoidtcompressing diskéx C
X, iy CY for Qin M. Let Qx Qy denote the surfaces obtained frapn
by d-compressind) alongFx and R, respectively, and le_ denote the
surface obtained by-compressing along both disks simultaneously. (We
use lower casg, y to distinguish these from the surfad@g, Qy obtained by
maximally compressing @to respectivelyX orY.) A standard innermost
disk, outermost arc argument betwdgnand a compressing disk f@p in
X shows thaQy is compressible iXX. Similarly, Q, is compressible iiY.

Each ofQy, Qy has at most two components, sir@@és connected. Sup-
pose thaQy (say) is itself bicompressible. If it were strongly compzibte,
the same strong compression pair of disks would stronglypressQ, so
we conclude that the inductive hypothesis applig3,toso we apply the the-
orem toQy. One possibility is that one component@f is a tube-spanned
recessed collar and the other (if there are two componentsparallel.
But by Lemma 4.4 this case implies th@tis also a tube-spanned recessed
collar and we are done. The other possibility is thatdga component
of the boundary of an essential componen@gf d(ay, V) < 1—Xx(Qx) <
1-x(Q). This implies thad(q, V) < d(gx, V) 4+ d(g,ax) < 1—x(Q) and
again we are done. So we henceforth assumeQhéespQy) is compress-
ible into X (respY) but not intoY (respX).

It follows that Q_ is incompressible, for ifQ_ is compressible intd,
say, then such a compressing disk would be unaffected byutireeling
that recover®)y from Q_ andQy would also compress into.

On the other hand, i)_ is essential irM then the claim follows from
Proposition 2.5. So the only remaining case to considerarptioof of the
claim is whenQ_ is incompressible and not essential, so all its components
are 0-parallel. SinceQ is connectedQ_ has at most three components.
Suppose there are exactly thr®g, Q1,Q». If the three are nested (that
is, they can be arranged &g, Q1, Q2 are in Lemma 4.3) then that lemma
shows that the weakly incompressilflemust be a tube-spanned recessed
collar, as required. If no pairs of the three component®ofare nested,
thenQ itself would be boundary parallel and so could not be congiés
on the side towardsl. Finally, suppose that two componen@y(Q1, say)
are nested, th&), is 0-parallel in their complement, ar@, say, is obtained
from Q1,Q2 by tunneling betwee®; andQ2, so Qy is 0-parallel. Qy is
also compressible; the compressing disk either also liesénllar of N,
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or, via the parallelism to the boundary, the disk represartempressing
disk D for N in M whose boundary is disjoint fromQy. In the latter case
we have, forgy any component 0Qy, d(gyx,0D) < 1. Then forq any
component ofQ, d(qg,0D) < d(gx,0D) +d(q,0x) <2 < 1—x(Q) and we
are done. The former case can only arise if there are bourdanponents
of Q1 andQ> that cobound an annulus, and that annulus is spanned by the
tunnel. Moreover, since a resulting compressing disk¥plies inN and so
cannot persist int, the tunnel attachin@o must be incident to that same
boundary component @;. It is easy to see then th@is a tube-spanned
recessed product, where the two recessed surfac€yaed the union of
Q1, Q- along their parallel boundary components.

Similar arguments apply ®_ has one or two components. This com-
pletes the proof of the Claim.

Compressing a surface does not affect its boundary, so dueeimn fol-
lows immediately from Lemma 5.5 and Proposition 2.5 unlésssurface
Qx, obtained by maximally compressir@ into X has the property that
each of its non-closed components is boundary parall®.inOf course
the symmetric statement holds also for the surf@geobtained by maxi-
mally compressing into Y; indeed, all the ensuing arguments would ap-
ply symmetrically taQy simply by switching labelX andY throughout. So
henceforth assume that all component®gfare either closed a-parallel.
There are some of the latter, sin@éas boundary.

Let Qo be an outermosi-parallel component oQx that is not closed.
That is Qg is a component which is parallel to a subsurfacedlf and
no component oRyx lies in the regionR = Qg x | of parallelism. As in
the proof of Lemma 5.5, use the notati¥hc X andY’ DY for the two
3-manifolds into whichQyx splitsM, noting that, unlike folQ, some com-
ponents ofQx may be closed. Note also thatc Y’.

Case 1:Some such outermost regi&iies inY’

In this case the other side qf lies in X’, and so its interior is disjoint
fromI". SinceQ is connected, this implies that all §flies inR. In partic-
ular,I” C R, all compressing disks fa@ in Y also lie inR, andQp = Qx.
LetD C M be ad-reducing disk foM as in Lemma 5.5 so thétis disjoint
from D andD N Qg consists only of arcs that are essential

Any outermost such arc iD cuts off ad-reducing diskDg C D. Sup-
pose first thaDg lies inM — R and letQ be the surface created fro@y
by 0-compressing alon®,. By Lemma 2.3Qj is incompressible, so all
boundary components @) are essential idM unlessQg is an annulus
that is parallel tadM also viaM — R. The latter would imply thaQg is
a longitudinal annulus of a solid torub, is a meridian of that solid torus
and we could have taken f@q the half of D that does lie inR. In the
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general case, the union @fy with a disk of parallelism irR gives aod-
reducing disk foM that is disjoint fromoQ;, so for any boundary compo-
nentq of Qp, d(q', V) < 1. Then forq any component adQ = dQx = dQy,
d(q,V <d(q,V)+d(q,q) <2<1-x(Q) and we are done. In any case,
we may as well then assume tlizg lies inRC Y.

Sincel is disjoint fromDy, Dg is ad-reducing disk foQ as well, lying in
Y. Then a standard outermost arc argumemgdrshows that a compressing
disk for Q in Y can be disjoint fromDg. Thend-reducingQ along Dg
leaves a surface that is still bicompressible (for merigliahl” constitute
compressing disks iX) but with 1— x(Q) reduced. The proof then follows
by induction. (In fact, this argument can be enhanced to shioeetly that
Case 1 simply cannot arise.)

It remains to consider the case in which all outermost coraptsnofQyx
areo-parallel via a region that lies iX’. We distinguish two further cases:
Case 2:There is nesting among the non-closed componen@xofWe

will prove then thaQ must be a tube-spanned recessed collar.

In this case, leQ; be a component that is not closed (so ifiparallel)
and is “second-outermost”. That is, the region of paraelbetweerQ:
andoM contains in its interior only outermost componentdxy;, denote
the union of the latter components Qy. Then the region betwedp, and
Qq is itself a productR = Q1 x | but one end contain®q as a possibly
disconnected subsurface. Since outermost componentf cegions lying
in X', RC Y. We now argue much as in Case 1: Siice Y’ andQ is
connected, all of must lie inR, soQx = Q1 UQp. Let D be ad-reducing
disk for M that is disjoint froml" and intersect®x only in arcs that are
essential irQx. As in Case 1, each outermost ardnfiQx in D lies inQq.

Choose a complete collection @fcompressing disks, in the region of
parallelism betwee@; anddM, so that the compleme@; — F is a single
disk Dg. Each disk inF is incident toQ; in a single arc. Now import the
argument of Lemma 5.5 into this context: LEetoe a compressing disk for
Y, here chosen so thBtn J is minimized. This means first of all th&tN F
is a collection of arcs. As in the proof of Lemma 5[5may be slid and
isotoped so it is disjoint fron. I is incident toQ1 sinceQ is connected.
SinceDgq is connected, the ends 6fon Dg may be slid withinDg so that
ultimately I is incident toDg in a single point.0E is necessarily incident
to that end, sincé€) is weakly incompressible. It follows thaE cannot be
incident toQ only in Dq (elsedE could be pushed off the end bfin Dg)
sodE must intersect the ar@F N Q1. LetB C (FNE) be outermost irE
among all arcs incident to componentsodfn Q1. Let Eg be the disk that
[ cuts off fromE.
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If both ends off3 were inF N Q; then, since each disk dF is incident
to Q1 in a single arcf3 would cut off a subdisk off that could be used to
alterE, creating a compressing disk fgrthat intersect§ in fewer points.
We conclude that the other end ®is onQg. Sincep is outermost among
those arcs oE N J incident toDq, 0Eg traverses the end &fon Dg exactly
once. So, as in the proof of Lemma 5.5, it can be used to slidesatope
an edgep of I" until it coincides withP. Hence the edge C I' can be made
into a vertical arc (i. e. ahfiber) in the product structufl@ = Q1 x I.

Using that product structure and an essential circle in g¢meponent of
Qo that is incident tg, p can be viewed as part of a vertical incompressible
annulusA with ends orQ1 andQg. Now apply the argument of Lemma 5.5
again:A—pis adiskE’. SinceE’ is a disk, use the argument of Lemma 5.5
to slide and isotope the edgeslof- p until they are disjoint fronk’. After
these slidest’ is revealed as a compressing disk @in Y. On the other
hand, if there is in fact any edgen I' — p, the compressing disk f@ in X
given by the meridian af/(y) would be disjoint frorE, contradicting weak
incompressiblilty ofQ. So we conclude that in faft= p and so, other than
the components dPx incident to the ends gd, each component @y is a
component of); sinceQ is connected, there are no such other components.
That is,Q is obtained by tubin®; to the connecte®g alongp and so is a
tube-spanned recessed collar. This completes the argumiiig case.

Case 3:All non-closed components @ik are outermost among the com-
ponents ofx. We will show that in this cas® is stronglyd-compressible;
the proof then follows from the Claim above.

We have already seen that all non-closed componeifdg aired-parallel
throughX’. Choose a@-reducing diskD € M as in Lemma 5.5 so thdd
is disjoint from the grapli, intersectfyx mimimally and intersect® only
in arcs that are essential @x. Although there is no nesting among the
components 0Qy, it is not immediately clear that the arBsn Qx are not
nested inD. However, it is true that each outermost arc cuts off a skbdis
of D that lies inX’, as shown in the proof of Case 1 above. In what follows,
D’ will represent eitheD, if no arcs ofD N Qx are nested i, or a disk cut
off by a “second-outermost” arc of intersectiag if there is nesting. Let
A\ c D' denote the collection of ard®’ N Q; one of these arcs (namely)
may be orD’.

Consider how a compressing diEkfor Q in Y intersectdD’. All closed
curves inD' NE can be removed by a standard innermost disk argument
redefiningE. Any arc inD’ NE must have its ends ofy; a standard out-
ermost arc argument can be used to remove any that have laglorrihe
same component &f. If any component of\ — Ag is disjoint from all the
arcsD' NE, thenQ could bed-compressed without affecting. This re-
duces 1- x(Q) without affecting bicompressibility, so we would be done
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by induction. Hence we restrict to the case in which each angponent of
N\ — A is incident to some arc componentsifn E. See Figure 3.

FIGURE 3

It follows that there is at least one compon@at=# Ag of A with this
property: any arc ob’ N E that has one end incidentdq has its other end
incident to one of the (at most two) neighboring componantsf A along
0D’. (Possibly one or both of.. areAg.) Let B be the outermost arc i
among all arcs oD’ NE that are incident to the special akg. We then
know that the other end @is incident to (say) ;. and that the diskg C E
cut off by 3 from E, although it may be incident O in its interior, at least
no arc of intersectio® Ninterior(Ep) is incident toA.

Let Do be the rectangle i whose sides consist of subarcsiaf A,
oD and all of 3. AlthoughE may intersect this rectangle, our choice of
3 as outermost among arcs Dfn E incident toA; guarantees thdf is
disjoint from the interior oDg and so is incident to it only in the afE The
union ofEg, Dg alongp is a diskD1 C Y whose boundary consists of the arc
a =0MNdDg and an ar@ c Q. The latter arc is the union of the two arcs
DoNQand the ar&yN Q. If B’ is essential if, thenD1 is ad-compressing
disk forQinY that is disjoint from the boundary compressing disKiout
off by A1. So if B’ is essential the® is stronglyd-compressible and we are
done by the Claim.

Suppose finally tha’ is inessential irQ. Thenf' is parallel to an arc
ondQ and so, via this parallelism, the digk is itself parallel to a dislo’
that is disjoint fromQ and either i®-parallel inM or is itself ad-reducing
disk for M. If D’ is ad-reducing disk foM, thendD’ € V, d(Q,V) <1 and
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we are done. On the other handDifis parallel to a subdisk @M, then an
outermost arc oD in that disk (possibly the ara itself) can be removed
by an isotopy 0BD, lowering|D N Q| = |[DNQx|. This contradiction to our
original choice oD completes the proof. O
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