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1 Worksheet 1, August 4th

PREP for 8/6: Read text Sections 1.1-1.3

1. (Definition) What is a differential equation (DE)?

“A differential equation (DE) is an equation that contains derivatives of
one or more dependent variables with respect to one or more independent
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variables.”1

i.e. an equation that contains derivatives of functions, the functions them-
selves and the variables they depend on Here is one of the more common
forms you will see:

y′(t) = f(t, y(t))

What is a solution to a differential equation?

A solution to a differential equation is a function that satisfies the differ-
ential equation. In the previous example, some y(t) so that when you plug
y(t), t, and y′(t) into the DE, the equality holds.

2. Check which functions below satisfy the following second-order differential
equaiton:

y′′(t) = 25y(t)

(a) y(t) = 6e5t

y′(t) = 30e5t, and y′′(t) = 150e5t = 25(6e5t) = 25y(t)
√

So y(t) = 30e5t is a solution to the DE.

(b) y(t) = 2e−5t

y′(t) = −10e−5t, and y′′(t) = 50e−5t = 25(2e−5t) = 25y(t)
√

So y(t) = 2e−5t is a solution to the DE.

(c) y(t) = e−5t + 7
y′(t) = −5e−5t, and y′′(t) = 25e−5t 6= 25(e−5t + 7) = 25y(t)
So y(t) = 2e−5t is NOT a solution to the DE.

(d) y(t) = 3e5t + e−5t

y′(t) = 15e5t−5e−5t, and y′′(t) = 75e5t + 25e−5t = 25(3e5t + e−5t) =
25y(t)

√

So y(t) = 3e5t + e−5t is a solution to the DE.

(e) y(t) = t5

y′(t) = 5t4, and y′′(t) = 20t3 6= 25(t5) = 25y(t)
So y(t) = e5t + e−5t is NOT a solution to the DE.

3. (Long-term Behavior) Let y(t) (read “y of t”) be the snowy plover pop-
ulation around Santa Barbara t years after the 1973 Endangered Species
Act, in which they are listed an endangered species.2

(a) If the change in the snowy plover population is proportional to the
current population, what is the differential equation that models their
growth? (Let k denote your constant of proportionality.)

Santa Barbara’s snowy plover population follows model.3

y′(t) = ky(t)
1From your text by Farlow, Hall, McDill, and West.
2Verified: http://www.fws.gov/endangered/
3Hint: This is a vocabulary word from class.
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(b) What will the long-term behavior (i.e. will snowy plovers take over
Earth, become extinct, or coexist peacefully with other terrestrial
beings in billion years) be in each of the following cases?

We are going to assume that some snowy plovers live in California.
If there are none, then y′(t) = y(t) = 0 and this problem is not very
interesting.

i. k > 0
At all times, y′(t) > 0, so the population is always increasing.

ii. k = 0
At all times, y′(t) = 0, so the population remains constant.

iii. k < 0
At all times, y′(t) < 0, so the population is always decreasing.

4. (Logistic Model) It is unlikely that the snowy plover population follows
such a simple model. Suppose now that the growth rate of the snowy
plover population is proportional to the current population and 2,000
minus the current population. (Go ahead and assume the constant of
proportionality is greater than zero.)

(a) What is the differential equation that models the plover population?

y′(t) = ky(t)(2000− y(t))

(b) Suppose the snowy plover population in 1973 was 1000.
i. This means y(0) = 1000 .

ii. Was the population of snowy plovers increasing or decreasing at
time zero?
Increasing because y′(t) is positive.

(c) Suppose the snowy plover population in 1973 was 3000.
i. This means y(0) = 3000 .

ii. Was the population of plovers increasing or decreasing at time
zero?
Increasing because y′(t) is negative.

(d) How many snowy plovers must there have been around Santa Barbara
in 1973 for the population to remain constant? (Hint: There are two
possible answers.)
There could either have been none or 2000 because if y(0) = 0 or
y(0) = 2000 then y′(t) is zero.

2 Worksheet 2, August 6th

PREP for 8/11: Read text Sections 1.4-1.5, finish worksheet
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1. Which of the following differential equations does the function y(t) = sin(t)
satisfy?

We are going to use the following facts:

• y′(t) = cos(t)

• y′′(t) = − sin(t)

• The Pathagorean Theorem sin(t)2 + cos(t)2 = 1

(a) y′(t) =
√

1− y(t)2√
1− y(t)2 =

√
1− sin(t)2 =

√
cos(t)2 = cos(t) = y′(t)

√
.

So y(t) = sin(t) is a solution to this differential equation.

(b) y′(t) = y(t)(1− y(t))

y(t)(1 − y(t)) = sin(t)(1 − sin(t)) 6= cos(t) = y′(t). We know that
there is inequality because when t = 0, y′(0) = cos(0) = 1 whereas
y(0)(1− y(0)) = sin(0)(1− sin(0)) = 0(1− 0) = 0.

So y(t) = sin(t) is NOT a solution to this differential equation.

(c) y′′(t) = −y(t)

y′′(t) = − sin(t) = −y(t)
√

So y(t) = sin(t) is a solution to this differential equation.

2. Find all possible functions y(t) that satisfy

y′(t) =
√

1− y(t)2

Use “Separation of Variables.”
y′(t) =

√
1− y(t)2

y′(t)√
1−y(t)2

= 1

dy√
1−y(t)2

= dt Separate variables.

∫
dy√

1−y(t)2
=

∫
dt Integrate both sides

with respect to appropriate variables.

arcsin(y) = t+ C, C a constant Isolate y(t).

y(t) = sin(t+ C), C a constant.
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y(t) = sin(t+ C), C a constant.

3. Find all possible functions y(t) that satisfy the differential equation from
your second quiz question:

y′(t) = k
y(t)
t

As before, t is time. What is y(t)?

Use “Separation of Variables.”
y′(t) = k y(t)

t

y′(t)
y(t) = k

t

dy
y(t) = kdt

t Separate variables.

∫
dy

y(t) = k
∫

dt
t

Integrate both sides
with respect to appropriate variables.

ln |y(t)| = k ln |t|+ C, C a constant Isolate y(t).

|y(t)| = C1e
k ln |t|, C1 = eC > 0.

y(t) = C2e
ln |tk| = C2t

k, C2 = ±C1, so C2 6= 0. (Use log rules.)

y(t) = C2t
k, C2 6= 0.

4. Draw the direction field for−10 < y < 10, −10 < t < 10 for the differential
equation4

y′(t) = (5− y(t))(y(t)− 1)(y(t) + 2)2(y(t)2 + 4)(y(t)2 − 4)(y(t) + 7)3

The equilibrium solutions are -7, -2, 1, 2, and 5.

4Hint: First find the equilibrium solutions.
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The Equilibrium solutions are marked just above the lines on the graph.

↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘ ↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘

y(t) = 5

↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗ ↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗

y(t) = 2

↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘ ↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘

y(t) = 1

↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗ ↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗

(x−axis, not an equilibrium solution.)

↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗ ↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗

y(t) = −2

↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘ ↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘↘

y(t) = −7

↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗ ↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗↗

5. Analyze all the equilibrium points. Are they stable or unstable? What is
the basin of attraction for each one?

Equilibrium Point Stability Basin of Attraction
-7 Stable (−∞,−2)
-2 Unstable {−2}
1 Stable (−2, 2)
2 Unstable {2}
5 Stable (2,∞)

6. If you had time to spare on a sunny afternoon, you could solve this differ-
ential equation for y(t). It is going to take you a long time. What method
would you use and what integration techniques would be involved?

You would separate variables and then do partial fractions.
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7. Speaking of which, find all possible functions y(t) that satisfy the differ-
ential equation from your last worksheet:

y′(t) = ky(t)(2000− y(t))

Use “Separation of Variables:”

y′(t) = ky(t)(2000− y(t))

y′(t)
y(t)(2000−y(t)) = k

dy
y(t)(2000−y(t)) = kdt Separate variables.

∫
dy

y(t)(2000−y(t)) = k
∫
dt = kt+ C

Integrate both sides
with respect to appropriate variables.

Partial fractions.

1
y(t)(2000−y(t)) = A

y(t) + B
2000−y(t) Multiply through by y(t)(2000− y(t)).

1 = A(2000− y(t)) +By(t)

Pull out two equations: B −A = 0
2000A = 1

Solve for A and B. A = 1
2000 , B = 1

2000

Solve left integral.∫
dy

y(t)(2000−y(t)) = 1
2000

∫
dy

y(t) + 1
2000

∫
dy

2000−y(t)

= ln |y(t)|
2000 −

ln |2000−y(t)|
2000

u-sub for second integral: u = 2000− y(t), du = −dy∫
dy

2000−y(t) =
∫

du
u = ln |u|

= ln |2000− y(t)|

After the evaluation of integrals, we still have to find y(t) by isolating it
using some algebra moves.
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Isolate y(t)
ln |y(t)|
2000 −

ln |2000−y(t)|
2000 = kt+ C C the constant from above.

ln |y(t)| − ln |2000− y(t)| = 2000kt+ C1 C1 = 2000C again a constant

ln | y(t)
2000−y(t) | = 2000kt+ C1

| y(t)
2000−y(t) | = e2000kt+C1 = C2e

2000kt C2 = eC1 > 0

y(t)
2000−y(t) = C3e

2000kt C3 = ±C2 6= 0

y(t) = C3e
2000kt(2000− y(t)) C3 6= 0

y(t) = C4e
2000kt − y(t)e2000kt C4 = 2000C3 6= 0

y(t) + y(t)e2000kt = C4e
2000kt C4 6= 0

y(t)(1 + e2000kt) = C4e
2000kt C4 6= 0

y(t) = C4e2000kt

(1+e2000kt)
C4 6= 0

y(t) = C4e2000kt

(1+e2000kt)
, C4 6= 0

3 Worksheet 3, August 11th

PREP for 8/13: Read text Sections 2.1, finish worksheet, review for MIDTERM

1. Draw some of the curves given by x2 + y2 = C. On top of that, draw
curves that meet these at right angles.

These are circles of radius
√
C.

2. Find the orthogonal trajectories of the following family of equations. (Care-
fully justify everything you do, explaining in words if needed.)5

(a) x2 + y2 = C Does you think your drawing in Question 1 corresponds
to your answer?

5Please note that sometimes you have to “deal with the C” and sometimes not.
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Find differential equation for which our circles are the solutions.

(Implicit differentiation)
d

dx
C = 0

and
d

dx
(x2 + y2) = 2x+ 2y

dy

dx
.

2x+ 2y dy
dx = 0

(You could also give dy
dx = −x

y . You will have to solve for dy
dx explicitly

to do the next step anyway.)

Find differential equation for which ⊥ trajectories are the solutions.

(Take negative reciprocal.)

dy
dx = y

x

Solve this DE.

(Use Separation of Variables.) You must
show more
work than this
on an exam.y = Ct

This makes sense to me because the lines seem to intersect the circles
at a right angle.

(b) y4 = Cx

Find differential equation for which our circles are the solutions.
(Note that we cannot have C in our answer)

(Implicit differentiation, take derivative with respect to x of both
sides.)

d

dx
Cx = C

and
d

dx
(y4) = 4y3 dy

dx
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.
We must use the additional fact that C = y4

x .

So, 4y3 dy
dx = C = y4

x .

4y3 dy
dx = y4

x

(You could also give dy
dx = y

4x . You will have to solve for dy
dx explicitly

to do the next step anyway.)

Find differential equation for which ⊥ trajectories are the solutions.

(Take negative reciprocal.)

dy
dx = − 4x

y

Solve this DE.

(Use Separation of Variables.) You must
show more
work than this
on an exam.

So, y2

2 = −2x2 + C.

y2 + 4x2 = C

Our set of solutions are ellipses.

(c) In your own words, explain the steps involved in finding orthogonal
trajectories of a set of curves.6 What is the form of your final answer?

Your final answer is a family of curves, or the general solution to
a specific DE. The steps you must do are outlined (and underlined)
above.

(d) In the previous problems, what method of solving differential equa-
tions did you use?

Separation of variables, but you might not be limited to that in the
future.

3. (Newton’s Law of cooling)
6For extra practice, try solving each of the orthogonal trajectory problems in number 8 of

Homework 2.
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(a) What is Newton’s Law of Cooling?

dT

dt
= k(M − T (t))

where M is the surrounding temperature, t is time (like time after
death), and T (t) is the temperature of the substance being measured.

(b) Restate Newton’s Law of Cooling using the language of proportion-
ality.

The rate at which the temperature of *** changes is proportional to
the difference between the temperature of the surrounding medium
and the current temperature.

I like having (M − T (t)) in that order because then k is positive. If
you use the reverse order, k will be negative.

(c) How would you solve this differential equation?

Separation of Variables or “judicious guessing” along with checking
your answer.

4. Suppose that we want to find an Euler polygon approximation to y(1)
where y(t) is the solution to the initial value problem

dy

dt
= f(t, y) = 3t+ y, y(0) = 1,

with a step size h = 0.5. In this case, the Euler polygon starts at
(t0, y0) = (0, 1), and we can find the other points of the Euler polygon
by the formulae

ti+1 = ti + h,

yi+1 = yi + hf(ti, yi).

The above iterative equations then determine (t1, y1), (t2, y2), and so forth
where each yj estimates y(tj). Carry out this procedure to estimate y(1).

t0 = 0 y(0) = y0 = 1

t1 = t0 + .5 = .0 y(.5) ≈ y1 = y0 + .5f(t0, y0) = 1 + .5(3× 0 + 1) = 1.5

t2 = t1 + .5 = 1 y(1) ≈ y2 = y1 + .5f(t1, y1) = 1.5 + .5(3× .5 + 1.5) = 3

Make sure you are comfortable using the table that he gave in class and also
doing this as a free response. He may or may not give you the formulas
the second time around.
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4 Worksheet 4, August 18th

PREP for 8/20: Read text Sections 2.2-2.5, finish worksheet

Variation of Parameters

1. What kinds of DE can be solved using variation of parameters?

linear, first order, homogeneous or non-homogeneous, however homoge-
neous can also be solved using separation of variables

2. What are the three steps of solving these DE’s using variation of param-
eters?

These steps are outlined below.

3. Solve the following DE using variation of parameters:

y′(t) + y(t) = t

(a) Find the homogeneous solution yh.

Set y′(t) + y(t) = 0. Then you have probably learned by now that
yh(t) = Ce−t, or you could solve using separation of variables.

(b) Find a particular solution yp.

We will “judiciously guess” that the solution is of the form yp(t) =
v(t)e−t where v(t) is a function of t that we will determine. Replace the

constant with
v(t)If yp is indeed a solution, then it will satisfy the original DE. Sub yp

into the original DE. We have y′p = v′(t)e−t− v(t)e−t by the product
rule. Then subbing into the original DE gives Plug in yp.

t = y′p(t) + yp(t) = (v′(t)e−t − v(t)e−t) + v(t)e−t = v′(t)e−t.

So for yp to be a solution to the DE, v′(t) = tet.So integrate both sides Solve for v(t).
with respect to t (or you can think about it as separating variables).∫

ν′(t)dt = v(t) =
∫
tetdt

Here we must use integration by parts:
∫
udw = uw −

∫
wdu where

u = t and dw = etdt so du = dt and w = et. (Normally this equations
is written with a v, but since that variable is already in use, we will
use w for the integration by parts.) This gives

v(t) =
∫
tetdt = tet −

∫
etdt = tet − et = et(t− 1).
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So finally, we have

yp = (et(t− 1))e−t = t− 1

(c) What is the general solution?

y(t) = Ce−t + t− 1

Why is the last step valid? 7

Since yh is a solution to the homogeneous equation and yp is a solution to
the differential equation, we have y′h(t) + yh(t) = 0 and y′p(t) + yp(t) = t.
Sub yh + yp into the original DE and use the two stated facts:

d

dt
(yh+yp)+(yh+yp = (y′h+y′p)+yh+yp = (y′h+yh)+(y′p+yp) = (0)+(t) = t

√

4. Solve the following differential equation using variation of parameters,
which was outlined in the first problem. Indicate clearly every step of
your solution.

y′(t)− y(t) = sin(t)

This is another variation of parameters problem that will use integration I think we
might run
into trouble
if we have
y′(t) + y(t)
as was on the
original work-
sheet. Can
someone try
to work this
problem out
and see which
one(s) work
out properly?

by parts. We have yh = Cet

After replacing C with v′(t), we must solve the integral v(t) =
∫
e−t sin(t)dt.

This involves integration by parts twice. First let u = sin(t) and dw =
e−tdt. Then du = cos(t)dt and w = −e−t. The integral becomes:

v(t) =
∫
e−t sin(t)dt = − sin(t)e−t −

∫
e−t cos(t)dt

We must use integration by parts again on this second integral. Let u =
cos(t) and dw = e−tdt. Then du = − sin(t)dt and w = e−t. The integral
becomes:∫

e−t sin(t)dt = − sin(t)e−t −
∫
e−t cos(t)dt

= − sin(t)e−t − (cos(t)e−t −
∫
− sin(t)e−tdt)

= − sin(t)e−t − cos(t)e−t −
∫

sin(t)e−tdt

Adding
∫

sin(t)e−tdt to both sides gives

2
∫
e−t sin(t)dt = − sin(t)e−t − cos(t)e−t

So,

v(t) =
∫
e−t sin(t)dt =

− sin(t)e−t − cos(t)e−t

2
7Hint: Substitute the sum into the left side and use the fact yh is the solution to the

homogeneous DE.

13



and

yp =
− sin(t)− cos(t)

2
and

y = yh + yp = Cet +
− sin(t)− cos(t)

2

y = Cet + − sin(t)−cos(t)
2

5. Suppose you win the CA Megamillions lottery, but you only get one mil-
lion. You deposit this money in a bank account that pays an annual
9% interest compounded continuously and you withdraw 50,000$ over the
course of each year.

(a) Set up an IVP for y(t), the amount of money in the bank t years
after you first deposit it.

y′(t) = .09y(t)− 50, 000, y(0) = 1, 000, 000

This reasons a bit like a rate-in, rate-out problem. The rate in follows
the Malthus model (it is proportional to the amount present) while the
rate out is constant.

(b) Solve for y(t).

This is a separation of variables and then a u-sub for the integral.
(Separate the variables by dividing both sides by .09y(t)− 50, 000.)

(c) How long will the money last?
If I calculated this correctly, setting the solution y(t) = 0, you should
get esomething =something negative, which is not possible. So the
money never runs out.

(d) How long will the money last if you withdraw 900,000$ over each
year?
Set y(t) = 0 and solve for t. Here you should get a number.

5 Worksheet 5, August 20th

PREP for 8/25: Read text, finish worksheet

1. Suppose salt water having a concentration of 2 grams of salt per liter of
water is entering a 200-liter vat of fresh water at 5 liters per minute. The
salt water mixes in with the fresh water and the brine exits by a funnel at
the bottom at the same rate that the salt water is being poured in.
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(a) Set up the IVP describing the amount of salt Q(t) (in grams) in the
vat at time t minutes.

Use Q′(t) =Rate in - Rate out. Rate in (of salt per minute)= 2g/L×
5L/min, and Rate out (of salt per minute)= Q(t)g/200L× 5L/min.
So,

Q′(t) = 10− Q(t)
40

, Q(0) = 0

(b) Solve for Q(t).

Use separation of variables and a u-sub.

(c) What is the long-term behaviour for Q(t)? In other words, what
happens as time goes on? Is this surprising?

Calculate this in two ways: take the limit as t goes to infinity of Q(t)
and compare it to the amount of salt you would expect to be in the
tank assuming that the concentration is increasing to 2 grams of salt
per liter.

2. There are 95 students in your 3C class. Suppose Rob and Garrett, who
will sub for Grace’s sections on Tues., 9/8 decide it is funny to start a
rumor that the final exam on the 10th is canceled. They tell all 40 of
Grace’s students. Initially, only Sonja’s students know the truth.

Let y(t) be the number of students who think there is no exam after
t days. The rate at which the number of students who think there is no
exam grows proportionally to the number of students who know the rumor
and the number of students who have not heard the rumor. The constant
of proportionality is k = ±10.

(a) What is the DE (or IVP) that models the spread of this rumor?8

y′(t) = ky(t)(95− y(t)), y(0) = 40.

(b) If k = 10, is the rumor spreading or being squashed?

In this case y′(t) > 0 so the number of students that think there is no
exam is increasing. (The rumor is spreading.)

What communications occur between Grace’s and Sonja’s students
if k = −10?

In this case y′(t) < 0, Sonja’s students must be trying to squash the
rumor.

8You may safely assume (a) that Grace has left the country and is not around to refute
this rumor, and (b) that Sonja remains unaware of the rumor in time to refute it.
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(c) In each case, how many students do you think came to the final?9

Just take a guess. It doesn’t matter. I would have guessed all students
are doing the same thing since k is a bit large.

(d) How long do you think this model accurately describes the number
of people who think there is no final? Why?

At the time of the exam, this model is no longer valid because the
truth comes out.

(e) Solve this IVP.

This is Separation of Variables and partial fractions.

6 Worksheet 6, August 25th

PREP for 8/27: Read text Sections 2.6, 3.1, prepare for exam, finish worksheet

1. What is a system of differential equations?

A set of DE’s that must all be satisfied simultaneously.

2. What does a solution to a system of differential equations look like?

A set of equations x(t), y(t) etc that when plugged into the system satisfy
EVERY equality.

3. What does an equilibrium solution to a set of differential equations look
like?

The appropriate number of constant solutions: x(t) = x0, y(t) = y0 etc
or you can also write this as a point and understand the two mentioned
constant functions (x0, y0)

4. Given a potential solution to a system of differential equations, how do
you test to see if what you are given is indeed a solution?

Plug in each of the equations in the solution into each DE and check
EVERY equality. This will involve first calculating derivatives.

5. Consider the system of differential equations

dx

dt
= 2− x− y, dy

dt
= −y.

(a) Find the constant solution(s) for the system.

(2, 0) or x(t) = 2, y(t) = 0
9Just make a guess based on how quickly the number of students who think there is no

final is changing initially.
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(b) Find the horizontal and vertical nullclines for this system, and make a
rough sketch of the fluid flow in the (x, y)-plane. Is/are the constant
solution(s) stable?

6. Which of the following are solutions to the previous set of differential
equations? Clearly show or explain why or why not.

(a) x(t) = 0, y(t) = 2 NO

(b) x(t) = e−t(1− t) + 2, y(t) = e−t

(c) y(t) = 0 NO! A solution to this system must have two equations.

(d) x(t) = e−t(1− t) + 2, y(t) = −e−t

(e) y(t) = −e−t NO! A solution to this system must have two equations.

(f) x(t) = e−t(3− t) + 2, y(t) = e−t

For extra practice with phase portraits and vertical and horizontal nullclines,
work problems 17-20 on page 113 of section 2.6 of your text. See my website
for corrections, also from your text.
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