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4. Is the following set of functions in C[0, 1] linearly independent?

S = {cos(t), cos(2t), cos(3t)}

Intuitively, when you try to apply the definition of linear independence: do
there exist nontrivial a, b, c ∈ R so that a cos(t) + b cos(2t) + c cos(3t) = 0,
you should think ‘it would be weird if you could scale trig functions so that they
cancel out with scalars on the inside...’ Scaling trig functions on the outside
changes the altitude while scaling them on the inside changes their period, or
how close together the humps are, but not the height.

The rigourous way to show this is by using the Wronskian, which you learned
in lecture on Thursday the 27th, but this problem would be tedious with that
method. I intended this to be approached intuitively.

5. Is the following set of functions in C[0, 1] linearly independent?

S =

{
cos(

π

2
+ t), cos(π + t), cos(

3π

2
+ t), . . . , cos(

kπ

2
+ t) . . .

}
The original worksheet was missing the plus signs, and this was a typo! Without
the plus signs, I think this set is linearly independent, but I am not sure.

With the plus signs, we can observe

cos(
π

2
+ t) = cos(

5π

2
+ t).

To see this compare π
2 + t to 5π

2 + t on the unit circle. If two vectors in a
set are equal then one certainly depends on the other! We do have a linearly
independent set. To write this in terms of the definition,

0 = Σ∞
k=1ak cos(

kπ

2
+ t)

has a nontrivial solution. Namely, a1 = 1 and a5 = −1, and all other ak’s are
zero. So

0 = Σ∞
k=1ak cos(

kπ

2
+t) = cos(

π

2
+t)−cos(

5π

2
+t)+0·( the rest of the cosine functions ) = 0.

It is important to note that in the definition of linearly independent ALL of the
coefficients must be zero, but here some of them are not.
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