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Problem 1. [§5.1]

Solution. Let U = Uy + ... + Unm, where U;, a subspace of V, is an invariant subspace of T' € L(V). Let u € U. By
definition of U, u = u1 +. . . 4 Um, where u; € U;. Thus T'(u) = T'(u1)+ ...+ T (um). Since each U; is invariant under
T, T(u;) € U;. Thus T(u) € U1 + ...+ Uy = U, and thus U is invariant under 7. o

Problem 2. [§5.2]

Solution. Let {Ua}acy for some set J be a collection of subspaces of V such that for a given T' € L(V), each U, is
invariant under 7'. Define

U= ﬂUa.

acJ

To show that U is an invariant subspace of V', we must both show it to be a subspace of V' and invariant under T'.

Since each U, is a subspace, 0 € U, for each a € J. Thus 0 € [ Uy, = U. If we choose u,v € U, then u,v € U,

acJ
for each o € J. Sicne each U, is a subspace of V', we see that u + v € U, for each U, and thus u +v € U. Similarly,
U is closed under scalar multiplication. Thus we have shown that the intersection of any non-empty collection of
subspaces of a vector space V is itself a subspace of V.

Let w € U. Thus u € U, for each a € J. Since each U, is invariant under 7', T'(u) € U, for each o € J and thus

T(u) € U. Ergo, U is invariant under 7T it
Problem 3. [§5.4]

Solution. Notice that since T'— A € L(V), null (T — AI) is a subspace of V. Let v € null (T — AI). Then
(T'—XI)(v) =0. Thus T'(v) = M (v) = T'(v) = Av. Thus ST (v) = S(Av) = A(v). Since ST (v) = T'S(v), we find that
T(S(v)) = A(S(v)). This T(S(v)) — AS(v) = 0 and thus

(T —XI)(S(v)) =0.
Thus S(v) € null (T"— AI), thus proving that null (7" — AI) is invariant under S. o
Problem 4. [§5.5]

Solution.
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For a given A € F, to find the eigenvectors associated to A, we must find null (T"— AI). But

-2 1
T\ =
1 =X
Thus
x -2 1 T
T- x| | = !
T2 1 -2 T2
Setting this equal to 0, we find:
(4.1) —Ar1+z2 = 0
(4.2) X1 — )\172 = 0

Solving for A\, we find that A = +1. For A = 1, we find that

(1))

null (T'—1I) = ,
1

()

null (T'+ 1) = .
~1

and for A = —1, we find

Problem 5. [§5.7]

Solution. Just as in the last problem, we find, for a fixed A € F, null (T — AI). Notice that we find the following

system of equations:

I-XNzi+z2+...42, = 0
z1+1=XNz2+...4+...¢, = 0
z1+z2+...+1 =Nz = 0
We thus find that z1 + 22+ ... +2pn = Az1 = Az2 = ... = A\x,,. Thus 1 = 22 = ... = z,,. We thus find that

n - x; = Ax; and thus n is the only eigenvalue for this operator. We also find that

null (T — nl) = <(1, 1,... 1)T>.

Problem 6. [§5.8]

Solution. Since T'(z1,22,...) = (22,23,...), if (z1,z2,...) is an eigenvector of T, then for some A € F, z;41 = Az;.

Thus for any A € F, A is an eigenvalue of T" and the associated eigenvectors are the vectors in

((L,AN200).
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Problem 7. [§5.9]

Solution. If T is not injective, then Ao = 0 is an eigenvalue. If there are at least k 4+ 1 other distinct eigenvalues,
A1y... Agt+1, then we can find eigenvectors vi,...vg+1 such that T'(v;) = Av; for ¢ < k + 1. By Theorem 5.6,
v1,...Vk41 are linearly independent. However, A = {A\1v1,... Agt1vk41} C range (T). Since {v1,...vk4+1} is linearly
indepdendent, so is A. However, no set of k+1 vectors in range (T') can be linearly independent, since dimrange (T") =

k. Thus we can have at most k + 1 distinct eigenvalues for T'. i
Problem 8. [§5.10]

Solution. Let A € F\ {0} and T € L(V), where T is invertible.

‘=’ Assume X is an eigenvalue of 7. Then for some v € V (v # 0), T(v) = Av. Thus T7'(\) = v = § - ().

Thus % is an eigenvalue of T~ 1.
‘=’ If 1 is an eigenvalue of 7", there is some v € V (v # 0) such that 77" (v) = +v. Thus T'(3v) = v = X-(3v).

Thus A is an eigenvalue for T'.

Problem 9. [§5.11]

Solution. Assume A € F is an eigenvector for S o T. Then for some v € V (v # 0), So T(v) = M. Then
T o S(T(v)) = T(Av) = XT(v). Thus X is an eigenvalue of S oT. By symmetry, S oT and T o S have the same

eigenvalues. s
Problem 10. [§5.14]

Solution. Let p € P(F) be a polynomial where p(T) = aol +a1T+...+anT™. Then p(STS™') = aol+a1(STS™ 1)+
i am(STS™H)™ = aoSIS™! + a1(STS ™) + ... + am(ST™S™1) = Sp(T)S™, by linearity of p. e



