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The Heat Equation

Here is the initial value problem for the linear heat equation:

O = 02u, xeR,t >0,
u(x,0) = uo(x)

in one spatial dimension. It is an example of an evolution equation.
By a local solution, we mean a function u = u(x, t) which

1. satisfies the differential relation for (x,t) € R x [0, TJ;

2. recovers the initial data.

Physically, u(x, t) corresponds to the temperature at time ¢t
measured at position x along a thin, perfectly insulated, infinite
length wire.



Local Well-Posedness of Evolution Equations

A central mathematical problem is to determine the existence of
solutions to evolution equations. The initial value problem

Otu = Au, x€eR, t>0,
u(x, 0) = uo(x),
is said to be locally well-posed (LWP) in the function space X if

for every ug € X there exists a time T > 0 and a unique solution u
to the equation satisfying two conditions:

1. The solution persists in the space X, that is,
ue C([0, T]:X).

2. The solution depends continuously on the initial data wp.



The Lebesgue Space L*(R)

It is common to impose a finiteness condition on the initial data.
The function space

[2(R) = {f : ]R—HR‘/Ryf(x)z dx < oo}

captures this idea and has many nice mathematical properties.

1. It has an inner product

(Fg) = /R F(x)g(x) dx.

2. The inner product defines a norm

[fll2 = (/R 1£(x)[? dx)l/2 — (f, /)2,



The Sobolev Spaces H*(R)

Functions in L2(R) may be “rough”. When studying PDE, it is
natural to require functions to be differentiable. This motivates the
definition of the Sobolev space

H (R) = { £ € LR) [IIFIB + 10F13 + -+ + 0£F I3 < oo}

for k € Z*. The Sobolev norm is

1/2
1l = (1113 + 105F13)
Note that

HYc Hk c HF 1 oo c HO = 12



The Sobolev Embedding

If f € H*t1(R), then 9X*1f may be “rough” as it only lies in
L2(R). The Sobolev notion of derivative is weaker than the usual
limit definition.

However, 9Xf must be continuous and bounded, with
[OXF ()] < cl|Fl] s

Abbreviating,
HKY(R) C CA(R).

In particular, if f € H1(R), then f is continuous and bounded.



The Fourier Transform on R

Joseph Fourier employed this transform to study the heat equation.
It is still actively researched in conjunction with PDE.

The spectrum of a function f is given by
F&) = / f(x)e 2™ dx.
R
Often, we can recover f from its spectrum f via inversion

Fx) = /R F(x)e2m de.

We review essential properties of the Fourier transform.



Properties of Fourier Transform

1. The Fourier transform is a linear isometry on L2(R), that is,

(af + Bg)(€) = af(€) + B2(S),  a,BER,

and
112 = [IF]l2-
The above identity is the Plancherel (or Parseval) theorem.

2. Translating f by h units corresponds to multiplying its
spectrum by a function of modulus one.

o —

f(x — h)(&) = e 2™"EF(¢)



Properties of Fourier Transform

3. The derivative is a Fourier multiplier. Observe
Ouf(x) = Ox | F(€)e™2™¢ dg
R
= [ H@oe < dg
R
— [ #O)(-2mig)e > e
R
4. Repeating this procedure, for k € Z™

okf(x) = / F(&)(—2mig)ke™2mx¢ ge.
R



Sobolev Spaces via the Fourier Transform
Recall that f € HX(R), k € Z*, if
112 = IF15 + 105F]5 < oo
Using the properties of the Fourier transform,
117 = IFEI5 + l1(2mie) F ()3
= [ HOP + l2mePF) de
~ [+l IO de
= [I(1 + [E)2F(©)3.

This expression gives an alternate definition of the Sobolev norm.
Intuitively, a function is k-times differentiable if its spectrum has
enough decay to make these integrals finite.
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A Special Solution to the Heat Equation

The initial value problem

O = 02u, x€R, t >0,
u(x,0) = cos(Ax)
with A > 0 has solution
u(x,t) = e_’\thos()\x).

The greater the frequency A of the initial data, the greater the
damping as time evolves. The heat equation is dissipative!



Solution of Heat Equation via Fourier Transform

Suppose up € L2(R). Beginning with the equation d,u = d2u,
apply the Fourier transform in the x-variable. Then

Db, t) = 2ul(é, t)
= (2mi€)*0(¢, t)
= —47%E%0(¢E, t).

For fixed £ € R, we have the following ODE in time

O:ii(t) = — 422 (€, t), t >0,

This ODE has the form y’ = —my, which has solution

mt

y(t) = coe™



Solution and LWP of Heat Equation

Solving the ODE vyields

and so by inversion
_ ~ —4m2€2t  2mixé
u(x,t) = [ 0 e e d¢€.
(x,t) /R 0(§) . , 3
Dissipation!

This expression provides existence and uniqueness of solutions in
the function space X = L2(R) (or HX(R), k € Z*). Note that

N _A242
lu(t)ll2 = [lao(€)e™* <2, >0,

so that the solution persists in L? with norm decreasing in time.
Similarly, the solution depends continuously on the initial data.



Smoothing Effect for the Heat Equation

A solution to the heat equation with up € L?(R) has an L?-norm
which decreases in time. Furthermore

u(-,t) € HX(R) forany k € Z*, t > 0.
The solution is smooth for t > 0! Why is this?
|9k u(-, t)ll2 = [|(2mi€)* e (&)l

—4m2e2¢
< (2m)K[[[¢ e mg(€)])2
< cklluol|2-

An exponential function dominates any polynomial (if ¢t > 0)!

To prove the smoothing effect we used the explicit solution
provided by the Fourier transform. But we can arrive at the same
conclusion using the PDE only.



Integration by Parts

Recall the integration by parts formula

/udv:uvOo —/vdu.
R —o0 R

We can often assume u, v decay as |x| — oo so that

/udv——/vdu.
R R

Also note, from the product rule

1d

df
=f
2dt

(%) = 7



Smoothing Effect for the Heat Equation (Redux)
Suppose up € L2(R) and u = u(x, t) is a solution to

Oru = d2u, x€eR, t>0,
u(x,0) = up(x).

Multiplying the equation by u and integrating in the x-variable

/u@tu dX:/uaf(u dx

R R

= 1/8t(u2) dx:—/8xu8Xu dx
2 Jr R
1d

u?(x, t) dx = —/(8Xu)2(x, t) dx

R

:> —_
2dt Jn

In alternate notation

d
S l@OIE = =2[0u(e)]3-



Smoothing Effect for the Heat Equation (Redux)

Integrating
d
I3 = =2].u(e)]3

in the time interval [0, T], by the fundamental theorem of calculus

)
lu(TIB — [luoll3 = —2 /0 18.u(t)|3 dt.

By assumption, the left-hand side is finite, hence so is the
right-hand side. This allow us to find t* as small as desired so that

19 u(t")]I3 < oo

But now u(-, t*) € H'(R), and so applying the LWP theorem again
shows that the solution persists in H1(R) for all t* <t < T.



g% An lterative Argument

Suppose up € L2(R) and u = u(x, t) is a solution to

O = 02u, xeR, t>0,
u(x,0) = up(x).

1. We proved that u(-, t) € H*(R) for any t > 0.
2. Differentiating the equation

0(deu) = 82(Dyur)

shows Jyu also solves the heat equation.
3. Which means we can apply the smoothing argument again!
4. Now u(-, t) € H?(R) for any t > 0.
5. By induction, u(-, t) € H*(R) for any k € Z*, t > 0.



Heat Equation Summary

1. The initial value problem

Oru = 02u, xeR,t >0,
u(x,0) = up(x).

is well-posed in L?(R) or HX(R).

2. The Fourier transform provides the solution
u(x, t) = / Do(€)e ™™ ¢ 2™ g,
R

3. Exponential decay of the Fourier multiplier shows:
3.1 the L2-norm decreases in time;
3.2 the solution belongs to H*(R) for any k € Z*, t > 0.

4. Using the “energy method” (a.k.a. integrating by parts) we
provided an alternate proof of 3.1 and 3.2.



Table of Contents

Smoothing for Dispersive Equations



The Airy Equation and Special Solution

Here is the initial value problem for the Airy equation:

Oru = —03u, xeR,t >0,
u(x,0) = up(x).

This evolution equation models waves in a narrow channel.

For example, taking initial data up(x) = cos(Ax), with A\ > 0, the
above initial value problem has solution

u(x, t) = cos(Ax + A3t).

Thus the wave cos(Ax) moves leftward with velocity ~ A2, As
velocity depends on frequency, the Airy equation is dispersive!



Solution of the Airy Equation via Fourier Transform

Suppose up € L2(R). Beginning with the equation d,u = —d3u,
apply the Fourier transform in the x-variable. Then

0:0(¢,t) = —(2mi€)*0(E, t) = i(2m)*E (€, 1),
For fixed £ € R, this is an ODE in time with solution
(6, £) = Bo(&)e e

and so by inversion

ulost) = [ () CE 2 .
R

Dispersion!



LWP of the Airy Equation

For up € L?(R) or HX(R), k € Z*, the initial value problem for the
Airy equation has solution

u(x,t) = / Elo(f)e"(zw)%%ez”ixg dé€.
R
This formula provides local well-posedness in these spaces with

u(t)ll e = [[(1 + €2)K/2e/CTV g (&)l
= |1 + ) 200(6)2

= [[uo]| e

That is, the solution persists in L2 or H* with conserved norm.

Conversely, if ug ¢ H*, then u(t) ¢ H* for any t € R. There can
be no smoothing effect like that of the heat equation!



Kato's Smoothing Argument

The persistence property for the Airy equation does not preclude
all smoothing effects.

Figure : A cutoff function x(x) and its translates x(x + vt),v > 0.

Following the intuition that high frequency waves disperse leftward
more quickly than lower frequencies, Kato included a cutoff
function in the energy method. The modified argument only
“sees” the properties of the solution to the right.



An Example Problem

Consider the initial value problem

Oru = —03u, xeR, t>0,
u(x,0) = up(x).

where

(x) 1 -1<x<0
up(x) =
0 0 otherwise.

Then up € L2(R), but it's not continuous so that uy ¢ H(R).
However, ug is very smooth on the interval [0, c0).

We will show that the solution inherits this smoothness.



Smoothing Effect for the Airy Equation
Let u = u(x, t) the solution to d;u = —d3u with initial data wp.
Multiplying the equation by yu and integrating in the x-variable

/ udrux dx = —/ ud3uy dx
R R

1

= = / Or(uPx) — uPdyx dx = —/ ud3ux dx
2 Jr R
1d

1
la 2 1 2 _ 3
>t Ruxdx 2/]Ru Orx dx /Ru8xuxdx

After integrating by parts, we find the solution satisfies

d uzx(x +vt) dx+3 / (8Xu)2x’(x + vt) dx
dt Jy .

= /R u? {vxX'(x +vt)+ X" (x+vt)} dx.



Smoothing Effect for the Airy Equation

Integrating in the time interval [0, T], by the fundamental theorem
of calculus and properties of Y,

-
/ w(x, T)x(x +vT) dx + 3/ /(8Xu)2x’(x + vt) dxdt
R o JR
T
< / u3x(x) dx + c/ / u?(x, t)X'(x + vt) dxdt
R o Jr

;
< uol3 + ¢ /0 lu(o)|3 dt
< (1 + Tl

Assuming up € L2(R), all of these expressions are finite.



Smoothing Effect for the Airy Equation

Let ug € L?(R) and u = u(x, t) be the solution to

Oru = —3u, xeR, t>0,
u(x,0) = up(x).

Then forany T,R >0

/oT/_’;:(aXu)z(Xv t) dxdt < cc.

We gain one derivative in a local sense.



g% An lterative Argument

Differentiating the equation, multiplying by 0yux and integrating:

;
/R(@xu) (6 T)x(x+vT) dx + 3/ /(axu) X' (x + vt) dxdt

/(8uo dx+c/ / (Dxu)?(x, t) dxdt.

The first term is finite by choice of ug, the second by previous case.

Even though up ¢ H*(R), we have proved that for xo € R, t > 0

/ " (0w (x. ) dx < [ 010720, x40 e < o

X0 R

Hence the restriction of u(-, t) to the interval (xp, o0) lies in H*(R)
for t > 0. By induction, the restriction is smooth!



Summary

1. For up € L2(R), the solution u of the heat equation

Oru = 02u, x€eR, t>0,
u(x,0) = up(x)

exhibited a strong smoothing effect. For any t > 0, the
solution u(-, t) lies in H*(R) for any k € Z*.
2. For up € L?(R), the solution u of the Airy equation

Oru = —03u, xeR, t>0,
u(x,0) = up(x).

inherits regularity of the initial data “from the right” only:

w € H*(0,00) = u(-,t) € H*(xp,0), t > 0,x0 € R.



Research

Murray ([4]) analyzed the KdV equation
Oru + 8)3<u + udyu=20

with step data. Kato ([3]) proved that a solution to the KdV
equation has derivatives of all orders if e®™ug(x) lies in L?(R).

Isaza, Linares and Ponce ([1], [2]) proved versions of the theorem
found in this talk for the KdV and Benjamin-Ono equations.

In an upcoming paper, Prof. Segata (Tohuku University) and
myself extend these results to higher order dispersive equations like

Ot — D2u + ud3u = 0.
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