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Problem 1. [§5.20]

Solution. Let dimV = n. By Proposition 5.20, we find that 7" has a diagonal matrix with respect to some basis
of V. Thus by Proposition 5.21, we pick {v1,...v,}, a basis for V consisting of eigenvectors of 7. Since each v;
is an eigenvector of T', T'(v;) = Ajv;. Since v; is also an eigenvector for S, Av; is also an eigenvector for S. Thus
ST (vi) = v3\ivs, where S(v;) = v;v;. Thus T'S(vs) = T(iv:i) = Aivivi = ST (v;). Since ST and T'S agree on a basis
for V, ST =TS. it

Problem 2. [§5.21]

Solution. Since dimV = dimnull P 4+ dimrange P, and null P + range P is a subspace of V, we only need to show
that null P Nrange P = (0) to complete the proof.

Let v € null P Nrange P. Thus P(v) = 0. Since v € range P, for some w € V, P(w) = v. However,
0 = P(v) = P?(w) = P(w) = v and thus v = 0, completing the proof. &

Problem 3. [§5.22]

Solution. Let v € V, where v # 0. Since V =U®W, v = u+w, and this decomposition is unique. Assume that v is an
eigenvector of Py,w. Thus Py,w (v) = Av for some A € F. But Py,w (v) = uw and thus u = Av = A(u + w) = Au+ Iw.
Thus (A—1u+w=0. Since V=UdW, w=0and A =1, or u =0. We thus find two eigenvalues, 0 and 1, which

have as eigenspaces U and W respectively. i
Problem 4. [§5.23]

Solution. Let T € L(R*) be the transformation that has matrix:

0 1 0 0
-1 0 0 0
M(T) =
0 0 0 1
0 0 -1 0
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and thus for (z1, 22,23, 24)” € null (T — AI), we find the following equalities:

Xz +22 = 0
—x1— M2 = 0
—Ars+zx4 = 0
—x3—Ara = 0

We thus find that £1 = 0 = 22 and 23 = 0 = z4. Thus there is no non-zero vector v such that 7'(v) = Av and thus T

has no eigenvalues. s
Problem 5. [§5.24]

Solution. Let V be a real vector space. Let T' € £(V') such that T has no eigenvalues and let U be a subspace of V
such that U is invariant under T'. Notice that T' | y € L(U). If dim U is odd, then T' | y must have an eigenvalue by
Theorem 5.26. Thus for some non-zero u € U, T | v(u) = Au for some A € R. However, T(u) =T | v(u) = Au and
thus 7" has an eigenvalue, which is a contradiction. Thus no subspace of V' that is invariant under T' can have be of

odd dimension, and thus must be of even dimension. oo



