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1. Introduction

Given a matrix A in M, the algebra of n X n matrices with real entries,
and a closed convex cone K C R", the eigenvalue complementarity problem
consists of finding a scalar A € R and a nonzero vector z € R" such that

reK, Arx—dxecK* 2"(A-\,)r=0,

where
K*:={yecR":27y >0, Vo € K}

denotes the (positive) dual cone of K. If K = R", then the eigenvalue
complementarity problem reduces to the usual eigenvalue problem for the
matrix A.

The eigenvalue complementarity problem originally arose in the solution
of a contact problem in mechanics and has since been used in other appli-
cations in physics, economics, and engineering, including, for example, the
stability of dynamical systems [8]. Other interesting applications can be
found, for example, in [3, 5-7, 9].

In this work we consider the complementarity eigenvalue problem associ-
ated with the Lorentz cone, defined, for n > 2, by

K" :={(z,2,) e R" " xR :||z|| < z,},

also known as the ice-cream cone. By ||z|| we denote the 2-norm of z. If n is
clear from the context, we may simply write K instead of K. The Lorentz
cone is widely used in optimization theory as an instance of a second-order
cone, which has special importance in linear and quadratic programming [1].

It is well known that the Lorentz cone is self-dual, that is, (K")* = K",
Therefore, for A € M,,, the eigenvalue complementarity problem relative to
K™ consists of finding a scalar A € R and a nonzero vector x € R™ such that

reK", (A-X)zeK", 2'(A—X)x=0, (1.1)

where, here and throughout, I denotes the identity matrix of the appropriate
order. By Corollary 2.1 in [10], it is guaranteed that (1.1) always admits a
solution.

If a scalar A and a nonzero vector z satisfy (1.1), we call A\ a Lorentz
eigenvalue of A and x an associated Lorentz eigenvector of A. We call the



set of all Lorentz eigenvalues of A the Lorentz spectrum of A and denote it
by ox(A). For brevity, we write L-eigenvalue, L-eigenvector, and L-spectrum
instead of Lorentz eigenvalue, Lorentz eigenvector, and Lorentz spectrum,
respectively.

The roots of the characteristic polynomial of a matrix A € M, will
be called the standard eigenvalues of A, to distinguish them from the L-
eigenvalues.

In this paper we focus on the problem of studying the linear maps ¢ :
W, — W, that preserve the L-spectrum, that is, such that ox(¢p(A)) =
ox(A), for all A € W, where W, is a subspace of M,. We study the
case n = 2, giving continuity to the recent paper [4], in which the authors
considered n > 3 and started by characterizing such maps ¢ for the following
subspaces W, of M,: the subspace of diagonal matrices; the subspace of
block-diagonal matrices A @ [a|, where A € M,_; is symmetric; and the
subspace of block-diagonal matrices A @ [a], where A € M, _; is a generic
matrix. In each of these cases, it was shown that the maps should be what
were called standard maps, that is, maps of the form ¢(A) = PAQ for all
AeW, or ¢(A) = PATQ for all A € W, for some matrices P,Q € M,. In
addition, when W, is either M, or the subspace S,, of symmetric matrices in
M, the standard linear maps ¢ : W,, — W, that preserve the L-spectrum
were described, and it was conjectured that linear maps that are not standard
do not preserve the L-spectrum. (See also the recent paper [12] in which the
linear preservers ¢ : M,, — M,, are investigated.)

The goal of this paper is to study the non-trivial problem of characterizing
the linear maps ¢ : Wy — Wy that preserve the L-spectrum, when Wj is
either M, or the subspace S5 of My of symmetric matrices. It follows from our
characterization that such maps are standard and that, in the case Wy = My,
their form is less restrictive than the one for n > 3 (see Theorem 2.4 where
the result for n > 3 is recalled). The main differentiating feature between
the cases n = 2 and n > 3 is that the Lorentz cone in R? is polyhedral,
i.e., it can be expressed as the intersection of a finite number of half-spaces.
This implies that the L-spectrum of a matrix in M5 is always finite, contrary
to what happens for matrices of order n > 3, which can have infinite L-
spectrum. To our knowledge, the only polyhedral cone whose spectral linear
preservers have been studied in depth in the literature is the Pareto cone
(the first orthant in R™) [2].

We next give the main result of this paper. Recall that M, denotes the



space of 2 x 2 real matrices and S5 denotes the subspace of M; of symmetric
matrices.

Theorem 1.1. Let ¢ : Wy — Wy be a linear map, with Wy € {Ms, So}.
Then, ¢ preserves the L-spectrum if and only if p(A) = PAP™! for all A €
W, or ¢(A) = QAQ ™! for all A € W,, where

(07

P:{gfé} and Q:[_ﬁo‘ _ﬁ}, (1.2)

for some o, B € R with o®> — B2 =1, and B =0 if Wy = S,.

The paper is organized as follows. In Section 2 we introduce some known
results in the literature and some definitions regarding the L-spectrum of a
matrix A € M, and its linear preservers. In Section 3 we obtain a description
of the L-eigenvalues of a generic matrix in M, and give some related results
that will be helpful in the proof of Theorem 1.1. In Section 4 we deduce some
conditions that should be satisfied by the images of matrices in certain bases
for Sy and My, respectively, under an L-spectrum linear preserver. Finally,
in Section 5, we prove Theorem 1.1. We conclude the paper with some final
remarks in Section 6.

2. Background

In this section we present some results known in the literature concerning
the characterization of the L-spectrum of a matrix in M,,, and properties of
linear preservers of the L-spectrum. We also introduce some related useful
concepts and notation.

2.1. L-spectrum of a matriz

In proving our results, it will be useful to classify the L-eigenvalues of a
matrix A € M,, by whether they correspond to L-eigenvectors in the interior
or on the boundary of the Lorentz cone. In the first case, we call them interior
L-eigenvalues and, in the second case, we call them boundary L-eigenvalues.

Given a matrix A € M, we denote the set of interior L-eigenvalues by
oimt(A) and the set of boundary L-eigenvalues by o?¢(A). This allows us to
write

ox(A) = o (4) Uoi!(A),

where this union is not necessarily disjoint.
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We also note that any L-eigenvector [z z,]T of A € M, with x,, € R, can
be normalized to have x,, = 1 while remaining in the Lorentz cone. Such a
normalized L-eigenvector corresponds to an interior L-eigenvalue if ||z|| < 1
and to a boundary L-eigenvalue if ||z|| = 1.

The next characterization of interior and boundary L-eigenvalues of a
matrix A € M, is known [11].

Proposition 2.1. Let A € M,,. Then,

1. X is an interior L-eigenvalue of A if and only if X is a standard eigen-
value of A associated with an eigenvector in the interior of K".

2. X\ is a boundary L-eigenvalue of A if and only if there is some s > 0
and a vector x € R*™', with ||z|| = 1, such that

x —x
aw[t] =[]
From Proposition 2.1, we have the following useful observation.

Corollary 2.2. Let A € M,. Then, A\ € o™(A) if and only if —\ €
int
gt (—A).

In contrast with interior L-eigenvalues, a boundary L-eigenvalue may or
may not be a standard eigenvalue. A surprising fact, compared with the clas-
sical eigenvalue problem, is that a matrix may have infinitely many boundary
L-eigenvalues, though this does not occur in the 2 x 2 case since the Lorentz
cone for n = 2 is a polyhedral cone. (See [11] for a proof that there are only
finitely many complementarity eigenvalues relative to a polyhedral cone.)

2.2. Linear preservers of the L-spectrum

In [4] the following important result was shown for matrices of size n > 3,
although the presented proof is also valid for 2 x 2 matrices. By W, we
denote any of the spaces M,, or S, the subspace of symmetric matrices.

Proposition 2.3. [}/ Letn > 2. If ¢ : W,, — W, is a linear map preserving
the L-spectrum, then ¢ is bijective and ¢(I) = 1.

An immediate consequence of Proposition 2.3 is that if ¢ : W,, — W,
is a linear map preserving the L-spectrum, then ¢! also preserves the L-
spectrum.



For completeness and for purpose of comparison with our main result,
Theorem 1.1, we next state the characterization obtained in [4] of the stan-
dard linear maps ¢ : W,, — W,, that preserve the L-spectum, when n > 3.

Theorem 2.4. [}/ Let n > 3 and let ¢ : W,, — W, be a standard map.
Then, ¢ preserves the L-spectrum if and only if there exists an orthogonal
matrix () € M,,_1 such that

$(A) = (Q ® 1)AQ" @ [1)),
for all A € W,.

3. L-spectrum of 2 X 2 matrices

In the next theorem we present a characterization of the L-eigenvalues of
2 x 2 matrices and then we give some related properties.

Theorem 3.1. Let

A= {‘CL Z} € M. (3.1)

Then,

1. a is an interior L-eigenvalue of A if and only if b =0 and either a = d
or la—d| <|c|;

2. X € R\ {a} is an interior L-eigenvalue of A if and only if
N e a+d:t\/(¢;—d)2+4bc} CR and |b| < |a _ )\|’

3. A is a boundary L-eigenvalue of A if and only if one of the following
holds:

(a) )\:(‘Hdgﬂ and a —d < c—0b,
(b) A=) i —d<b—e.

Proof. Conditions 1 and 2 follow immediately from the fact that, by Proposi-
tion 2.1, A is an interior L-eigenvalue of A if and only if there is some = € R,
with |z| < 1, such that

0=(A— A { 1 ] - H‘;;?&xf;)’ ] . (3.2)



Now we show Condition 3. By Proposition 2.1, we have that A is a boundary
L-eigenvalue of A if and only if there is some s > 0 and z € {—1,1} such
that

{a;A dEA}{T}:S{?x}¢${gilzt%izg -

When z = 1, this is equivalent to

{ii?izti for some s > 0,
that is,
)\:W and a—-d<c-0b.
When z = —1, we get
{f\\zgiﬁtz for some s > 0,
that is,
A:ﬂiigﬂlf and a—d<b—ec

[]

Based on the characterization of the boundary L-eigenvalues of a matrix
in M, given in Theorem 3.1, we introduce the following definitions.

Definition 3.2. Let A € M,. We say that \ is a type + boundary L-
eigenvalue of A (resp. a type — boundary L-eigenvalue of A) if Condition
3a (resp. Condition 3b) in Theorem 3.1 holds.

Moreover, we say that a boundary L-eigenvalue \ of A is strict if X is of
type + and a —d < c—b, or if X is of type — and a —d < b—c. If X is a
boundary L-eigenvalue of both type + and type —, then X is strict if at least
one of the previous strict inequalities holds.

We next present some immediate consequences of Theorem 3.1. We first
introduce two useful concepts.

Definition 3.3. Let A € M, be as in (3.1). The trace of A, denoted by
tr(A), is the sum of the diagonal entries of A, that is, tr(A) = a + d. The
anti-trace of A, denoted by antitr(A), is the sum of the anti-diagonal entries
of A, that is, antitr(A) = b+ c.



Corollary 3.4. Let A € My. If A has a type + boundary L-eigenvalue A\
and a type — boundary L-eigenvalue N\, then

LA+ Ay =tr(A).
2. |\ — X\o| = | antitr(A)|.
Corollary 3.5. Let A € My be as in (3.1) and let X\ be a boundary L-

eigenvalue of A. Then, X\ is a standard eigenvalue of A if and only if A has
a non-strict boundary L-eigenvalue.

Proof. By Theorem 3.1, if A is a type 4+ boundary L-eigenvalue of A, then

)\—% and a—d<c—Db,

and if \ is a type — boundary L-eigenvalue of A, then

)\:% and a—-d<b-—c

An elementary calculation shows that, in any case,
1
det(A—\I) = 2 (b—c)*—(a—a)?),
which is zero if and only if |a — d| = |b — ¢|. Thus, the claim follows. O
The next result says that if we change the signs of both b and ¢ in a

matrix A as in (3.1), then the interior and the boundary L-eigenvalues of A
get preserved.

Corollary 3.6. Let A € My and B =TAT, where
T=[-1a&[1]. (3.3)

Then A and B have the same L-spectrum. Moreover, we have oi"*(A) =
o™ (B) and o¥(A) = o¥(B). Additionally, \ is a type + boundary L-
eigenvalue of A if and only if X is a type — boundary L-eigenvalue of B.

By using Theorem 3.1, we next give the explicit L-spectrum of the ma-
trices in a basis of M, and Sy, which will be used in the characterization
of the linear maps preserving the L-spectrum. In each case, the L-spectrum
is presented as the union of two sets, namely, oi**(A) U o%(A). Here and
throughout, for 7, j € {1,2}, E;; denotes the 2 x 2 matrix with all entries 0
except the one in position (7, j) which is 1.
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Corollary 3.7. We have
o ox(Ey) ={0}uUd
o oc(Ey) = {0} U{1/2}
o ox(Ex) = {1} U{1/2}
o ox(Ers+ By ) =0U{-1,1}

4. Images of matrices in a basis of W5 under an L-spectrum pre-
server

Let us consider a linear map ¢ : Wy — W5 preserving the L-spectrum,
with Wy € {Ms, So}. In this section we obtain a generic form that ¢(A)
should have when A is a matrix in a specific basis of W5, namely, the basis
{E117 EQQ, E12 + E21} if WQ = Sg, and the basis {E117 EQQ, Egl, E12 + E21} if
Wy = M. For E15+ Eap, the possible images under ¢ are exactly determined.

We begin with a result which shows that under certain conditions, a
linear preserver of the L-spectrum preserves the interior and boundary L-
eigenvalues. This will be key in proving the remaining results.

Lemma 4.1. Let ¢ : Wy — W5 be a linear map that preserves the L-
spectrum. If A € Wy has two distinct strict boundary L-eigenvalues, then

o (A) = o' (0(A) #0  and o} (A) = oi(¢(A)). (4.1)

Proof. Let A be as in (3.1). Since A has two distinct strict boundary L-
eigenvalues, say A\; and Ay, by Theorem 3.1 we have a —d < ¢ — b and
a—d < b—c. This implies that —A does not have any boundary L-eigenvalues
and, consequently, has at least one interior L-eigenvalue since every matrix
has a nonempty L-spectrum. Hence, we have

o (A) = {A\, X}, o'(=A) #0, and oif(—4) = 0.

Taking into account Corollary 2.2 and the fact that, by Corollary 3.5, A\; and
Ao are not standard eigenvalues of A, we have

o' (A) = =o' (—4), o'(A)#0, and o"(A) N {\, Ao} =0.

Since ¢ preserves the L-spectrum, for i € {1,2} we should have \; € o4(¢(A)),
as otherwise )\; € o (¢(A)), which implies, by Corollary 2.2, that —\; €
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o (¢(—A)), a contradiction since —\; is not an L-eigenvalue of —A. Then,
since ¢(A) has two boundary L-eigenvalues, which are the boundary L-
eigenvalues of A, it follows that the interior L-eigenvalues of A are also interior
L-eigenvalues of ¢(A). O

Before we fulfill the main purpose of this section, we state a simple con-
sequence of Lemma 4.1 that will be used in the proof of Theorem 1.1 in the
next section.

Lemma 4.2. Let ¢ : Wy — Wy be a linear map that preserves the L-
spectrum. Then, ¢(E11 + Ea) is singular.

Proof. Let ¢ > 0 and A. := (=1 — €)Fy; — Fy. The matrix A, has two
distinct strict boundary L-eigenvalues, implying, by Lemma 4.1, that ¢(A.)
has the same interior L-eigenvalues as A.. Since 0 is an interior L-eigenvalue
of A., ¢(A.) is singular. By continuity, ¢(—FE1; — Es) is singular, and hence,
S0 18 Qb(EH + Egl). O

4.1. Necessary forms for the images of a basis

Lemma 4.3. Let ¢ : Wy — Wy be a linear map that preserves the L-
spectrum. Then,

1—a Fva?z—a +va? —a

¢(En) = Ltm a » O(Bn) = L:\/;i—a 1—a

for some a <0, and

—m

m r
P(Erp + Ey) = {_T +9 ] )
for some m,r € R. In particular, if Wy = Sy, then

P(Er) = B, ¢(Eag) = Eo,

and

O(Erg + Eor) = [T: " ] ;

—m

for some m € R and r € {—1,1}.
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Proof. For e € R\ {0}, let G. := Fys + €(FE15 + Fa1), whose standard eigen-
values are (1 £ /1 + 4¢2)/2. By Theorem 3.1,

e, = {1+\/;+4g§} )

Ox

1
nd o}(G.) = {5 + 5} :

and both boundary L-eigenvalues are strict. Thus, by Lemma 4.1, (4.1) holds
with A replaced by G.. Let

O(Eay) = {i 2} and ¢(Eys + Eay) := ["; ﬂ .

Then, by Corollary 3.4 applied to ¢(G.),
at+d+em+q)=1, b+c+e(r+p) ==+2e.
Since € # 0 is arbitrary, we have
a+d=1, m+q=0, b+c=0, r+p==+2
Hence,

qb(EQQ) = |:_ab 1 E CL:| and ¢<E12 + Egl) = |:_T7/rj: 5 r :| .

—m

From the obtained form of ¢(FEa;), we conclude, by Theorem 3.1, that 1 is not
a boundary L-eigenvalue of ¢(Ess). Since ox(d(Ea2)) = oxc(Ear) = {1,1/2},
it follows that 1 is an interior L-eigenvalue of ¢(FEa). This implies that

det(¢(Fy) —I) =b0* —a* +a=0.

By Theorem 3.1, b # 0. Moreover, |b| < |a — 1], i.e., b* < (a — 1)?. Since
b =ala—1) >0, we get a <0,

a +va? —a
P(Fa) = LF T 1-a4 | and

1—a Fva?z—a

O(En) = 61 — Byy) = I — 6(Ens) = { s )

a

where the second equality in (4.2) follows from Proposition 2.3.
The particular claim in the statement for Wy = Sy follows since ¢(E11)
and ¢(FE12 + Eop) are symmetric and a < 0. O
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Notice that, if ¢ : Wy — W5 is a linear map preserving the L-spectrum,
by Lemma 4.3, ¢ preserves the trace of F11, Fas and F1o+ Foq, and therefore
it preserves the trace of all matrices in S5. Also, observe that ¢ preserves the
modulus of the anti-trace of F11, E9, and E15+ Ey;. Moreover, if ¢ preserves
the anti-trace of Ej5 + Es1, then ¢ preserves the anti-trace of all matrices
in Sy; otherwise, the anti-traces of A and ¢(A) have opposite signs for all
A € S,. These results are contained in the following corollary and extended
to the case ¢ : My — Ms.

Corollary 4.4. Let ¢ : Wy — Wy be a linear map that preserves the L-
spectrum. Then,

tr(A) =tr(¢(A)) for all A € W,

and either
antitr(A) = antitr(¢(A))  for all A € Wy

or

antitr(A) = — antitr(p(A))  for all A € Ws.
Proof. Let A be as in (3.1) and let

¢<A>:={T S]-

Db q

Let § be an arbitrary real number such that
a—d<d+c—b, a—d<d+b—c, and b+ cF#20.

Let As = A+ 0FE9 — 6(E12 + Fa1). Notice that As has two strict boundary
L-eigenvalues, namely
d+b -0 d—b— 36
A Atdtbte and A — & c+38.
2 2
which are distinct since b + ¢ # 2. Thus, by Lemma 4.1, A\; and \; are also
boundary L-eigenvalues of ¢(As). Taking into account the form of ¢(JFa —
d(Ey2 + FE1)) that follows from Lemma 4.3, the boundary L-eigenvalues of

¢(As) are

(4.3)

rtqts+p—0
— 5 ,

rt+q—s—p+3d

A 5

Ba (4.4)
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if antitr(qb(Elg + Egl)) = 2, and

r+q+s+p+360 r+q—s—p—29
2 ’ 2
lf antitr(gb(Elg + E21)> = 2. AS {)\1, )\2} = {51,62}, we have

b=

Ba =

(4.5)

A+ X =B+ B

and
AM—A=0—0F or )\1—)\2:—(51—52)-

Since A1+ Xy = a+d+9d and 51+ P2 =r+q+6, we get a+d = r+q. We also
have \; — Ao = b+ ¢ —2J. Moreover, f; — 2 = s+ p — 20 if (4.4) holds, and
f1— B2 = s+p+24 if (4.5) holds. In the first case, Ay — Ay = —(8; — ) only
for § = YR Thus, for § # 242 we have A, — Ay = B1 — f32, implying
b+c = s+p. In the second case, \{ —\y = 31 — 35 only for § = b“j%. Thus,
for § # w, we have \; — Ay = —(f1 — (2), implying b+ ¢ = —(s + p).
Since § is an arbitrary number satisfying (4.3), it ranges over an infinite set,
and hence the claim follows. O

We next describe the generic structure of the image of Fs; under a linear
map preserving the L-spectrum.

Lemma 4.5. Let ¢ : My — My be a linear map that preserves the L-
spectrum. Then,

b>0.

+vb% 4+ b Fb
Pb) = { b+ 1) q:\/m]’

Proof. By Corollary 4.4,

(En) = l —baj: 1 —ba ]

for some a,b € R. By Theorem 3.1, this implies o?4(¢(Ey)) C {—1/2,1/2}.
On the other hand, by Theorem 3.7, ox(Es) = {0,1/2} . Thus, since ¢
preserves the L-spectrum, 0 is an interior L-eigenvalue of ¢(FEs;). Hence, by
Theorem 3.1, either a = b = 0, or |[b] < |a] (i.e., b* < a?). Since ¢(Fy) is
singular, we also have a? = b Fb. Thus, a> =b*> +bif b > 0 and a®> = b*> — b
if b < 0, implying the claim. ]
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4.2. Explicit image of F19 + Eo
The following two lemmas will be used in determining ¢(E12+ Fa;) under

a linear L-spectrum preserver ¢. By || - || we denote the Frobenius norm of
a matrix.

Lemma 4.6. Let A € M, be as in (3.1). Suppose A has two distinct standard
real eigenvalues and at least one of them, say A4, is an interior L-eigenvalue.
Moreover, suppose that Ay # a. Then, for any € > 0, there is some § > 0
such that any B € My with ||B — A||r < é has an interior L-eigenvalue \p
satisfying |(Aa — Ag| < e. That is, sufficiently small perturbations of A have
an interior L-eigenvalue arbitrarily close to Ay.

Proof. Suppose that A4 is an interior L-eigenvalue of A. By Theorem 3.1,
since A4 # a, we have |b| < |a — A4, that is, b* — (a — A4)? < 0. Since A
depends continuously on the entries of A, any sufficiently small perturbation
of A, say

has a real eigenvalue \5 arbitrarily close to A4 and such that A% # a. and
|b:| < |a. — A5|. Note that, since A has distinct real eigenvalues, for ¢ suffi-
ciently small, both eigenvalues of A. are also distinct and real. By Theorem
3.1, X% is an interior L-eigenvalue of A.. O

Lemma 4.7. Let A € {—1,1}. Then, there is some € > 0 such that, in any
netghborhood of E1s+ Fs1, there is a matriz with no L-eigenvalue at distance
from X smaller than €.

Proof. Let H := E15 + FE». For any § € R, the matrices

H(;::H—|—5{(1) _01] (4.6)

and — Hy have standard eigenvalues 51 = —v/62 4+ 1 and 5 = v/02 + 1. Notice
that, for ¢ € {1, 2},

1>0-8) & 10— > =203 & & <6, (4.7)

where the last inequality follows from the second one by noting that 32 =
6%+ 1.
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Suppose that A = 1 and let § > 0. From (4.7), |1| > |d — B2, implying
by Theorem 3.1 that 5 is not an interior L-eigenvalue of Hs. On the other
hand, Hs has no boundary L-eigenvalues. Hence, the only L-eigenvalue of
Hj is 8; whose distance from 1 is at least 2, regardless of the value of § > 0.

With a similar argument, we can see that, for § < 0, the only L-eigenvalue
of —Hjy is B3 whose distance from —1 is at least 2, regardless of the value of
0 < 0.

Thus, for each A € {1,—1}, there is some 6 € R such that one of the
matrices Hs or —H;s has no L-eigenvalues arbitrarily close to A. O]

Lemma 4.8. Suppose that ¢ : Wy — Wy is a linear map that preserves the
L-spectrum. Then

O(Erg + Exn) = Eio+ By or ¢(Ere+ Eo) = — (B2 + Exn).

Proof. Let H := FEi5 + FEs. By Theorem 3.7 and Theorem 3.6, we have
O';C(H) = O']C(—H) = {—1, 1}

We start by proving that 1 and —1 are not interior L-eigenvalues of ¢(H).
To show this fact, suppose first that A € {—1, 1} is an interior L-eigenvalue
of ¢(H). Then, since by Corollary 4.4, tr(¢(H)) = tr(H) = 0, and interior L-
eigenvalues are standard eigenvalues, ¢(H ) has distinct standard eigenvalues
1 and —1.

We first show that the entry in position (1,1) of ¢(H) is different from
A. This is clear by Theorem 3.1, if the entry in position (1,2) of ¢(H) is
nonzero. If the entry in position (1,2) of ¢(H) is zero, then ¢(H) is a lower
triangular matrix with main diagonal entries 1 and —1, and the (2, 1) entry
of ¢(H) has modulus 2 (since by Corollary 4.4, the modulus of the anti-trace
is preserved). Then, the entry in position (1,1) of ¢(H) is different from
A, as otherwise, by Theorem 3.1, A would not be an interior L-eigenvalue of
o(H).

By Lemma 4.6, any matrix B in a sufficiently small neighborhood of
¢(H) has an interior L-eigenvalue arbitrarily close to A. By the continuity
of !, and since ¢! preserves the L-spectrum, any matrix in a sufficiently
small neighborhood of H has an L-eigenvalue arbitrarily close to A, which is
impossible by Lemma 4.7.

Thus, 1 and —1 are not interior L-eigenvalues of ¢(H). By Corollary
2.2, neither 1 nor —1 is an interior L-eigenvalue of —¢(H). Since ox(H) =
ox(—H) = {1,—1}, we conclude that 1 and —1 are boundary L-eigenvalues
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of both ¢(H) and —¢(H). By Theorem 3.4, there are z,y € R such that

_ z Yy _ T Y
o= ," 0| e em=| 0]
Suppose that Case 1 holds. Then, by Condition 3 of Theorem 3.1, applied
to both ¢(H) and —¢(H), we have

r4+y=-xr+2—y and
py——z—(2-y),

implying that
r=0and y=1.

A similar argument applied to Case 2 yields x = 0 and y = —1. Thus, the
claim follows. O

5. Proof of Theorem 1.1

Let ¢ : Wy — W5 be a linear map that preserves the L-spectrum. By
Corollary 4.4, either A and ¢(A) have the same anti-trace for all A € Wy, or
A and ¢(A) have opposite anti-traces for all A € W5. When proving Theorem
1.1, we only consider the case in which ¢ preserves the anti-trace. The case
when the anti-trace of A and ¢(A) are opposite for all A € W, can be obtained
by considering the orthogonal similarity via the matrix T = [—1] @& [1].
More precisely, assume that A and ¢(A) have opposite anti-traces. Then,
m(A) = To(A)T, for A € Wy, is a linear map that preserves the anti-trace
and symmetry, and, taking into account Corollary 3.6, m preserves the L-
spectrum if and only if ¢ does. Hence, by the result that we next show,
preserves the L-spectrum if and only if there is some P € My, as in (1.2),
such that m(A) = PAP~! for any A € Wh, that is, ¢(A) = (TP)A(TP)™!
for any A € Ws. Thus, the claim follows with Q = T P.

Proof. Necessity: Suppose that ¢ preserves the anti-trace. For u,v € R, let

P(u,v)::{u “].

v ou

Case 1: Assume that Wy = Sy. By Lemmas 4.3 and 4.8, ¢(E11) = Eiy,
¢(E22) = EQQ, and ¢(E12 + Egl) = Fi9+ Eo. ThUS, we have gb(A) = PAP!
for all A € Sy, where P = P(1,0) = I.
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Case 2: Assume now that Wy = M,. By Lemma 4.3, for some a < 0, we
have

_ 2 _ 2 _
¢(E) = {il/GQCia * aa Y= {zﬂ _%g]

= P(a, B)Ey P (o, B).

Without loss of generality, we assume o > 0, implying o > 1 since o? = 1—a
and a < 0.

By Lemma 4.5 and taking into account that ¢ preserves the antitrace, for
some b > 0, we have

(Ea) +vb2+ b —b [ ye =62
2 b+1  FVR+L| | 6
= P(/y’ 6)E21P_1(77 6)

As above, we assume v > 0, implying v > 1.

Then
2 52
O(Ey + Eay) = [ sﬁ _%f ] + [ 1(25 —;55 ]

| a4+ —aB -2
Clefty =B |

Since, by Lemma 4.2, ¢(FE; + E91) is singular, we have
det(¢(Er1 + Ea)) = (ay — §6) (By — ad) = 0.

Note that ay— 3v # 0, as otherwise (ay)? = (85)?, or equivalently, a = 1+,
a contradiction since a < 0 and 1+ b > 0. Thus,

By = ad, (5.1)

implying
0=(ad)? = (By)?*=(1—-a)b+a(l+b)=a+b.

Hence, a = —b which yields a = 7. Since a and v are nonzero, from (5.1) we
get f = 4. Now let P := P(a,f3). Then,

#(Ey) = PELP™' and  ¢(Ey) = PEy P71,
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implying

¢(Ey) =1 — ¢(Ey) =1~ PE, P!
=PI — Ey)P ' = PEypP

Moreover, taking into account Lemma 4.8 and the fact that ¢ preserves the
antitrace, we have

¢(E12 + E91) = Eig + Eyy = P(Ep + E21)P_1.

Thus, since ¢(A) = PAP~! for all the matrices A in a basis for M, we have
#(A) = PAP~! for all A € M.

Sufficiency: Let A € W, and let P be as in (1.2) with o — 3% = 1. We
assume that a > 0 as, otherwise, since PAP™! = (—P)A(—P)™!, we may
consider —P instead of P. It is enough to prove that ox(A) C ox(d(A)),
since by applying this result to ¢!, we get ox(p(A)) C ox(A) . (Note that
¢ 1(A) = P7'AP, where P! still has the form of P in (1.2), with 3 replaced
by —f.)

We show that if (A, z) is an L-eigenpair of A, then (A, Pz) is an L-eigenpair
of ¢(A) = PAP~!. For this purpose, we start by proving two facts. First,
P preserves the Lorentz cone, that is, if x € K, then Px € K. Second,
P preserves orthogonality, that is, if 27y = 0, then (Pxz)T(Py) = 0, for
x,y € K.

Let = [x1 x5]" € K and

(21 )7 := Px = [z100 4+ 223, 218 + 200] 7. (5.2)
Then, Px € K if and only if
|21] = |z10+ 22B] < 218 + T200 = 20

Since |B] < a and |z1| < x9, it follows that 2z = 18+ x2a > 0. Also, because
of
2 — 2 =a] —25<0, (5.3)
we get that Px € K.
Now note that, if x and y are nonzero orthogonal vectors in K, then they
lie on the boundary of . More specifically, one is a positive multiple of [1
1]7 and the other one is a positive multiple of [—1 1]7. Since

PL1" =[a+B,a+p]" and P[-11]" =[-a+p,a—f]"
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are orthogonal, it follows that P also preserves orthogonality.
Suppose that (A, z) is an L-eigenpair of A, that is,

r#0, v€K, (A-X)zek, and z"(A—-X)z=0.

Since P is invertible, we have Px # 0. Moreover, as P preserves the Lorentz
cone, we have y := Pz € K and

(6(A) — M)y = P(A— A\[)P~'Pz = P[(A — \)z] € K.

From the orthogonality of z and (A — AI)x and the fact that P preserves
orthogonality, it follows that y”(#(A) — Al)y = 0. Thus, (A, Pz) is an L-
eigenpair of ¢(A). O

The proof of the sufficiency part of Theorem 1.1 shows that the linear
maps ¢ : Wy — Wy that preserve the L-spectrum also preserve the nature
(interior or boundary) of the L-eigenvalues. More precisely, we have the
following result.

Corollary 5.1. Let ¢ : Wy — Wy be a linear map. If ¢ preserves the L-
spectrum, then, for all A € W,

o' (A) = 0" (6(A)) and oi'(A) = o’ (9(A)).

Proof. By Theorem 1.1, and arguing as in its proof, we may assume that
¢ preserves the anti-trace, that is, ¢(4) = PAP™! for P as in (1.2) with
a? — 32 = 1. Moreover, we may assume that o > 0, as otherwise we consider
—P instead of P.

Assume that ()\,x) is an L-eigenpair of A, with x = [z; 2]7. Let z =
(21 25]T be as in (5.2). It was shown in the sufficiency part of the proof of
Theorem 1.1 that (), z) is an L-eigenpair of ¢(A). Since, by (5.3), |x1] < z2
if and only if |z1] < zg, it follows that z is an L-eigenvector of ¢(A) in the
interior of I if and only if x is an L-eigenvector of A in the interior of K.
Since A and ¢(A) have the same L-spectrum, the claim follows. O

6. Conclusions

Let M, be the space of n x n real matrices and .5,, be the subspace of
M, formed by the symmetric matrices. In this paper, for Wy € {M,, Sa}, we
described the linear maps ¢ : Wy — W5 that preserve the Lorentz spectrum
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(L-spectrum for short), that is, those maps ¢ for which A and ¢(A) have
the same L-spectrum for all A € W,. We have shown that ¢(A) = PAP™!,
where P is a matrix with a certain possible structure. In the case Wy = S5,
P is a diagonal orthogonal matrix.

In [4], a characterization of the standard linear maps ¢ : W,, — W,, that
preserve the L-spectrum when n > 3 was given. (See [12] in which the case
W, = M, was also studied.) Additionally, a conjecture was made that all
maps ¢ : W,, — W, that preserve the L-spectrum are standard. Recall that
a linear map ¢ : W, — W, is said to be standard if there exist matrices
P,Q € M, such that ¢(A) = PAQ for all A € W, or ¢(A) = PATQ for
all A € W,. The results in this paper confirm that, for n = 2, all linear
maps ¢ : W,, — W,, that preserve the L-spectrum are standard. Moreover,
these preservers on Wy = S, have the same form as those on .S, for n > 3.
However, if Wy = M, they have a more general form than those on M, for
n > 3. This is due to the fact that the Lorentz cone K" is polyhedral for
n = 2, unlike what happens for n > 2.

Though many of the results in this manuscript depend on the properties
of the L-spectrum of 2 x 2 matrices, we hope the overall approach may be
generalizable to n x n matrices. In particular, we expect that the techniques
developed in this paper will aid in proving the conjecture stated in [4] that
any linear preservers of the L-spectrum on 5, or M,, for n > 3 are standard
maps, which would complete the description of such linear preservers.
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