
Linear Algebra Worksheet 7
Math 108A Fall 2009, TA Grace Kennedy

NAME:
Course Website: http://math.ucsb.edu/∼kgracekennedy/F09108A.html
Supplemental Reading: Axler Chapter 5

Invariant Subspaces, Eigenvalues and Eigenvectors

Let F be a field, V be a vector space of dimension n <∞ over F, and let L(V )
be the set of linear transformations from V to V . Unless otherwise stated, all
vector spaces are over this field F. Also, let T , S ∈ L(V )

1. What is the dimension of L(V )?

2. Prove or disprove that the following are invariant subspaces:

(a) The range of T under T .

(b) The range of S under TS.

(c) The span of any set of eigenvectors of T under T .

(d) The span of any set of eigenvectors of T under TS.

3. How many eigenvalues can the linear transformation from Midterm 2 have?
3 −1 0
0 2 −1
−1 0 2
0 1 0
1 0 −1


4. Find a linear transformation on R2 that has no eigenvalues.

5. Does such a linear transformation exist on R3? If so, find it. If not, explain
why.

6. Does such a linear transformation exist on C? If so, find it. If not, explain
why.

7. Let Eλ be the set of eigenvectors of T associated to λ. Eλ is called the
eigen space associated to λ. We will show Eλ is an invariant subspace
under T .

(a) If v is an eigenvector of T with eigenvalue λ, then so is av.

(b) If v1 and v2 are eigenvectors of T with eigenvalue λ, then so is v1+v2.

(c) Show Eλ is an invariant subspace under T . (First explain why it is
a subspace, then show it is invariant.)
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(d) If v1 is an eigenvalue of λ and v2 is an eigenvector of λ′ 6= λ, is v1 +v2
an eigenvector? If so, what is the eigenvalue?

(e) Is Eλ ∪Eλ′ an invariant subspace under T? What about Span(Eλ ∪
Eλ′)? (Hint: Compare to question 1.)

8. Prove or disprove: If λ1 . . . λk are eigenvectors of T , then dimV ≥ dimEλ1+
. . . dimEλk

.

9. Consider the following upper triangular matrix:

A =

 1 2 3
0 2 −1
0 0 3


(a) Give the eigenvalues of this matrix along with a basis for each eigenspace.

(b) How you would find eigenvalues and eigenvectors for any linear trans-
formation represented as an upper triangular matrix? Justify.

10. Is Theorem 5.24 true if we were in an infinite dimensional vector space?
Explain why you think so or give a counter example.

11. Prove or Disprove: If S and T are invertible, then an eigenvalue of ST is
an eigenvalue of TS.

12. Prove or Disprove: If S and T are invertible, then an eigenvector of ST is
an eigenvector of TS.

13. We will consider an element of L(Mat3×3(R)). Let A ∈ Mat3×3(R) be
the matrix  1 0 0

0 2 0
0 0 1


(a) Note, L(Mat3×3(R)) is a vector space! What is the dimension of
L(Mat3×3(R))?

(b) Show that T : Mat3×3(R) → Mat3×3(R) ∈ L(Mat3×3(R)) given
by T (X) = 1

2 (AX + XA) is a linear transformation. (First con-
vince yourself that it does take “vectors” in Mat3×3(R) to vectors in
Mat3×3(R).)

(c) Calculate T of the following matrix x11 x12 x13

x21 x22 x23

x31 x32 x33


(d) Let Mij be the 3 × 3 matrix with 1 in the ijth place and 0’s every-

where else. Show Mij is an eigenvector of T . What is the associated
eigenvalue?
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