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1. Algebra: the prerequisites

You learned the “ground rules of algebra that [you will] apply to higher math
and [that] form the foundation for [your work throughout] the rest of the chapters.”
Many of your algebra skills will be tested indirectly. i.e. You might not be asked
about fractions or exponents, but you might be asked a word problem that requires
you to understand both.

1.1. Distributive Property, FOIL.

“Multiplication distributes over addition and subtraction.”
1
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“To multiply two sums, we multiply every element in the first group by every
element in the second group, then we add them up.” Think: we distribute the terms
in the first over the terms in the second. i.e.

(a+b+c)(d+e)=ad+ae+bd+be+cd+ce

FOIL The distributive law with just four elements:

(a+ b)(c+ d) = ac+ ad+ bc+ bd

Why learn this?
• We can find the derivative of things like (x+1)(x+4). If we multiply them

out, we get x2 + 5x+ 4 and we can apply the power rule.
• You have to do this in many “simplify this ” problems.
• You must do this in almost every ”solve for x” problem- especially those

where x is in the exponent and you must take logs of both sides.

1.2. Fractions. Important concepts include cross multiplication (when solving an
equation) and finding common denominators (when adding fractions).

Laws of Fractions (Memorize these!!!)
• a

b ·
c
d = ac

bd

• a
b ±

c
b = a±c

b Only when the denominator is the same!
• a

b = ac
bc when c 6= 0 since c

c = 1.
These can be used to derive the following “Laws.”Memorize these or

know how to derive
them!

• a
b ±

c
d = ad

bd ±
cb
db = ad±bc

bd

• 1
( a

b ) = b
a

Why learn this? Understanding how to multiply and add fractions is essential
to almost all of your word problems and solving problems with exponents:

• Proportionality problems like the latte example
• almost every “simplify this” problem
• solving systems of linear equations
• maximizing surface area problems

1.3. Exponent Laws.
“e.g. powers of x” (x is a variable) or powers of a number

xn = x · x · · · · · x︸ ︷︷ ︸
ncopies

, x is the base, n is the exponent

Exponent Laws (Memorize these!!!):
• x0 = 1
• xmxn = xm+n

• x−n = 1
xn

• (xm)n = xmn

• x 1
n = n

√
x



STUDY GUIDE FOR 34A 3

These can be used to derive the following “Laws”: (Memorize or know
how to derive them!)• xm

xn = xm · 1
xn = xm · x−n = xm−n

• xm/n = x
1
n ·m = (x

1
n )m = ( n

√
x)m

• xm/n = n
√
xm

• (x
y )m = xm

ym

Use the exponent laws and your knowledge of fractions to derive these. Keep in
mind x can be a fraction!

Why learn this?

• almost any word problem you do
• Solving problems with logs!!!
• maximizing surface area
• expressing perimeter in terms of area and similar geometric problems
• “simplify this” problems

1.4. Solving Systems of Linear Equations, Word Problems.

Solving Equations

System of Linear Equations: You must have as many equations as you have
unknowns. When you solve a system of linear equations, you are finding where
these lines intersect. Solve for 1 variable and write the other equations in terms
of that variable. Then solve for another variable and rewrite the equations in terms
of that variable. In this way, you eliminate each variable until you have 1 equation
with 1 variable. Then you can solve for that one.

i.e. 2 Equations with 2 variables x and y. Express one in terms of the other,
then use substitution to solve.

One variable, One Equation: When you have f(x) =some function of x you
must solve for x using your knowledge of the distributive law, exponent laws, frac-
tions, logs, and other functions. Solving this type of of equation is important when
finding zeros of functions (i.e. f(x) = 0, f ′(x) = 0 for min or max problems) or
solving inverse problems where you have f−1(2) = x means f(x) = 2.

Proportionality Finding the equation for these types of problems should be
very methodical: y increases proportionally with x and z and inversely proportional
to w gives y = k xz

w where k is the constant of proportionality, and x, z, and z are
variables you input into the equation. You will frequently be asked to find y given
the other variables, but you must first calculate k.

Classic College Calculus

• Two cars are driving towards each other at certain speeds. When do they
meet?
• Two trains are moving in the same direction at different speeds and one

leaves earlier. When does the second catch up to the first?
• Two cars leave the same city at different speeds, one going north, one going

east. When are they x miles apart?
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With the first two, each plane, train, and automobile has a constant speed, or slope.
Get an equation for the position of each moving object and find where they inter-
sect. ie Solve the system of two linear equations! For the third, you get an equation
for the line that describes the car’s position and use the Pathagorean Theorem or
the distance formula to find when the distance is equal to x.

Here is one last real life 34A Quiz.1 Try to answer it correctly on your own
before you look at the solution.

Why learn this? To solve word problems like mixing liquids problems (blue and
red paint, types of milk), proportionality problems like the latte and building an x
story building with w workers example, and other word problems.

1.5. Factoring and the Quadratic Formula: Solving f(x) = 0. When f(x) =
ax2 + bx+ c = 0, you must solve for x either by factoring or by using the quadratic
formula.

Quadratic formula: If ax2 + bx+ c = 0 then x = −b±
√

b2−4ac
2a .

Example: f(x) = x2 − 7x+ 12 = 0. Find x.
By factoring, you have f(x) = x2 − 7x+ 12 = (x− 3)(x− 4) so x = 3 or x = 4.

By the quadratic formula: x = −(−7)±
√

(−7)2−4·1·12

2 = 7±
√

49−48
2 = 7±1

2 = 3 or 4.

1A special thanks to one of Dr. Grigoryan’s 34A students for giving me permission to reproduce
this image.
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Why learn this? Because in min and max problems or problems where we must
find the concavity, we must solve f(x) = 0. If we have a polynomial of degree 2, we
can apply these methods. Notice what we are doing here is finding x = f−1(0)! You
also use this when you are solving limits where you have to factor the numerator
or denominator.

A comment on the quadratic equation from Stephen Colbert: “What you are
feeling [as you look at the quadratic equation above] is your body rejecting an idea
that is trying to make you learn it. Don’t fight the confusion. That’s just your
body scabbing over in a desperate attempt to protect you from that unnatural co-
mingling of numbers and letters up there. You can’t add it, and you can’t read it.
Useless.” 2

Disclaimer: Until you are finished with 34A, little Steve ColberT is wrong. Not
only that, but he went to Northwestern, one of the best engineering schools in the
country. He is intentionally misleading you.

1.6. Inverse Functions. “The inverse function f−1(x) is the function of f(x)
backwards. (i.e. If f−1(7) = 2, then f(2) = 7.)”

If f(x) is a function, then

f−1(a) = x if and only if f(a) = x.

f−1 undoes f in the sense that f−1(f(x)) = x. f−1 is the reflection of f across
the line y = x.

Why learn this? Because in min and max problems or problems where we must
find the concavity, we must solve f(x) = 0. Notice what we are doing here is finding
x = f−1(0)!

1.7. Lines: Equations, Graphs, Slopes. There are many different ways to write
the equation of a line:

Form : Formula : What you need :
slope-point form y − y0 = m(x− x0) 1 point (x0, y0) and the slope, m
two point form y − y0 = ( y1−y0

x1−x0
)(x− x0) 2 points (x0, y0) and (x1, y1)

slope-intercept form y = mx+ b slope m, and the y−intercept b
Notice that using any one of these forms, you can write the equation of the line

in slope-intercept form and you get the same thing. Here are the pros and cons:

The first (slope-point) form is the fastest/most convenient for the tangent line
problems since you are given a point (i.e. x = 2 and calculate f(2)) and the slope
f ′(2) = m.

The second (2 point form) or third (slope-intercept form) is probably better for
extrapolation problems since you are generally given two points and then have to

2I am America and So Can You p.120
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find the slope.

If you are given straight off a value for “time 0” or x = 0, the third is pretty
convenient. It is also the prettiest.

Slope :
“The slope measures the steepness of a line.” For instance if m is the slope of a
line.

m = 0 ⇒ horizontal line
m < 0 ⇒ line goes down
m > 0 ⇒ line goes up

slope = rise
run = ∆y

∆x = y1−y0
x1−x0

if (x0, y0) and (x1, y1) are points on the line

Why learn this? To do linear extrapolation problems. Understanding lines and
slopes is absolutely essential to understanding derivatives and rates of change. We
need to understand slope and the point-slope form to find the equation of a tangent
line and solve tangent line approximation problems.

1.8. Pythagorean Theorem and Some Geometric Formulas. If we have a
right triangle, i.e. a triangle with 1 angle equal to 90 deg (see diagram):

then we have
a2 + b2 = c2

You use this to find the length of a missing side of a right triangle. If the triangle
is an isosceles triangle, then a = b. (This is in the case of the notorious “find the
perimeter in terms of the area problem.”)

Here are some geometric formulas you should memorize:
• Circumference of a Circle: C = 2πr
• Area of a Circle: A = πr2

• Surface Area of a Sphere: SA = 4πr2

• Volume of a Sphere: V = 4
3πr

3

• Area of a Rectangle (or a square): A = lw(= s2)
• Area of a Triangle: A = 1

2bh
• Perimeter: P =the sum of the length of all sides
• Surface Area: SA = the sum of the areas of the sides
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• Volume: V = Abh where Ab is the area of the base and h is height. Use
this to find the volume of a cylinder, a cube, and a rectangular prism
• Any other formula ever used in your homework, class, or quizzes. There

might only be 1-3 more.

Why learn this? This is useful in word problems, logic problems, and notice
when you find the distance from two points in the plane, you are finding the length
of a hypotenuse. Also, the geometric formulas will be important when you have to
minimize surface area in order to minimize the cost of production of some container.
You can use this for car problems mentioned in Section 1.4.

1.9. Distance Formula. If (x0, y0) and (x1, y1) are 2 points in the plane, then the
distance between them is

d =
√

(y1 − y0)2 + (x1 − x0)2

Why learn this? This is important in word problems. Notice the similarity
between this and the Pythagorean Theorem. Remember the homework problem
that asks you to minimize the distance between a point and the graph f(x) =

√
x?

1.10. Percentages. In your course, you were sometimes asked to “convert from
fractions to percentage,” i.e. if you want 6 ounces of 3% milk and you can mix 2%
and 4% milk, how much 2% milk is needed? What percentage of the total milk is
2%?

Example: 1
4 × 100% = 25%

Why learn this? To express proportions and answers to word problems. i.e. After
how much time does 20% of element x remain? When has your initial investment
increased by 60%?

2. Pre-Calculus

2.1. Limits. “A function f(x) at x = a has a limit L if as x approaches a, f(x)
gets closer and closer to L.” We write

lim
x→a

f(x) = L

One way to think about calculating the limit is “A limit is what the end result
of doing infinitely many more and more accurate calculations gives.” “The idea of
the limit is to make the relative error smaller and smaller until it vanishes”

In this course, there were two types of limits you solved: where you could just
plug in to the function and where you had to do a little algebra then plug in.
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If we take the limit of f(x) as x goes to a and “if
f(x) is a polynomial, rational function [where the
denominator is not zero!], exponential, log [when
a > 0], [sine or cosine], then limx→a = f(a)”.

Here are three examples:

lim
x→2

x2 = 22 = 4 You just plug in.

lim
x→∞

1
x

= 0

You see as x gets larger and larger, the fraction gets smaller and smaller. It is as if
you tried to “plug in” infinity, but of course you cannot do that.

lim
x→3

x2 − 9
x− 3

= lim
x→3

(x− 3)(x+ 3)
x− 3

= lim
x→3

x+ 3 = 6

In this last example, if you tried to plug in, you would have 0 divided by 0... But
that doesn’t make sense so you needed to do a bit of algebra (see section on factor-
ing!) to get the function in a form where you could just plug in.

An example :

lim
x→∞

p(x)
q(x)

where p(x) and q(x) are polynomials

• If deg p(x) <deg q(x), then the limit is 0

lim
x→∞

x2 + 4x+ 6
x3 − 4

= 0

• If deg p(x) =deg q(x), then divide through by the largest power of x

lim
x→∞

3x2 + 4x+ 6
5x2 − 4

= lim
x→∞

3 + 4
x + 6

x2

5− 4
x2

=
3
5

• If deg p(x) >deg q(x), then the limit is infinite

lim
x→∞

x3 + 4x+ 6
x2 − 4

goes to positive infinity

Why learn this? We learned this in order to define the derivative and also for
word problems. Do you remember the question about the temperature of a corpse?
They asked what was the temperature in the room, well with time (as t → ∞)
the temperature of the corpse becomes the same temperature of the room, so the
answer would be the limit of the function of the corpse temperature with time.

2.2. Logs and Exponential Functions and Applications.

x = log y ⇐⇒ y = 10x

x = ln y ⇐⇒ y = ex

More generally:
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x = logb y ⇐⇒ y = bx

So logb(y) asks to what power must we raise b to get y?
You can get many of the identities (Log laws) by using the exponent laws. If

you are having a hard time with either concept, this is a good idea.

Laws of Logarithms : (These are also true for ln and log base anything else.
Memorize these!!!)

• log(x · y) = log(x) + log(y)
• log(xp) = p log(x)
• log(1) = 0

Either memorize these or know how to derive them from the definition or from
the previous three laws:

• log( 1
x ) = − log(x)

• log(x
y ) = log(x)− log(y)

• log(10x) = x

• logb(bx) = x

Types of Problems :

• Using the definition: Without a calculator, evaluate log2(4)
• Algebraic problems. i.e. 73x−2 = 52x, solve for x
• log(x) = 8, log(y) = 3. Find log([ 10x3/4

y−6 ]2). (You will need most log rules
and perhaps a couple exponent rules.)
• Problems using log tables and the antilog graph.
• Interest problems.
• Exponential Growth Models, Doubling time/Half-life problems
• You use logs any time you need to take a variable out of the exponent.

Here is one last real life 34A Quiz.3 Try to answer it correctly on your own
before you look at the solution.

3A special thanks to one of Dr. Grigoryan’s 34A students for giving me permission to reproduce
this image.
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Why learn this? “Because we use exponential functions frequently to solve tan-
gent line approximatiions [for exponential functions], calculate interest” and other
applications to real life. “We learned logarithmic functions in order to determine
future values of investments compounded yearly, monthly, weekly, or daily. We can
also use them to determine doubling time for populations growing exponentially.”

2.3. Applications of Log and Exponential Functions.
Interest problems

Simple Interest:

I = Prt, and = FV (t) = P (1 + rt)

where
• I is the interest earned.
• FV (t) is the future value as a function of time.
• P is the principal.
• r is the annual rate.
• t is time in years.

Compound Interest:

FV (t) = P (1 + r
n )tn

where
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• FV (t), P , r, and t are the same as before.
• n is the number of compoundings per year. i.e. (yearly means n = 1),

(monthly means n = 12), (weekly means n = 52). . .

Doubling Time

P (t) = A2
t
k

where

• P (t) is the population at time t.
• k is the doubling time.
• t is the time in years if k is in years, weeks if k is in weeks, etc..

Half-life

f(t) = A( 1
2 )

t
k

where

• f(t) is the amount left at time t.
• k is the half-life.
• t is the time in years if k is in years, weeks if k is in weeks, etc..

What kinds of problems can be asked and what skills are used?

• Give a bunch of information, then ask “when will there be this much bac-
teria, or element x.” You must first find k.
• When is there x% of whatever? You might not need the initial value for

this problem set up. Why?
• What is the doubling time/half-life/ititial value etc?
• In any case, you are probably going to be using logs to get the exponent

down, and when you are asked “when is the population this number” You
find the inverse of that number! Set the equation equal to that number and
solve for time.

3. Calculus

This is the main point of the course. If you take 34B, you will continue in this
direction.

The whole course has been pushing towards this section. Almost everything you
have learned before this was studied so that you could understand derivatives and
work the application/word problems here.

3.1. Derivatives, the rules. The derivative is “the rate of change of a function.”
In some word problems, where the function describes a change of position, the de-
rivative tells “how fast the position is changing [or the] velocity.”
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The derivative is denoted df
dx or f ′(x) and means “the rate of change of f(x)

with respect to x.” The derivative of f(x) at a is noted f ′(a) and is the slope of
the tangent line to the graph f(x) at x = a.

f ′(a) = lim
x→a

=
f(x)− f(a)

x− a
Usually you will use derivative rules to calculate the derivative of a function.

This is easier than using the definition with the limit.

Rules of Derivatives :

• d
dxx

n = nxn−1

• d
dxe

kx = kekx where k is a constant.
• d

dxc = 0 for all constants, even weird ones like π · 40 · e6!
• d

dx (f(x)± g(x)) = d
dxf(x)± d

dxg(x) (can take derivatives term by term)
• d

dxcf(x) = c d
dxf(x) (can pull constants out)

3.2. Derivatives, what they mean. The derivative tells you how fast the func-
tion is changing and where a function is increasing (slope of tangent line is positive)
or decreasing (slope of tangent line is negative):

• f ′(a) < 0 then f is decreasing at a
• f ′(a) > 0 then f is increasing at a
• f ′(a) = 0 then you might have a min or max, but you need to test to find out

The second derivative tells you how fast the rate of change (or first derivative)
is changing and the concavity.

• f ′′(a) < 0 then f is concave down at a
• f ′′(a) > 0 then f is concave up at a

3.3. Two Problem Types. This is not an exhaustive list, but these are two im-
portant types of problems.

Finding Tangent Lines

Find the equation tangent line of f(x) at x = a and estimate f(x+ .0001) (or some
value very close to x).

(1) Find the slope of the tangent line at x = a : m = f ′(a).
(2) Find a point on the line, specifically at x = a : (a, f(a)).
(3) Use the point-slope form to find the equation of a line.
(4) Very close to x, the function f(x) is very close to the tangent line, y=mx+b,

so find y = m(x+ .0001) + b and this value is very close to f(x).
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Finding the Min and Max

Find the min or max of a function f(x).

(1) Find the derivative, f ′(x).
(2) Solve the equation f ′(x) = 0.
(3) Determine if you have a minimum or a maximum by:

• Calculating f ′′(x) and determining the concavity.
• Testing points on either side of f(x) and comparing them with f(x).
• Consider f ′(x). If f is increasing before x and decreasing afterwards,

then you have a maximum. If f is decreasing before f and increasing
afterwards, then you have a minumum.

4. Study tips

• Understand how all of the concepts fit together. Later problems from the
homework force you to assimilate old and new ideas.

An example of a 34A problem:
When you first learned about lines, you might have had a problem that

asked you to calculate the number of people who buy an item at a certain
price. (If you charge p you will sell Q(p) items and for each additional 5
dollars you charge, 10 fewer people buy. Find an equation for the quantity
sold as a function of the price. Hint, it’s a line.)

Then when you advanced your extracting-equations-from-word-problems
skills, you were asked to calculate your income, which is your previously
calculated quantity sold times the price- now a polynomial of degree 2.
Perhaps you are asked to calculate profit, so that would be your income
minus the cost of production, and you have a more complicated formula.

As a grown-up 34A student, you are finally asked the most pertinent
question: How do you maximize your profit? See Section 3.3 and every-
thing that came before it.

• Know how to work all of your homework problems and questions from
previous midterms and quizzes. You wouldn’t want to be caught making
the same mistake twice.
• Memorize all formulas given here and other area formulas you used in home-

work, and any other formulas you need to know.
• Keep in mind that you are likely to get problems that are not exactly like

homework problems, because this tests the depth of your understanding of
the subject.
• You should understand what you did in homework and why well enough

that you immediately nail any “type problems” that you have seen before
on homework/quizzes/midterms, and then move on to more critical think-
ing problems where you will have to be creative and flexible with your
understanding.
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Good luck everyone.
E-mail address: kgracekennedy@alumni.sewanee.edu


