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Abstract. In the last decade, there has been a continued effort to produce families of strong linearizations of a matrix
polynomial P(X), regular and singular, with good properties, such as, being companion forms, allowing the recovery of eigen-
vectors of a regular P(\) in an easy way, allowing the computation of the minimal indices of a singular P()) in an easy way, etc.
As a consequence of this research, families such as the family of Fiedler pencils, the family of generalized Fiedler pencils (GFP),
the family of Fiedler pencils with repetition, and the family of generalized Fiedler pencils with repetition (GFPR) were con-
structed. In particular, one of the goals was to find in these families structured linearizations of structured matrix polynomials.
For example, if a matrix polynomial P(\) is symmetric (Hermitian), it is convenient to use linearizations of P(\) that are also
symmetric (Hermitian). Both the family of GFP and the family of GFPR contain block-symmetric linearizations of P()), which
are symmetric (Hermitian) when P(\) is. Now the objective is to determine which of those structured linearizations have the
best numerical properties. The main obstacle for this study is the fact that these pencils are defined implicitly as products of
so-called elementary matrices. Recent papers in the literature had as a goal to provide an explicit block-structure for the pencils
belonging to the family of Fiedler pencils and any of its further generalizations to solve this problem. In particular, it was shown
that all GFP and GFPR, after permuting some block-rows and block-columns, belong to the family of extended block Kronecker
pencils, which are defined explicitly in terms of their block-structure. Unfortunately, those permutations that transform a GFP
or a GFPR into an extended block Kronecker pencil do not preserve the block-symmetric structure. Thus, in this paper we
consider the family of block-minimal bases pencils, which is closely related to the family of extended block Kronecker pencils,
and whose pencils are also defined in terms of their block-structure, as a source of canonical forms for block-symmetric pencils.
More precisely, we present four families of block-symmetric pencils which, under some generic nonsingularity conditions are
block minimal bases pencils and strong linearizations of a matrix polynomial. We show that the block-symmetric GFP and
GFPR, after some row and column permutations, belong to the union of these four families. Furthermore, we show that, when
P()) is a complex matrix polynomial, any block-symmetric GFP and GFPR is permutationally congruent to a pencil in some
of these four families. Hence, these four families of pencils provide an alternative but explicit approach to the block-symmetric
Fiedler-like pencils existing in the literature.
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1. Introduction. The standard approach to numerically solving a polynomial eigenvalue problem
(PEP) associated with a matrix polynomial (whose matrix coefficients have entries in a field F) of the
form

k
(1.1) P(N) =Y AN, with A, Ay,..., Ax € F™",
i=0
starts by embedding the coefficients of P(\) into a matrix pencil (that is, a matrix polynomial of grade equal
to 1). This process is known as linearization, and it transforms the given PEP into a generalized eigenvalue
problem (GEP). Then, the obtained GEP can be solved by using the QZ algorithm [24] or the staircase
algorithm [27, 28], for example.

The literature on linearizations is huge as can be seen, for example, by counting all the references in
[5] concerning this topic. The best well-known examples of linearizations of a matrix polynomial P(\) as in
(1.1) are the so-called Frobenius companion forms given by
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We note that here and throughout the paper, we sometimes omit the block-entries of a matrix polynomial
that are equal to zero as we have done above. The algorithm QZ implemented in Matlab to solve the PEP
uses the first Frobenius companion form as a linearization by default.

Frobenius companion forms have many desirable properties from a numerical point of view, as i) they are
constructed from the matrix coefficients of P(\) without performing any arithmetic operations; ii) they are
strong linearizations of P(\) regardless of whether P()) is regular or singular [11, 13]; iii) the minimal indices
of P(\) are related with the minimal indices of the Frobenius companion forms by uniform shifts [10, 11];
iv) eigenvectors of regular matrix polynomials and minimal bases of singular matrix polynomials are easily
recovered from those of the Frobenius companion forms [11]; and v) solving PEP’s by applying a backward
stable eigensolver to the Frobenius companion forms is backward stable [15, 28]. Nonetheless, solving a
PEP by solving the GEP associated with a Frobenius companion form presents some significant drawbacks.
For instance, if the matrix polynomial P()) is symmetric (Hermitian), that is P(A\)T = P()\) ( F = C and
P(X\)* = P())), neither of the Frobenius companion forms is symmetric (Hermitian). Since the preservation
of the structure has been recognized as key for obtaining better (and physically more meaningful) numerical
results [22], this drawback has motivated an intense research on structure-preserving linearizations; see, for
example [2, 3, 4, 6, 7, 12, 16, 22, 25, 29], to name a few recent references on this topic. There are many
papers in the literature addressing the problem of constructing symmetric (Hermitian) strong linearizations
of symmetric (Hermitian) matrix polynomials. Most of these papers approach the problem by constructing
first block-symmetric strong linearizations, as it is done, for example, in [3, 4, 20, 22].

Among the block-symmetric linearizations in the literature, it has been shown that, within the vector
space of block-symmetric pencils DL(P) [20, 21], the first and last pencils in its standard basis, denoted by
D1(X, P) and Dy(), P), respectively, have almost optimal behavior in terms of conditioning and backward
error when used to compute an eigenvalue § of P()), as long as [6| > 1 if Dy(A, P) is used or |[0] < 1
if Dy(A, P) is used [19, 26]. A natural question is whether a single block-symmetric linearization can be
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found with good conditioning and backward error regardless of the modulus of § or if any block-symmetric
linearizations outside DIL(P) present a better numerical behavior than D; (A, P) and Dy (A, P). One possible
approach to answering these questions consists in replacing some nonzero blocks of the form +A; in the
matrix coefficients of these pencils (which can be seen as block-matrices whose blocks are of the form 0,
+1I,, and +A;) by zero or identity blocks. But in order to do that, it is necessary to identify which of
those blocks are essential to keep a given linearization a linearization of P()A) as they are replaced by
zero or identity blocks. Thus, an explicit block-structure of the well-known block-symmetric pencils in
the literature that allows to determine easily if they are a linerization of P(\) or not can be useful, for
example, to accomplish this goal. In this paper we focus on the block-symmetric pencils in the families
of Fiedler-like pencils presented in [3, 4], which are known as block-symmetric generalized Fiedler pencils
(block-symmetric GFP) and block-symmetric generalized Fiedler pencils with repetition (block-symmetric
GFPR). The block-symmetric GFP are strong linearizations of any P(A). The block-symmetric GFPR are
strong linearizations of P(A) modulo some generic nonsingularity conditions. Moreover, all block-symmetric
GFP and GFPR are symmetric (Hermitian) when P()) is. Furthermore, they share some of the desirable
properties of the Frobenius companion forms mentioned above. The main disadvantage of these pencils is
that they were defined implicitly in terms of products of elementary matrices, which makes it difficult to
study their algebraic and numerical properties. Thus, identifying their block structure might solve some of
these difficulties.

The family of block minimal bases pencils was recently constructed with the goal of performing a
backward stability analysis of PEP’s when solved by linearization [15]. These pencils are defined by their
explicit block-structure. Moreover, it has been shown that, modulo some generic nonsingularity conditions,
Fiedler pencils, generalized Fiedler pencils, Fiedler pencils with repetition (and, thus, the standard basis of
the DIL(P) space), and generalized Fiedler pencils with repetition are permutationally equivalent to block
minimal bases pencils [5, 15]. However, none of these results takes into account any extra structural properties
that these pencils might possess. For example, given a block-symmetric GFPR, the results in [5, 15] do not
guarantee that this pencil is permutationally block-congruent' to a block-symmetric block minimal bases
pencil. The focus of this paper is not on constructing new families of block-symmetric pencils but on
identifying a family of block-symmetric pencils, that under some generic nonsingularity conditions are block
minimal bases pencils, and showing that the block-symmetric GFP and the block-symmetric GFPR, are
permutationally block-congruent to a pencil in that family. This family of block-symmetric minimal bases
pencils can be divided into four subfamilies, two associated with odd degree polynomials and two associated
with even degree polynomials. Each of these subfamilies is built by applying certain block-congruences to a
very simple block-symmetric block minimal bases pencil, the “skeleton” or “generator” of the family. The
“skeleton” of each family contains a “minimal” block-structure (in the sense that its matrix coefficients
contain more zero blocks and less nonzero nonidentity blocks than any other pencil in the family) that
guarantees it being a strong linearization of a given matrix polynomial P()). Hence, this approach allows to
identify the block-entries of the block-structure of strong linearizations based on block-symmetric Fiedler-like
pencils (including the basis of DL(P)) that are essential to embed the spectral information of P()) in the
pencil and the block-entries that are not while preserving the block-symmetry. We expect these “skeletons”
to be candidates to have optimal numerical properties among the block-symmetric linearizations in the family
they “generate”.

The rest of the paper is structured as follows. In section 2, we review the basic theory of matrix

LGiven two block-symmetric pencils L1(\) and Lz2()), we say that they are permutationally block-congruent if there exists
a block-permutation matrix Q such that L1(\) = QL2(\)QB, where MB denotes the block-transpose of the matrix M
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polynomials, linearizations, minimal bases and dual minimal bases needed throughout the paper. In Section
3, we recall the definitions of the family of block minimal bases pencils and the family of extended block
Kronecker pencils. By using extended block Kronecker pencils, we introduce in Section 4 four families of
block-symmetric pencils which are block minimal bases pencils under generic nonsingularity conditions, and
contain infinitely many block-symmetric strong linearizations of a matrix polynomial. These pencils are
explicitly defined in terms of their block-entries. In Section 5, we recall the definitions of block-symmetric
GFP and block-symmetric GFPR. Finally, in Section 6 we give a result that states that the block-symmetric
GFP associated with an odd degree matrix polynomial and any block-symmetric GFPR is permutationally
block-congruent to a pencil belonging to some of the four families introduced in Section 4. Thus, these four
families of pencils provide an alternative and simplified approach to block-symmetric Fiedler-like pencils by
providing their explicit block-structure. The proof of the result for the block-symmetric GFPR turns out to
be quite involved, long and highly technical. One reason for this is that the family of block-symmetric GFPR
is infinite and we are stating theorems that hold true for all the pencils in this family. The other reason, as we
said before, is that these pencils are defined in an implicit way in terms of products of matrices, which makes
the work with them quite cumbersome. The implicit definition of these pencils also leads to the use of a very
heavy notation. Since the proof of this result is very similar to the proof of Theorem 8.1 in [5], we include
its proof in the Appendix. Now that we have an explicit definition of the block-symmetric GFPR in terms of
their block entries, all the notation and the original implicit definition can be abandoned. What remains is
a simpler description of block-symmetric Fiedler-like linearizations as block-symmetric block minimal bases
pencils. This explicit definition of the block-symmetric GFPR has already proven to be useful. In [8; 9], it
has been used to identify sparse pencils that outperform numerically (in terms of conditioning and backward
error) the block-symmetric linearizations D1 (A, P) and Di(A, P) in the standard basis of DL(P).

2. Notation and background. Throughout the paper, we use the following notation. If ¢ and b are
two integers, we define
a,a+1,....b, ifa<b,
a:b:= .
0, if a > b.

In this work we consider square matrix polynomials whose matrix coefficients have entries in a field F,
that is, matrix polynomials as in (1.1) with m = n. The number k in (1.1) is called the grade of P(\). The
degree of P(\) is defined as the largest d such that Ay # 0. Notice that the degree is a number intrinsic to
P(\), while the grade is an option (larger than or equal to the degree).

A square matrix polynomial P () is said to be regular if the scalar polynomial det(P (X)) is not the zero
polynomial; otherwise P()) is said to be singular. Furthermore, if det P(A\) € F, P(\) is called a unimodular
matriz polynomial. The complete eigenstructure of a regular matrix polynomial consists of its finite and
infinite elementary divisors. For a singular matrix polynomial, the complete eigenstructure consists of its
finite and infinite elementary divisors together with its right and left minimal indices. For more detailed
definitions of the complete eigenstructure of matrix polynomials, we refer the reader to [14, Section 2].

By the polynomial eigenvalue problem (PEP) associated with a matrix polynomial P()), we refer to the
problem of computing the complete eigenstructure of P(\). If P()) is a matrix pencil, the associated PEP is
referred to as a generalized eigenvalue problem (GEP). A strong linearization of a regular matrix polynomial
P()) is a matrix pencil £(A) having the same finite and infinite elementary divisors as P(\); when P()) is
singular, a strong linearization must also have the same numbers of right and left minimal indices as P(\).
Hence, the PEP associated with the polynomial P(\) can be solved by solving the GEP associated with
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L(A) provided that the minimal indices of P(A) and L()\) are related in a simple way.

Given two matrix polynomials P(A\) and Q()\) of the same size, we recall the following equivalence
relations. The polynomials P(\) and Q()) are said to be

(i) unimodularly equivalent if there are unimodular matrix polynomials U(\) and V() such that Q(\) =
UAN)P(A)V(A); and
(ii) strictly equivalent if there are nonsingular constant matrices U and V' such that Q(A) = UP(\)V.

We recall that unimodular equivalence preserves the finite eigenstructure of matrix polynomials, while strict
equivalence preserves the whole eigenstructure [18]. In this work we also use the following concepts exten-
sively.

(i) Given an s x t block matrix M = [M;;] with n x n block-entries M;;, the block-transpose matrix of
M, denoted by MPB, is the t x s block-matrix whose (4, j) block-entry is M;;.

(i) Given a kxk block matrix M = [M;;] with n xn block-entries M;;, we say that M is block-symmetric
if MP =M.

(iii) A kn x kn permutation matrix II is called a block-permutation matrix if II = P ® I,,, for some k x k
permutation matrix P, where ® denotes the Kronecker product of two matrices.

(iv) We say that the matrix polynomials P(A) and Q(\) are permutationally equivalent if there are
permutation matrices II; and Il such that Q(A) = II; P(M\)Il,.

(v) We say that the kn x kn matrix polynomials P(\) and Q(\) are permutationally block-congruent if
there exists a block-permutation matrix IT such that Q(\) = IIP(A)IIP.

We notice that permutational equivalence and, thus, permutational block-congruency are particular in-
stances of strict equivalence. Hence, the matrix polynomials P()\), IIP(A)IIZ and II; P(A)II, have the same
eigenstructure (finite, infinite and singular). Furthermore, since the block-entries of any block permutation
matrix IT are either the zero or the identity matrices, P()) is block-symmetric if and only if IIP(A)II? is
block-symmetric.

Here and thereafter, we denote by F[A]"*™ the set of m x n matrix polynomials, by F(A) the field of
rational functions over F and by F()\)™ the set of n-tuples with entries in F()\). By F we denote the algebraic
closure of F. Any subspace W C F(\)" is called a rational subspace. We recall that any W C F(A)™ has
bases consisting entirely of vectors with polynomial entries.

Key for this work are the so-called minimal bases and dual minimal bases, introduced by Forney [17].
For their definitions, we rely on the concept of row-degrees vector of an m x n matrix polynomial P()),
which is a row vector of length m whose ith component is the maximum of the degrees of the entries in the
1th row of P(\). For example, the row-degrees vector of the matrix

b Y

(2.2) 0 1 \

is [2,1].
DEFINITION 2.1. Let W be a rational subspace of F(A\)™. We say that a matriz polynomial L(\) €
F[A]™*"™ is a minimal basis of W if its rows form a basis for W and the sum of the entries of its row-degrees

vector is minimal among all the possible polynomial bases for W. Furthermore, the entries of the row-degrees
vector of L(\) are called the minimal indices of W.

REMARK 2.2. For simplicity, we say that “L(\) € F[]A]™*" is a minimal basis” to mean that “L(X\) is a
5



minimal basis for the subspace of F(A)™ spanned by its rows”.

The following characterization of minimal bases is very useful in practice.

THEOREM 2.3. Let L(A) € FA]™*™ and let [dy, ..., dn] be the row-degrees vector of L(A). Then, L(\)
is a minimal basis if and only if L(X\o) has full row rank for all \g € F and the m x n constant matriz whose
(i,7)th entry is the coefficient of X% in the (i, j)th entry of L(\) has full row rank.

EXAMPLE 2.4. The matriz polynomial in (2.2) is a minimal basis because it clearly has full row rank for

every Ao € F and the matriz [3§ 9] has full row rank as well.

DEFINITION 2.5. Two matriz polynomials L(A) € F[A]™*™ and N(X) € F[A\]"2*™ are called dual mini-
mal bases if my +ma =n, L(A)N(A\)T =0, and L(\) and N(\) are both minimal bases.
REMARK 2.6. We will say that “N(X) is a minimal basis dual to L(X)”, or vice versa, when referring

to matriz polynomials L(\) and N(X) as those in Definition 2.5.

Continuing with the example in (2.2), it is easy to show that the matrix polynomials

2 —
E Al 1AA} and [M+A-1 —-X 1]

are dual minimal bases.

In the following proposition, we introduce the most important pair of dual minimal bases used in this
work.

PROPOSITION 2.7. [15] Let

-1 A
-1 A
(2.3) Ls(\) = . . c IE‘[)\]sx(erl)7
-1 A
and
(2.4) As(N) = [)\s RS 1] c IB‘[)\]lX(Squ)'

Then, for every positive integer p, the matriz polynomials Ls(A) @ I, and As(\) @ I, are dual minimal bases.

The following proposition concerning dual minimal bases will be useful.

PROPOSITION 2.8. Let L(\) be a minimal basis. If B is a nonsingular matriz, then BL(X) is also a
minimal basis. Further, if N(X\) is any minimal basis dual to L(X), N(\) is also dual to BL(X).

Proof. The proof follows immediately from the characterization of minimal bases in Theorem 2.3, and
the definition of dual minimal bases in Definition 2.5. ]

3. Block minimal bases pencils and extended block Kronecker pencils. We recall in this
section the familis of block minimal bases pencils and of extended block Kronecker pencils, and state their
main properties used in this work.



3.1. Block minimal bases pencils. The block minimal bases pencils were introduced in [15]. The
definition of block minimal bases pencil involves the concept of minimal basis and pair of dual minimal bases
introduced in the previous section.

DEFINITION 3.1. A matriz pencil

(3.5) C(A) =

M) | GV ]
Gi(N) | 0

is called a block minimal bases pencil if G1(\) and G2(\) are both minimal bases. If, in addition, the row-
degrees vector of G1(\) (resp. Ga(\)) have all entries equal to 1 and the entries of the row-degrees vector of
a minimal basis dual to G1(\) (resp. G2(X\)) are all equal, then C(X) is called a strong block minimal bases
pencil.

A fundamental property of any strong block minimal bases pencil of the form (3.5) is that it is a strong
linearization of some matrix polynomial expressed in terms of the block-entry M(A) and the dual minimal
bases of G1(A) and Ga()).

THEOREM 3.2. [15, Theorem 3.3] Let C(\) be a strong block minimal bases pencil as in (3.5). Let N1(\)
(resp. Na(X)) be a minimal basis dual to G1(\) (resp. Ga(\)) whose row-degrees vector has equal entries.
Let

(3.6) QM) 1= Na(\)M)N; (V)7
Then, C(X) is a strong linearization of Q(\), considered as a polynomial of grade 1+deg(N1(X\))+deg(Na2(A)).

3.2. Extended block Kronecker pencils. Next we recall a family of pencils that has played an
important role in the canonical expression of the GFP and GFPR in terms of their block-structure [5]. The
pencils in this family are called extended block Kronecker pencils. In their definition, we use the dual minimal
bases Lg(A) and As(A) introduced, respectively, in (2.3) and (2.4).

DEFINITION 3.3. [5, Definition 3.5] Let M () be an arbitrary (¢+1)m X (p+ 1)n pencil. Let A € FP*"P
and B € F™4*™4 pe arbitrary matrices. Then the matriz pencil

— M()\) ‘ (Lq()‘)T & Im)B } (g+1)m
(3.7) W= A(L,(\) @ T,) | 0 } pn
(p+1)n qm

where L,(A) and Ly(X) are as in (2.3), is called an extended (p,n, g, m)-block Kronecker pencil or, simply,
an extended block Kronecker pencil. When A = I,,,, and B = L, then C()) is called a block Kronecker
pencil. The block M()) is called the body of C()).

Note that, if A and B are nonsingular matrices, then C'(}) is a (strong) block minimal bases pencil (see
Proposition 2.8). However, if either A or B is singular, it is not guaranteed that C'()\) is a block minimal
bases pencil.

One advantage of the extended block Kronecker pencils with A and B nonsingular over more general
strong block minimal bases pencils is that it is easy to give simple characterizations for all the grade-1
solutions M () of the equation

(3-8) (AgN)T @ L) M(N) (A (N) @ 1) = P(N),
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for a prescribed matrix polynomial P(A) of grade k =p+ g+ 1.

The following definition will be used in one of such characterizations.

DEFINITION 3.4. [5, Definition 3.7] Let M(\) = AM; + My € F[AJ(@tDmx®+On pe g matriz pencil and
set k:=p+q+ 1. Let us denote by [My);; and [Ma];; the (i, j)th block-entries of My and M, respectively,
when My and My are partitioned as (¢ + 1) X (p+ 1) block-matrices with blocks of size m x n. We call the
antidiagonal sum of M (\) related to s € {0 : k} the matriz

AS(M, s) = Z [Mi]i; + Z [Mo]i-

i+j=k+2—s i+j=k+1—s

Additionally, given a matriz polynomial P(\) = Z?:o AN € FIN™ " we say that M()\) satisfies the
antidiagonal sum condition (AS condition) for P(X) if

(3.9) AS(M,s) =A,, s=0:k.

The AS condition has been used in the construction of large classes of linearizations of a matrix polynomial
P()\) easily constructible from the coefficients of P(\); see [15, Theorem 5.4] or [16, Section 3].

EXAMPLE 3.5. Let P(\) = S.0_, A;X'. The matriz pencil
Ash 0 0
MO) =] A 0 0
Ash Ah A+ Ag
satisfies the AS condition for P(\).
THEOREM 3.6. Let P(\) = Zf:o AN € FIN™ ", and let C(\) be an extended block Kronecker pencil
as in (3.7) with p+ q + 1 = k and with body M (\). The following conditions are equivalent.

(a) The pencil M(X) satisfies (3.8).
(b) The pencil M()\) satisfies the AS condition for P()).
(¢) The pencil M(X) is of the form

M(X) = Mo(A) + C1(Ly(A) @ 1) + (Lg(A)T @ 1) Co,
where Mo(\) is any solution of (3.8) and Cy € Flatmxen gnd Cy € FIm*x®HO" gre arbitrary

matrices.

Proof. The proof that (a) and (b) are equivalent can be obtained by some simple algebraic manipulations.
The proof that parts (a) and (c) are equivalent can be found in [16] (in a paragraph just before Theorem
1). |

Now, as an immediate consequence of Theorem 3.6, we obtain the following family of strong linearizations
of P()).

THEOREM 3.7. Let P(\) be a matriz polynomial, and let p, q be nonnegative integers such that p+q+1 =
deg(P(N)). Let My(\) be a pencil satisfying the AS condition for P()\). Then, any pencil of the form

Mo(A) + C1(Lp(N) @ ) + (Lg(N)T @ 1,)Cs | (Lg(N)T @ 1) Ba
Bl(LpO‘) ®I,) ‘ 0 ’

(3.10)



where Cy € FlatDmxpn gnd €y € FImx®e+tOn gre grbitrary matrices, and By € FP"*P" qnd B, € Famxam

are arbitrary nonsingular matrices, is a strong linearization of P()\).

Proof. The result is an immediate consequence of Theorems 3.2 and 3.6, together with the fact that,
when the matrices By and By are nonsingular, the extended block Kronecker pencil (3.10) is a strong block
minimal bases pencil (see Proposition 2.8). |

REMARK 3.8. Observe that any pencil of the form (3.10) is an extended block Kronecker pencil whose
body satisfies the AS condition for P(X\) since, given two matrix pencils My (X) and Ma(X), AS(M1+ M, s) =
AS(My, s) + AS(Ma, s). Moreover, the pencil in (3.10) can be expressed as follows:

I ¢ I 0
0 B Cy By |’

Theorem 3.7 will be key to provide a simple canonical block-structure for block-symmetric Fiedler-like

Mo(A) | LT @ I,
L,(\) @1, ‘ 0

pencils under permutational block-congruence operations. The description of these block-structures is the
main goal of the following section.

4. The four families of block-symmetric minimal bases pencils. We introduce in this section
four types of block-symmetric pencils associated with a matrix polynomial P()), which are block minimal
bases pencils, under some generic nonsingularity conditions, and we give their explicit block structure. We
will show later that the block-symmetric Fiedler-like pencils known in the literature belong to one of these
families, modulo a permutational block-congruence.

Since block-symmetric Fiedler-like pencils are only defined for square matrix polynomials, here and
thereafter, we restrict our study to square matrix polynomials P(\) € F[A]"*™. As the size of P()) is always
going to be denoted by n, there is no risk of confusion if we introduce the notation

with Ls(A) as in (2.3). We note that
(4.11) KN =K,\)% and (A.(\) @ L) = (A.(\) @ 1,5,

with As(A\) as in (2.4), when K (A) is seen as an s x (s + 1) block matrix with blocks of size n x n and
As(N) ® I, is seen as a 1 x (s + 1) block matrix with blocks of size n x n. Moreover, if B is an s X s block
matrix, then

(4.12) (BK,(\)B = K,(\)?B® = K,(\)TB5.

Additionally, we introduce the block-symmetric pencil
AQq + Qa—1
(4.13) M\ Q) = € F[A]
AQ1 + Qo

(d+1) |, n(d+1)
n = >< n =

associated with a matrix polynomial Q(X\) = Z?:o QiN' € F[A\]™*" of odd degree d, which will play a
fundamental role in what follows. Notice that M (X; Q) satisfies the AS condition for Q(A).
9



Associated with the matrix polynomial P(X\) = Zf:o AN € FIA]™ ", we define the following matrix
polynomials

(4.14) PP i= A AT AAL + A,
(4.15) PEEON) = A N2 Apd + A, and
(4.16) P 1(\) =AM A + A,

which will be used in the definition of the four families of block-symmetric pencils introduced in this section.
Note that P*=1()\) is a truncation of degree k — 1 of P(\) while P,_1(\) is the so-called (k — 1)th Horner
shift polynomial associated with P(\).

4.1. The first fundamental block-structure. We introduce here the first of the families of block-
symmetric pencils. Let P(X\) € F[A]"*™ be a matrix polynomial of odd degree k, and let s := (k —1)/2. We
start by defining the pencil

M\ P) | K(N)T

(4.17) or(\\) = o) |0

] c F[}\]nkxnk

where M ()\; P) is defined in (4.13). By Definition 3.3, the pencil OF()) is an (s,n, s,n)- block Kronecker
pencil and a strong block minimal bases pencil. Furthermore, taking into account (4.11), it is clearly
block-symmetric. Notice additionally that, by Theorem 3.7, OF ()) is a strong linearization of P()\) because
M (\; P) satisfies the AS condition for P()\). Thus, the pencil OF ()) is a block-symmetric strong linearization
of P()).

We can obtain many more block-symmetric strong linearizations of P(\) by considering pencils obtained
by applying the block-congruence

M\ P) | KW
K\ | 0

(4.18) [ Lotn € }

I(erl)n 0
0 B ’

cB BB

where B = [B;;] is an s x s block matrix and C' = [C};] is an (s+1) x s block-matrix, with n x n block-entries
B;; and C;j, respectively. The pencil (4.18) motivates the first fundamental block-structure family associated
with the matrix polynomial P(\).

DEFINITION 4.1. Let P(\) = Zf:o AN € FIN™™ be a matriz polynomial of odd degree k, and let
s = (k—1)/2. The first fundamental block-structure family, denoted by (OF), is the set of pencils of the
form

(4.19) [ M(X; P) + CK,(A\) + K (\)CP | Ky(\)TB®

BK,()\) | 0

where M (X; P) is defined in (4.13), and B = [B;j] and C = [Cj;] are, respectively, some arbitrary s X s block
matriz and (s + 1) x s block matriz, with n x n block-entries B;; and Cj;.

REMARK 4.2. The matriz pencil in (4.19), which is also the pencil in (4.18), can be expressed as follows:

I(s-i—l)n C
0 B

K.\ | 0 0 B

MO\ P) | K0T ] [ Iy C r’,

10



where the block transpose is applied on the matrix [ I(s'(;l)" g } when considered a k X k block matrix.

That is, every pencil in (OF) is block congruent to OF and, therefore, block-symmetric.

By (4.11) and Definition 3.3, any pencil in the family (OF) is a block-symmetric (s,n, s, n)-extended
block Kronecker pencil. Moreover, if B and B? are nonsingular, each pencil in this family is a strong block
minimal bases pencil, which leads to the following theorem.

THEOREM 4.3. Let P(\) = Zf:() AN € FN™™ be a matriz polynomial of odd degree k, let s =
(k —1)/2, and let L(\) € (OF), that is, L()\) is of the form (4.19). If B and B® are nonsingular, then the
pencil L(A) is a block-symmetric strong linearization of P(X). Moreover, if P(\) and all the block-entries
B;; are symmetric (resp. Hermitian), then the pencil L(\) is symmetric (resp. Hermitian).

Proof. The fact that L£()) is a strong linearization of P(\) when B and BP are nonsingular is an
immediate consequence of Theorem 3.7. The pencil £(A) is block-symmetric as a consequence of (4.11),
together with the fact that M (\; P) is block-symmetric. The fact that £()) is symmetric (resp. Hermitian)
when P(\) and all the block-entries B;; of B are symmetric (resp. Hermitian) follows easily from the
facts that M(\; P) is symmetric (resp. Hermitian) when P()) is symmetric (resp. Hermitian), and that
BB = BT (BB = B*) and CB = CT (CP = C*) when all the block-entries B;; and C;; are symmetric (resp.
Hermitian). |

EXAMPLE 4.4. As mentioned in the introduction, the best well-known block-symmetric pencils in the
literature are those in the vector space DL(P). The pencils in the standard basis of this space are block-
symmetric GFPR of special importance. Let P(X) be a matriz polynomial of odd degree k and let m be an
odd positive integer. Then, as we will show in Theorem 6.2, the mth pencil D,,(\, P) in the standard basis
of DL(P), which is a GFPR with parameter h = k — m, is permutationally block-congruent to a pencil in
(OF). This holds, in particular, for D1(X, P) and Dg(), P).

4.2. The second fundamental block-structure. We introduce in this section the second fundamen-
tal family of block-symmetric pencils. This family is also associated with odd-degree matrix polynomials,
but describing its block-structure is more involved.

Let P(\) = Zf:o A; A" be an n x n matrix polynomial of odd degree k, and let s := (k —1)/2. First, we
define the pencil

~Ag M, 0 0 0
M T P N I -
M(x; PE-1) K,
(4.20) (’)5()\) =1 0 1 (7)[ 7’“717) - 17407 e 717():)7 iE
0, 0 Ay |-\ 0
0 ' KA ' 0 | 0

where PF—1()\) is defined in (4.15) and M(\; Pi~}!) is defined in (4.13). Notice that the pencil OF()) is
a block-symmetric block minimal bases pencil. However, this pencil is not an extended block-Kronecker
pencil.

Next we give an example to clarify the block-structure of the pencil OF ().

11



EXAMPLE 4.5. Let P(\) = Y.1_, A;\ € F[\"*". Then,

—A7 A\A; 0 0 L0 0 0
’}A{fﬂgligfffb 777777 difoéfailffbf’
0 0 ANAy + As 0 [ 0 AN, -1,
OyN=| 0, 0 0 Myt+A | A | 0 M,
0 1 0 0 Ay I —AAg 0 0
0o, —I, M, 0 , 0 0 0
0 0 —1I, A, 0 0 0

Notice that, if we denote by Iy the block-permutation matrix that permutes the first block-column of OF with
the block-columns in positions 2-5, we have

P M) | K3s(\)" By
OF VT = | e LI |
[ AAy 0 0 0 —-A; 0 0
Mg + As 0 0 0 N, -1,
0 ANAy + Az 0 0 0 A, -1,
0 0 Ao + Ay Ay 0 0 M, |,
0 0 Ap —AAp 0 0 0
-1, M, 0 0 0 0 0
L 0 -1, M, 0 0 0 0 |
where
0 0 —-A A; 0 0
Bi=|1, 0 0 and Bs = 0o I, O
0 I, 0 0o 0 I,

Thus, although OL ()\) is not an extended block Kronecker pencil, it is only a column-permutation away from
being so. It is easy to see that the body M(N\) of OF(MIly satisfies the AS condition for P(\). Hence, by
Theorem 3.7 and Remark 3.8, the pencil OF (M1Ila, and therefore OF(N), is a strong linearization of P()\) if
Ay and Ay are nonsingular matrices.

The procedure used in the previous example can be generalized to matrix polynomials of any odd-degree

k. Denoting by Il5 the block-permutation matrix that permutes the first block-column of OF()), defined in

(4.20), with the block-columns in positions 2 through s + 2 = %, we obtain

My 0 ; 0 Ay 0
******** R DV TR
MO\ PF1Y | kg T
(4.21) OF (M1, := (A Pemy) 1 Ao 0o +°° 1Y ,
0 A M 0 0
Kea(A) 10 0o 0

which is an (s,n, s, n)-extended block Kronecker pencil. Furthermore, if Ag and Aj are nonsingular, from
Theorem 3.7, Remark 3.8, and the fact that

Mg 0 L0
S M P S
0
M(\; PF1y ! ’
( k 1) 1 AO



satisfies the AS condition for P(\), it is immediately obtained that the pencil in (4.21) is a strong linearization
of P(\). In summary, the pencil OF()) is a block-symmetric strong linearization of P()) if Ay and Ay
are nonsingular. Moreover, OF()\) is symmetric (resp. Hermitian) whenever P()) is symmetric (resp.
Hermitian).

Motivated by the block-structure of the pencil (4.21) and by Theorem 3.7, we now consider a subfamily of
extended block Kronecker pencils constructed from O (M\)II,. Note that, among all the possible operations
that would transform OF (A\)II, into another extended block Kronecker pencil, we are only applying some
that will preserve the block-symmetry once the (s + 2)th block column is permuted back to the original
position, that is, the first block-column. More precisely, we begin by considering pencils of the form

I, 0 0 B I, 0 0 0
o I, 0 C p 0o I, 0 0
4.22 I
(4.22) 0 0 I, D Oz (M o o I, 0 |’
0 0 0 E cB DB BB EB

for some arbitrary 1 x (s—1), s x (s—1), 1 x (s—1) and (s—1) x (s — 1) block matrices B = [B;;], C = [C};],
D = [D;;] and E = [E;j], with n x n block-entries B;;, C;;, D;; and E;.

Then, permuting the (s + 2)th block-column of the above pencil back to the first position, we get

I, 0 0 B 0o 0 I, 0
0 I, 0 C | ,p I, 0 0 0 B
I
0 0 I, D 02 (M) o I, 0 0 2
0 0 0 E cB DB BB EB
which equals
I, 0 0 B I, o o B1°
0 I, 0 C P 0 I, 0 C
4.2
(4.23) o 0 1, o |2Wlo o 1 D
0 0 0 E 0 0 0 E

In this way, we obtain the block-structure (4.23) defining the second fundamental family of block-structures
associated with the matrix polynomial P(X).

DEFINITION 4.6. Let P()\) = Z?:o AN € FIN™ ™ be a matriz polynomial of odd degree k, let s =
(k—1)/2. The second fundamental block-structure family, denoted by (OL), is the set of pencils of the form
(we are omitting the dependence on X\ in the pencil Ks_1(X) for lack of space)

A DA +BEL 0| 0
Ay T B: . pk—1 T B: 0 T B T B
woy | o] R oS ok et D00 KEE |
0 i [0 Ao] + DK, K M, 0
0 | EK, | 0 0

where PF~ () is defined in (4.15) and M(X\; PE}) is defined in (4.13), for some arbitrary 1 x (s — 1) block-
matriz B = [B;j], s X (s — 1) block-matriz C = [Cy;], 1 x (s —1) block-matriz D = [D;;], and (s —1) x (s — 1)
block-matric E = [E;j;], with n x n block-entries B;;, C;;, D;; and E;j, respectively.
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We note that every pencil in (OF) is a block minimal bases pencil if E and E® are nonsingular matrices.

The following theorem gives sufficient conditions for pencils in the family (Of’) to be strong linearizations
of an odd-degree matrix polynomial P(\).

THEOREM 4.7. Let P(\) = Zf:() A\ € FN™™ be a matriz polynomial of odd degree k, let s =
(k —1)/2, and consider a pencil L(\) € (OF), that is, a pencil of the form (4.24). If Ao, Agx, E and EB
are nonsingular, then L(A) is a block-symmetric strong linearization of P(X). Furthermore, if P(\), and
all the block-entries of B, C, D and E are symmetric (resp. Hermilian), then L(\) is symmetric (resp.
Hermitian).

Proof. When Aj and Ay, are nonsingular, the extended block Kronecker pencil (4.21) and, thus, the pencil
OF()\) are strong linearizations of P()). In addition, we see from (4.23) that if £ and E® are nonsingular,
then the pencil £()) is strictly equivalent to the pencil OF(\). Therefore, in this case, £()\) is a strong
linearization of P(A). The pencil £(\) is block-symmetric as a consequence of (4.11), together with the fact
that M(\; Pf~}) is block-symmetric. The fact that £(\) is symmetric (resp. Hermitian) when P()\) and all
the block-entries of B, C, D and E are symmetric (resp. Hermitian) follows easily from the following facts.
First, M (\; P{~}') is symmetric (resp. Hermitian) when P()) is symmetric (resp. Hermitian). Secondly, we
have B® = BT (BB = B*), 08 = CT (C® = C*), DB = DT (D® = D*) and EB = ET (EB = E*) when all
the block-entries of B, C'; D and E are symmetric (resp. Hermitian). 0

EXAMPLE 4.8. Let P(\) be a matriz polynomial of odd degree k and let m be an even positive integer.
Then, as we will show in Theorem 6.2, the mth pencil D,,(\, P) in the standard basis of the vector space
DL(P), which is a GFPR with parameter h = k —m, is permutationally block congruent to a pencil in (OF).

4.3. The third fundamental block-structure. The third fundamental family of block-symmetric
pencils is defined for matrix polynomials of even degree. So, let P(\) be a matrix polynomial of even degree
k, and let s := (k — 2)/2. First, we define the pencil

N M\ Py_1) A KW
4.2 S U e
( 5) 51 ()\) 0 AO —AAO T O )
KX | o ' o0

where Pj,_1(A) is defined in (4.16) and M(); Py_1) is defined in (4.13). The pencil &F'(\) is an extended
(s,m,s + 1,n)-block Kronecker pencil?, with the solid lines indicating one of its natural partitions.

Note that the body of £f'(\), regardless of the chosen partition (see [15, Theorem 3.10]), satisfies the
AS condition for P(X). Thus, &F()) is a strong linearization of P()), provided that Ay is nonsingular.
Furthermore, the pencil & (\) is block-symmetric, and it is symmetric (resp. Hermitian) when P()) is
symmetric (resp. Hermitian).

2It can be seen as an extended (s + 1,n, s,n)-block Kronecker pencil as well.
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EXAMPLE 4.9. Let P(\) = 320  A;\ € F]\]"*". Then,

[ AAg + As 0 0 0 -1, 0
0 ANAy + As 0 0 : N, -1,
gf’o\): 0 0 ,,,,)‘ﬁgj_ﬂlo,{lo,‘,Q,,)‘,IE,
0 0 A MMy 0 0
~I, A, 0 0 ,0 0
i 0 —I, M, 0 10 0 |

Motivated by the block-structure of the pencil £F()\), we introduce the third fundamental family of
block-structures by applying the following block-congruence

I(s+1)n 0 B I(s—i—l)n 0 0
(4.26) 0 I, C |&WN 0 I, 0 |,
0 0 D B8 (B DB

where B = [B;;] is a (s + 1) x s block-matrix, C' = [C};] is an 1 x s block-matrix and D = [D;;] is an s x s
block-matrix, with n x n block-entries B;;, C;; and D;;, respectively.

DEFINITION 4.10. Let P(\) = Zf:o AN € FIA™*™ be a matriz polynomial of even degree k, and let
s = (k —2)/2. The third fundamental block-structure family, denoted by (EF), is the set of pencils of the

form

M(X\; P,_1) + BK,()\) + K,(\)"BB [;1) } + K, (N)TCP | K,(\)" D"
0
@2 o [6745]?0?@05””Wﬁfimoﬁﬁfﬁoﬁﬂ ’
DEK,(\) | 0 ! 0

where Py_1(X) is defined in (4.16) and M(\; Py—1) is defined in (4.13), for some arbitrary (s+ 1) x s block-
matriz B = [Byj], 1 x s block-matriz C = [C;;] and s x s block-matriz D = [D;;], with n x n block-entries
B;j, Ci; and D;j, respectively.

Note that the pencils in (£{) are block minimal bases pencils if Ag, D and D® are nonsingunlar.

The following theorem gives sufficient conditions for the pencils in the family (£{’) to be strong lineariza-
tions of the even-degree matrix polynomial P(\).

THEOREM 4.11. Let P(\) be a matriz polynomial of even degree k, let s = (k — 2)/2, and consider a
pencil LX) € (EF) of the form (4.27). If Ay, D and D" are nonsingular, then L(\) is a block-symmetric
strong linearization of P(X). Moreover, if P(A) and all the block-entries B;j, Ci; and D;; are symmetric
(resp. Hermitian), then L(A) is symmetric (resp. Hermitian).

Proof. If Ay is nonsingular, the pencil £ (\) is a strong linearization of P()\). Additionally, if D and
DB are nonsingular, the pencil £()) is strictly equivalent to £ ()\) (see (4.26)). Thus, if Ag, D and D? are
nonsingular, £(\) is a strong linearization of P(A). The fact that £(\) is block-symmetric follows readily
from (4.11) and the fact that M (\; Pr_1) is block-symmetric. Finally, the fact that £()) is symmetric (resp.
Hermitian) when P()) and all the block-entries B;;, C;; and D;; are symmetric (resp. Hermitian) follows
easily from the following facts. First, M (X; Py—1) is symmetric (resp. Hermitian) when P()) is symmetric
(resp. Hermitian). Secondly, we have B® = BT (B8 = B*), CB = 0T (C® = C*) and D® = DT (D® = D*)
when all the block-entries B;;, C;; and D;; are symmetric (resp. Hermitian). ]
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EXAMPLE 4.12. Let P(\) be a matriz polynomial of even degree k and let m be an odd positive integer.
Then, as we will show in Theorem 6.2, the mth pencil D, (A, P) in the standard basis of the vector space
DL(P), which is a block-symmetric GFPR with parameter h = k —m, is permutationally block congruent to
a pencil in (EF). This holds true, in particular, for Di()\, P).

4.4. The fourth fundamental block-structure. The fourth fundamental block-structure family is
also associated with even-degree matrix polynomials. So, let P(\) be a matrix polynomial of even degree k,
and let s := (k — 2)/2. First, we define the pencil

A M 0] 0
P >‘Ak k—1 T
(4.28) g7 = | "N MO PR LR
|
0 ' K | o0

where P¥=1()) is defined in (4.14) and M(\; P*71) is defined in (4.13). By applying a block column-
permutation Il to €1’ (\), we obtain the pencil

My 0 Ay 0
P k—1 Ay ! T
E (M := | M(\; PR 0 K\ ,
|
KM | o1 o

which is an extended (s,n,s + 1,n)-block Kronecker pencil. Notice that the body of the pencil £F(\)I1y
satisfies the AS condition for P(\). Hence, £ (M), and, thus, £F°()), are strong linearizations of P(\) if
Ay, is nonsingular. Moreover, the pencil £ ()) is block-symmetric, and it is symmetric (resp. Hermitian)
provided that P()) is symmetric (resp. Hermitian).

EXAMPLE 4.13. Let P(\) = Y2°_ A;\ € F[N"*". Then,

[ —Ag Mg 0 0 0 0
Mg M5+ Ay 0 0 -1, 0
SQP(A) _ 0 0 A3z + As 0 N, -1,
0 0 0 AMi+Ag| 0O A,
0 -1, A, 0 0 0
| 0 0 -1, A, 0 0 |

By permuting the first block-column with the block-columns in positions 2-4, we get

gy (NI =

Mg 0 0 —Ag 0 0

AAs + Ay 0 0 Mg —-I, 0
0 A3z + As 0 0 A, -1,

-1, M, 0 0 0 0

0 -1, A, 0 0 0

which is clearly an extended block Kronecker pencil.
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Inspired by the block-structure of £ (A4, we consider extended block Kronecker pencils of the form

In 0 C 777777777 )\ 74;‘7 77777 I(e+1)n 0 0
(4.29) 0 Isinn B M(\; PR 0 P K (\)T 0 I, 0
0 0 D : BB (B DB

KX | o' o0

o M O] +CKN) | A0
M(X\; P*~1) + BK(\) + Ks(\)T BB Pglk] + K,\NTCB 1 K,\)TD?B
DK,(\) | 0 0

Reversing the block-permutation we did originally, we obtain the block-structure defining the fourth
family of block-structures.

DEFINITION 4.14. Let P(\) = Zf:o AN € FIN™*™ be a matriz polynomial of even degree k, and let
s = (k —2)/2. The fourth fundamental block-structure family, denoted by (€F), is the set of pencils of the
form

— Ay, ; My 0] + CK,()) 0

(4.30)

0 DK, (\) | 0

where P*~Y()\) is defined in (4.14) and M(X\; P*=1) is defined in (4.13), for an arbitrary (s + 1) x s block-
matriz B = [B;j], 1 x n block-matriz C' = [C;], and s x s block-matrix D = [D;;], with n x n block entries
Bij, Ci;j and D;j, respectively.

Note that all pencils in (£F) are block minimal bases pencils if Ay, D, and DB are nonsingular.

The following theorem gives necessary and sufficient conditions for pencils in the family (£F) to be
strong linearizations of the even-degree matrix polynomial P(\).

THEOREM 4.15. Let P(\) be a matriz polynomial of even degree k, let s = (k — 2)/2, consider a pencil
L(N\) € (EF) of the form (}.50). If Ay, D and D® are nonsingular, then L(\) is a block-symmetric strong
linearization of P(X). Moreover, if P(\) and all the block-entries B;;, C;; and D;; are symmetric (resp.
Hermitian), then L(X\) is symmetric (resp. Hermitian).

Proof. 1If Ay, is nonsingular, the pencil £F()) is a strong linearization of P(\). In addition, notice from
(4.29) that if D and D® are nonsingular, the pencil £()\) is strictly equivalent to £ ()\). Thus, if Ay, D
and DB are nonsingular, then £()\) is a strong linearization of P()\). The fact that £()) is block-symmetric
follows easily from (4.12) and the fact that M (\; P¥~1) is block-symmetric. Finally, notice the following two
facts. First, if P(\) is symmetric (resp. Hermitian) so is M(X\; P*~1). Secondly, when all the block-entries
of B, C and D are symmetric (resp. Hermitian.), we have B® = BT (resp. B® = B*), C® = O7T (resp.
CB = C*) and DB = DT (resp. D® = D*). Hence, if P()\) and all the block-entries B;;, C;; and D;; are
symmetric (resp. Hermitian), then £(X) is symmetric (resp. Hermitian). ad
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EXAMPLE 4.16. Let P(\) be a matriz polynomial of even degree k and let m be an even positive integer.
Then, as we will show in Theorem 6.2, the mth pencil D,, (A, P) in the standard basis of the vector space
DL(P), which is a block-symmetric GEPR with parameter h = k —m, is permutationally block congruent to
a pencil in (EF). This holds true, in particular, for Dy(\, P).

5. Block-symmetric generalized Fiedler pencils and block-symmetric generalized Fiedler
pencils with repetition. We introduce in this section the block-symmetric generalized Fiedler pencils and
the family of block-symmetric generalized Fiedler pencils with repetition. We start with some concepts and
basic results needed for those definitions.

5.1. The index tuple notation and matrix assignments. We start by introducing the fundamental
definition of an index tuple and some related notions.

DEFINITION 5.1. [4, Definition 3.1] We call an index tuple a finite ordered sequence of integer numbers.
Each of these integers is called an index of the tuple. The number of indices in an index tuple t is called its
length and is denoted by [t|. For integers a and b, we call the tuple (a : b) a string.

We will use the following notation for some important basic operations with tuples. If t = (t1,...,¢,) is
an index tuple, we denote —t := (—t1,...,—t;), and, when a is an integer, we denote a +t := (a + t1,a +
ta,...,a+t,). We call the reversal index tuple of t the index tuple rev(t) := (¢,,...,ta,t1). Additionally,
given index tuples t1,...,ts, we denote by (t1,...,ts) the index tuple obtained by concatenating the indices
in the index tuples ty,...,t, in the indicated order.

An important property of index tuples used to define the block-symmetric GFPR is the so-called Suc-
cessor Infix Property, which we introduce in the following definition.

DEFINITION 5.2. [29, Definition 7] Let t = (i1,%2,...,%,) be an index tuple of either all nonnegative
integers or all negative integers. Then, t is said to satisfy the Successor Infix Property (SIP) if for every
pair of indices iq4,1y € t, with 1 < a < b < r, satisfying i, = iy, there exists at least one index i, = i, + 1
with a < ¢ < b.

REMARK 5.3. We note the following basic properties of tuples satisfying the SIP. Any subtuple of con-
secutive indices of a tuple satisfying the SIP also satisfies the SIP. The reversal of any tuple satisfying the
SIP also satisfies the SIP. If the tuple t has no repeated indices, then t satisfies the SIP.

The following definitions are motivated by the construction of block-symmetric GFPR in Section 5. For
more details, we refer the reader to [2, Section 4] and [7].

DEFINITION 5.4. [2, Definition 4.3] Let h be a nonnegative integer, and let p = 0 if h is even, and p =1
is h is odd. Then, we call the index tuple
wp:=(h—1:hh—=3:h—=2,...;,p+1:p+20:p)

the admissible tuple associated with the integer h > 0.

Notice that the tuple wy, is a permutation of the tuple (0 : h).
DEFINITION 5.5. [2, Definition 4.3] Let h be a nonnegative integer, and let wy, be the admissible tuple
associated with h. Then, the symmetric complement of wy, is the tuple
e c,p:=(h—1,h—-3,...,2,0) if h is odd;
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ec,:=(h—1,h—=3,....1) if h >0 is even;
ecy,:=0ish=0.

LEMMA 5.6. [3, Lemma 3.11] Let h be a nonnegative integer, let wy, be the admissible tuple associated
with h, and let cp, be the symmetric complement of wy. Then, the index tuple (wp,cp) satisfies the SIP.
The matrix coefficients of the block-symmetric GFPR (and that we review in this section) are products

of elementary block-matrices, whose definition we recall next.

DEFINITION 5.7. [4] Let k > 2 be an integer and let B be an arbitrary n x n matriz. We call elementary
matrices the following k X k block-matrices partitioned into blocks of size n X n:

I 0 B 0
My(B) = |—k=1n M_1(B) :=
o(B) 0 B |’ k(B) 0 | I—vym |
Io—i—1yn | O 0 0
(5.31) M(B) := g f Ig 8 =1k,
0 0 0 | Ii_1ym
Ig—i—tyn | 00 0
M_;(B) = 8 IO ZL 8 i=1:k—1,
0 0 0 | Ii1ym

and
M_o(B) := Mo(B)™'  and My(B):= M_;(B)™".

assuming that B is nonsingular.

Notice that the notation —0 does not have the usual meaning, that is, in this case —0 # 0.

REMARK 5.8. Notice that, fori =1:k—1, the elementary matrices M;(B) and M_;(B) are nonsingular
for any B. Furthermore, (M;(B))™' = M_;(—B). On the other hand, the matrices Mo(B) and M_(B) are
nonsingular if and only if B is nonsingular.

DEFINITION 5.9. [2, Definition 4.6] Let t = (i1,42,...,%,) be an index tuple with indices contained in
{-k:k—1} and let Z = (Z1,...,Z,) be a list of r arbitrary n x n matrices. We define

M(2) := My, (Z1)M;,(Z2) - - - M;, (Z),

and say that Z is a matrix assignment for t. If t (and therefore Z) is empty, then My(Z) := Iy,. The
matriz assignment Z for t is said to be nonsingular if the matrices assigned to the positions in t occupied
by the 0 and —k indices are nonsingular. If the matrices in Z are symmetric (resp. Hermitian), then Z is
said to be a symmetric (resp. Hermitian) matrix assignment for t.

Given an ordered list of n X n arbitrary matrices £ = (Zy,...,Z,), we denote by rev(Z) the list of
matrices (Zy,...,2Z1).
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Given a matrix polynomial P(\) = Zf:o A \" € FN"*™, we will use the following abbreviated notation:

M} = M;(—A;), i=0:k—1,

K2

and
When the polynomial P()) is understood from the context, we simply write M; and M_;, instead of Mip
and MF, to simplify the notation.

5.2. Block-symmetric GFP. Here we recall the block-symmetric strong linearizations of a matrix
polynomial P(\) in the family of generalized Fiedler pencils (GFP). The following GFP was introduced in
[1, Theorem 3.1]:

Tp(\) = )‘Mfl,73,...,fk+2,7k - M(fQ,...,kfl’

if k£ is odd, and
Tp(A) = )‘Mfl,—:},...,—k—i-l - M(fQ,...,ka

if k is even and the leading coefficient Ay is nonsingular. The pencil Tp(A) is explicitly given by

[ MNAL+ A1 —1, i
I, 0 Ay,
A, Mo+ Ars —1I,
(5.32) Tr(A) = —1I, ;
-1,
_In 0 )\In
L A, Mi+A4 |
when k is odd, and by
[ —A! M, ]
A, Mp_1+ Ao —1I,
-1, 0 A,
_In
-1, 0 M,
I A, A + A

when k is even and Ag is nonsingular. We note that this pencil is not a companion form since one of its
matrix coefficients contains a block equal to Ak_,l. Notice that Tp(A) is block-symmetric, regardless of the
parity of k. Some small variations of these pencils can be found in [23].

5.3. Block-symmetric GFPR. Next, we recall a subfamily of GFPR comprised of block-symmetric
pencils.
DEFINITION 5.10. [2] Let P(\) = Zf:o AN € FIN™™ of degree k, and let h be an integer such that
0 < h<k. Let wy, and k + v be the admissible tuples associated with h and k — h — 1, respectively, and
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let ¢y, and cp_p_1 be the symmetric complements of wy, and k + vy, respectively. Let t,, and k + t, be
index tuples with indices from {0 : h — 1} and {0 : k — h — 2}, respectively, such that (ty, wp,cp,rev(ty))
and (ty,vp, —k + cp_pn_1,rev(ty)) satisfy the SIP. Let Z,, and Z, be matriz assignments for t,, and t,,
respectively. Then, the pencil

(5.33) My, ¢, (Zw, Z0) AML — ME YME Miey(t)wev(ty) (rev(Zw), rev(Z,))

k4+Cx—n—1,Ch

is a block-symmetric generalized Fiedler pencil with repetition (block-symmetric GFPR) and we denote it
by Lp(h,ty, ty, 2y, Zy). If the matriz assignments Z,, and Z,, are chosen so that My, +,(Zy, Zy) = Mtlju 7
then the block-symmetric GFPR Lp(h,ty,t,, 2y, Z,) is a block-symmetric Fiedler pencil with repetition
(block-symmetric FPR), which we denote by Lp(h,ty,ty).

Theorem 5.11 establishes when a block-symmetric GFPR associated with a matrix polynomial P(\) is
a strong linearization of P(\).

THEOREM 5.11. [2, Theorem 4.9] Let P(\) = Ef:o A\ € FA™™ be a matrix polynomial, and let L(\)
be the block-symmetric GFPR defined in (5.33). If the following three conditions hold

(i) Z, and Z, are nonsingular matriz assignments for t,, and t,, respectively,
(ii) Ao is nonsingular if h is odd, and
(iii) Ay is nonsingular if k — h is even,

then, the pencil L(\) is a strong linearization of P(\).

Theorem 5.12 gives sufficient conditions for a block-symmetric GFPR associated with a symmetric (resp.
Hermitian) matrix polynomial P()) to be symmetric (resp. Hermitian).

THEOREM 5.12. [2] Let P(\) be a symmetric (resp. Hermitian) matriz polynomial, and let L()\) be
the block-symmetric GFPR defined in (5.33). If the matriz assignments Z,, and Z, are symmetric (resp.
Hermitian), then L(X) is symmetric (resp. Hermitian).

6. Block-symmetric GFP and GFPR as block-symmetric block minimal bases pencils. In
this section, we start by showing that the block-symmetric pencil 7p(A) associated with an odd-degree matrix
polynomial P()) is permutationally block-congruent to the pencil Of (\). The case when P()) has even
degree is not considered, since Tp(\) is not a companion form, that is, if the matrix coefficients of Tp(\) are
seen as block matrices, one of them contains a block that is not of the form 0, +1,, or £A;. In fact, since
one of the matrix coefficients of 7p(A) contains a block-entry that is the inverse of Ay, the interest of this
pencil in applications is very limited.

THEOREM 6.1. Let P(\) = Zf:() AN € FIN™™ be an odd-degree matriz polynomial. Let Tp(\) be the
block-symmetric GFP associated with P(X) defined in (5.32). Let ¢ be the permutation of {1 : k} given by
(1,3,5,...,k.2,4, ...,k —1). Then,

()P Tp (M = OF ().
In other words, modulo block-permutations, the block-symmetric GFP Tp(\) belongs to the family (OF).

Proof. Using the explicit expression for Tp(\) presented in Section 5, the result is easily checked by
performing the matrix product (TI7)87p(\)IIZ. O

Now we give the main result for block-symmetric GFPR associated with a matrix polynomial P(\), that
is, we state that, up to permutations of block-rows and block-columns, every block-symmetric GFPR is in
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one of the four block-symmetric families introduced in Section 4. This result is stated in Theorem 6.2. Its
proof is included in the Appendix.

THEOREM 6.2. Let P(\) = 2 AN € FIA™*™ and let s = (k — 1)/2 if k is odd, or s = (k —2)/2
is k is even. Let Lp(h,ty,ty, Zy, Zy) be the block-symmetric GFPR associated with P(X) given in (5.33).
Then, there exists a permutation ¢ of {1: k} such that

OF)Y if k is odd and h is even,
OFY if k and h are odd,
ELY if k is even and h is odd,

(
(HZ)BLP(hvtwvtvwav Zv)HZ € 2
(EF) if k and h are even.

~ ~

Furthermore, if the following conditions hold

(i) Z, and Z, are nonsingular matriz assignments for t,, and t,, respectively,
(ii) Ao is nonsingular if h is odd, and
(iii) Ay is nonsingular if k — h is even,

then (IIM)B Lp(h, tw, tv, Zuw, Z,)I2 is a strong linearization of P(\) and the following statements hold:
(a) If TIYBLp(hytw, by, Zuw, Zo)IZ € (OF) is as in (4.19), then B and B® are nonsingular.
(b) If (T)BLp(hy b, ty, Zuw, Z,)1IE € (OF) is as in (4.24), then E and E® are nonsingular.
(¢) If (T)BLp(hytuw, ty, Zu, Z,)1IE € (EF) is as in (4.27), then D and D® are nonsingular.
(d) If TI)BLp(h,tw, te, Zuw, Z,)2 € (EF) is as in (4.30), then D and D® are nonsingular.

The following example illustrates the result for a particular block-symmetric GFPR, associated with an
odd degree matrix polynomial.

EXAMPLE 6.3. Let P(\) = ZZ:O A\ be an n x n matriz polynomial of degree 7. Consider the block-
symmetric GFPR

[AA7 + Ag As -1,
As —As+ Ay A, As -1,
-1, A, 0 0 0
Lp()\) = Lp(k -1, @,@) = As 0 —AN3+ Ay M, Aq —1I,
-1, 0 A, 0 0 0
A1 0 —)\Al + A() M,
I I, 0 A, 0 |
Let ¢ =(1,2,4,6,3,5,7). Then,
[ A7 + Ag Asg 0 0 -1, 0 0 ]
As  —AAs+ A, As 0 A, —I, 0
0 Az —AAs + As Ay 0 N, -1,
(MMHBLp(NIe = 0 0 Ay A1+ 4| 0 0 M,
-1, A, 0 0 0 0 0
0 -1, A, 0 0 0 0
0 0 I, A, o 0 o0 |
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We note that (II2)BLp(MNIZ € (OF) since

B
L, C L, C
n2)PLp(AIg = | " oo
mezenz = | e O lop | B O]
where
0 0 0
-4 00
“=1 0 -4 o
0 0 -4

Moreover, (II?)B Lp(MIIZ is a strong linearization of every matriz polynomial P()\).

REMARK 6.4. We note that, when k is odd, by Example 4.4 and Theorem 6.1, the three pencils D1 (), P),
Dy (X, P) and Tp(\) are permutationally congruent to some pencil in (OF). In fact, Tp()\) is essentially
OF(N), after permuting some block-rows and some block-columns. Thus, Tp(\) could be seen, in layman’s
terms, as the “skeleton” of Di(\, P) and Dy (X, P), that is, the least information that can be retained from
these pencils without stopping from being a linearization of P(\). Hence, Tp(\) is an ideal candidate to
outperform numerically the combined use of D1(\, P) and Dy (X, P) in the solution of the block-symmetric
polynomial eigenvalue problem. This problem is studied in [8].

The following example gives the pencils in (Of) permutationally block congruent to Dy (), P), Di (), P)
and Tp()A), when k = 3.

EXAMPLE 6.5. Let k = 3. Then, D1(\, P) is permutationally block congruent to the pencil

ANAsz + As Ay Ap
A1 —)\Al + Ao —)\AO c <O{D>
Ao Mo | 0

The pencil Dy (A, P) is permutationally block congruent to the pencil

)\Ag — A2 AAZ _A3
Ay M — Ag | M3 | € (0P).
— A3 Mz | 0

The pencil Tp(X) is permutationally block congruent to the pencil

ANAs + Ag 0 -I,
oF\) = 0 M4+ Ay | M, | =0FP .
—I, M, |0

7. Conclusions and future work. In this paper we have introduced four families of block-symmetric
pencils that, under some generic nonsingular conditions, are block-symmetric block minimal bases pencils
and strong linearizations of a matrix polynomial P(\). Furthermore, we have shown that every block-
symmetric GFP and block-symmetric GFPR is permutationally block-congruent to a pencil in the union
of these four families, which provides an alternative approach to the implicit definition of these pencils as
products of elementary matrices by providing their block structure. The importance of this result resides
in the expectation that the explicit block structure of the block-symmetric GFP and GFPR will provide
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a venue to explore their numerical properties such as conditioning of eigenvalues and backward error of
approximate eigenpairs. In particular, our objective is to find linearizations of P(A) in these famllies with
optimal condition number and backward error that can replace the combined used of D; (A, P) and D (X, P)
when P()) is symmetric or Hermitian, as suggested in the current literature.

Appendix A. (Proof of Theorem 6.2). Here we include the proof of Theorem 6.2. We start with
some extra concepts and results that are necessary for this proof.

A.1. Auxiliary notation for pencils that are block-permutationally equivalent to pencils in
(OPYU(EF). Tn order to prove that all block-symmetric GFPR pencils are permutationally block-congruent
to a pencil in (OF) U(OLY U (EF)Y U (EF), we introduce in this section some useful concepts.

DEFINITION A.1. [5] Let k,n € N. Let ¢ = (c1,¢2,...,cx) be a permutation of the set {1 : k}. Then, we
call the block-permutation matriz associated with (c,n), and denote it by 117, the k x k block-matriz whose
(ci,i)th block-entry is I, fori =1:k, and having 0, in every other block-entry. In particular, we denote
by id = (1 : k) the identity permutation.

When the scalar n is clear in the context, we write Il instead of II7 to simplify the notation.

An important block-permutation matrix for this paper is the so-called block standard involutory permu-
tation matriz (block-sip matriz). Such block-permutation matrix is
0 - I,
(A.34) R o=y = |1 0 1| R
I, - 0

In Definition A.2, we introduce some useful notation for pencils that are block-permutationally equivalent
to pencils in (OF).
DEFINITION A.2. Let k be an odd positive integer, let L(\) € F[A]*"**" be a k x k block-pencil with

block-entries of size n x n, and let s = (k — 1)/2. Assume that there exist block-permutation matrices II}

and 17 such that C()\) := (II})BL(\)Z € (OF).

(a-1) We call the upper-left (s + 1) x (s + 1) block submatriz of C(\) the body of L(X) relative to (£,r).
(a-2) We call the body block-rows (resp. body block-columns) of L(A) relative to (£,r) the block-rows
(resp. block-columns) of L(X\) that, after the permutations, occupy the first s + 1 block-rows (resp.
block-columns) of C'(\).
(b) We call the wing block-rows (resp. wing block-columns) of L(A) relative to (£,r) the block-rows
(resp. block-columns) of L(\) that are not body block-rows (resp. body block-columns) relative to
(L,r).

The following example illustrates the concepts introduced in Definition A.2.

EXAMPLE A.3. Let us consider the following pencil

M+ Ay As ~1I, 0 0
Ag A2 — )\Ag )\In A1 —In
LN =| -I, M, 0 0 0|,
0 A 0 Ag— My M,
0 ~1I, 0 A, 0
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which is a block-symmetric GFPR associated with the matriz polynomial P(\) = Z?:o AT € R\
(this type of block-symmetric GFPR is called the simple FPR with parameter k — 1 in [2]). Consider the
permutation ¢ = (1,2,4,3,5) of {1:5}. Then,

Mg + Ay Asg 0 -1, 0
As As — \As Ay M, —I,
(M5 L(Ie = 0 Ay Ag—MA1 | 0 AL, | € (OD)
—1I, A, 0 0 0
0 ~1I, A, 0 0

Hence,

e the first, second, and forth block-rows and block-columns of L(\) are, respectively, its body block-rows
and body block-columns relative to (c,c); and

e the third and fifth block-rows and block-columns of L(X) are, respectively, its wing block-rows and
wing block-columns relative to (c,c).

In Definition A.4, we introduce some useful notation for pencils that are block-permutationally equivalent
to pencils in (£1).

DEFINITION A.4. Let k be an even positive integer, let L(\) € FIA\J*"*k" be a k x k block-pencil with
block-entries of size n x n, and let s = (k — 2)/2. Assume that there exist block-permutation matrices Ilj
and II? such that C'(\) := (II)BL(N)IZ € (EF).

(a-1) We call the upper-left (s + 1) x (s + 1) block submatriz of C(X\) the body of L(\) relative to (£,r).

(a-2) We call the body block-rows (resp. body block-columns) of L(A) relative to (€,r) the block-rows
(resp. block-columns) of L(X\) that, after the permutations, occupy the first s + 1 block-rows (resp.
block-columns) of C'(X).

(b) We call the exceptional block-row (resp. exceptional block-column) of L(X) relative to (£,r) the
block-row (resp. block-column) of L(X) that, after the permutations, occupies the s + 2 block-row
(resp. block-column) of C'(X).

(¢) We call the wing block-rows (resp. wing block-columns) of L(X) relative to (€,r) the block-rows
(resp. block-columns) of L(\) that are not body block-rows nor exceptional block-rows (resp. body
block-columns nor exceptional block-columns) relative to (€,r).

We illustrate the concepts introduced in Definition A.4 in the following example.

EXAMPLE A.5. Let us consider the following pencil

Mo+ 45 Ay 1, 0 0 0
Ay A=Ay A, Ay, —I, 0
~I, A, 0 0 0 0
Ly = 0 As 0 A =Xy A, Ay |’
0 -1, 0 AL, 0 0
0 0 0 Ao 0 —AAg

which is a block-symmetric GFPR associated with the matriz polynomial P(\) = Z?:o AT € R\
(this type of block-symmetric GFPR is called the simple FPR with parameter k — 1 in [2]). Consider the
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permutation ¢ = (1,2,4,6,3,5) of {1:6}. Then,

[ AAg + As Ay 0 0 -1, 0 ]
Ay As — \Ay As 0 | AL, —I,
0 As Al =My | Ay ' 0 AL,
" BL I = |-- - __2=2__ 2 7272 | 20 Y _Mn P ]
~I, M, 0 0 , 0 0
i 0 —I, A, 0 10 0 |

Hence,

e the first, second, and fourth block-rows and block-columns of L(\) are, respectively, its body block-
rows and body block-columns relative to (c,c);

e the third and fifth block-rows and block-columns of L(A) are, respectively, its wing block-rows and
wing block-columns relative to (c,c); and

o the sizth block-row and block-column of L(\) are, respectively, its exceptional block-row and excep-
tional block-column relative to (c,c).

A.2. Auxiliary definitions and lemmas for index tuples. In order to prove the auxiliary results
needed in the proof of Theorem 6.2, we need to introduce some definitions and results associated with the
concept of index tuple, introduced in Section 5.1.

We start by introducing a canonical form for index tuples satisfying the SIP (recall Definition 5.2). To
do this, we need the following three definitions.

DEFINITION A.6. We say that two nonnegative indices i and j in an index tuple commute if |i — j| # 1.
DEFINITION A.7. [4, Definition 3.4] Given two index tuples t and t' of nonnegative indices, we say that
t is equivalent to t' (and write t ~ t'), if t = t' or t' can be obtained from t by interchanging a finite

number of times two distinct commuting indices in adjacent positions, that is, indices t; and t;11 such that
[t —tig1| #1 and t; # tiy1.

Notice that the relation ~ introduced in Definition A.7 is an equivalence relation. Note, in addition,
that the SIP is invariant under this relation.

REMARK A.8. It is easy to check that the commutativity relation
(A.35) M;(B1)M;(Bz) = M;(B2)M;(B)

holds for any n x n matrices By and By if ||i| — |j|| # 1 and |i| # |j|. These commutativity relations
readily imply that the product of elementary matrices is invariant under the equivalence relation introduced in
Definition A.7, i.e., given an index tuple t and a matriz assignment Z fort, if t ~ t', then My(Z) = My (Z),
where Z is the matriz assignment for t' obtained from t by assigning to each indez in t' the matriz that was

assigned by Z to the corresponding index in t.
DEFINITION A.9. [29, Theorem 1] Let t be an index tuple with indices from {0 : h}, h > 0. Then t is
said to be in column standard form if
t = (as:bs,a5-1:bs—1,...,0a2 :ba,aq :b1),
with h > by > bs_1 > -+ > by > b >20and 0 < a; < bj, forall j =1:5s. We call each subtuple of
consecutive indices (a; : b;) a string of t.
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The relation between the SIP, the equivalence relation of tuples, and the column standard form is stated
in the following lemma.

LEMMA A.10. [29, Theorem 2] Let t be an index tuple.

(i) If the indices of t are all nonnegative integers, then t satisfies the SIP if and only if t is equivalent
to a tuple in column standard form.

(ii) If the indices of t are all negative integers and a is the minimum index in t, then t satisfies the SIP
if and only if —a + t is equivalent to a tuple in column standard form.

Two tuples in column standard form are equivalent if and only if they coincide. This motivates the
following definition.

DEFINITION A.11. [4, Definition 3.9] The unique index tuple in column standard form equivalent to an

index tuple t of nonnegative integers satisfying the SIP is called the column standard form of t and is denoted
by csf(t).

In the next two definitions, we pay special attention to some indices of tuples of nonnegative integers
satisfying the SIP that will play a key role in the proofs of the main results in this paper.

DEFINITION A.12. [5, Definition 4.12] For an arbitrary index tuple t satisfying the SIP with cst(t) =
(as : bsy..., a1 :b1), we define heads(t) := {b; | 1 <4 < s}. Furthermore, we denote by h(t) the cardinality
s of heads(t).

Given an index tuple t, note that h(t) gives not only the cardinality of the set heads(t), but also the
number of strings in csf(t).

DEFINITION A.13. [5, Definition 4.13] Given an index tuple t and an index x such that (t,x) satisfies
the SIP, we say that x is of Type I relative to t if h(t,x) = h(t), and of Type Il otherwise. That is, x is
of Type I relative to t if csf(t,x) has the same number of heads (and, therefore of strings) as csf(t), and of
Type II relative to t otherwise.

The next result relates the SIP property with the set heads(t).

LEMMA A.14. [15, Lemma 4.13] Let h be a positive integer and let t be an index tuple with indices from
{0:h—1}. Let (a:b) be a string with indices from {0 : h — 2}. Then, the tuple (t,a : b) satisfies the SIP
property if and only if t satisfies the SIP and c ¢ heads(t), for all ¢ € (a : D).

PROPOSITION A.15. [15, Lemma 4.14] Let t = (a5 : bs, ..., a2 : by, a1 : b1) be a nonempty index tuple in
column standard form with indices from {0 : k — 1}, for k > 1. Let x be an indezx in {0 : bs — 1} such that
(t,z) satisfies the SIP. Then, x is of Type I relative to t if and only if x — 1 € heads(t). In particular, x =0
is always an index of Type II relative to t, for every nonempty index tuple t in column standard form with
nonnegative indices.

REMARK A.16. Using the notation of Proposition A.15, we note that this proposition implies that
heads(t,z) = (heads(t) \ {b;}) U {z} when = is an index of Type I relative to t and x = b; + 1. Fur-
thermore, if x is of Type II relative to t, then heads(t,z) = heads(t) U {z}.

A.3. Proof of Theorem 6.2. Before we give the proof of Theorem 6.2, we need some auxiliary results
for block-symmetric GFPR associated with even and odd matrix polynomials.
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A.3.1. Auxiliary results for the odd degree case. We first prove that Theorem 6.2 holds for the
block-symmetric GFPR called the simple FPR with parameter k£ — 1 in [2].

THEOREM A.17. Let P(\) = Zf:o AN € FIN™*™ with odd degree k, let s = (k—1)/2, and let F,(\) =
(AME, —ME  YME Let ¢ be the permutation of {1 : k} given by (1,2,4,6,...,k—1,3,5,...,k). Then,

Wg—1 Ck—1"

(A.36) (s p (g = [AAPIECR O KSE)A)T

a0y € (0r),

for some matriz C. Moreover, the following statements hold.

(a) The wing block-columns of (IIZ)BF)(\) relative to (id, c) are of the form —e; @ I, + Xeiz1 @ I,,, for
1 <i < s, and are located in positions k — j, where j € {0 : k — 2} and (Wy_1,cx_1,]) satisfies the
SIP.

(b) The wing block-rows of Fy(A\)IIZ relative to (c,id) are of the form —el @I,,+Xel,®1,, for1 <i <s,
and are located in positions k — j, where j € {0:k —2} and (Wi_1,¢k—1,]) satisfies the SIP.

(¢) The first block-row and the first block-column of Fi,(\) are, respectively, the first body block-row and
the first body block-column of Fj,(\) relative to (c,c). Moreover, the block-entry of (II2)5 Fy(\)IIZ
in position (1,1) equals NAg + Ag_1.

Furthermore, the pencil (II2)B Fy (A2 is a strong linearization of P(\).

Proof. We begin by recalling the block-structure of Fy(A) when & is odd [2, Section 8]. Notice that F5(\)
is partitioned to show that it is an extended block Kronecker pencil.

A3z + Ay Ay —I
F3(\) = A My + Ao | M,
—I, M, |0

For k > 5 odd, we have that Fj(A) is of the form

[AAR + A1 Ap_o -1,
Ap_o Ap_3 —Myp_o2 M, Ay -1,
-1, M, 0 0
Ap_y 0
(A.37) L, y ,
Ay — AAg M, Aq -1,

A, 0 0 0
Ay 0 Ag—2A; M,
I, 0 AL, 0o |

where the empty spaces denote zero blocks.

For k = 3 the theorem can be easily checked. So let us assume k > 3. From the explicit block-structure
of the pencil Fy,()\) above, it is easy to see that part (c) holds and (IT%)5 Fj,(A\)IIZ is of the form (A.36), with

0 0 0

—Aj_s 0 0

= 0 — Ay - 0
0 0 e =Ay
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Parts (a) and (b) follow from checking directly that the wing block-columns and the wing block-rows
of Fi()\) relative to (c,c) are in positions k — j € {3,5,...,k}, which, in turn, by Lemmas 5.6 and
A.14, correspond to those values of j € {0 : k — 2} such that (wg_1,cx_1,7) satisfies the SIP. Note that
esf(wio1,¢c5-1)=(k—2:k—1,k—4:k—2k—6:k—4,...,1:3,0:1). 0

The second step towards proving Theorem 6.2 consists in showing that this theorem holds for general
block-symmetric GFPR with parameter £k — 1. We also prove some structural information concerning the
block-rows and block-columns of these particular GFPR. This structural information will allow us to prove
this result using an induction argument.

THEOREM A.18. Let P(\) = Zf:o AT € FIN™™ with odd degree k, let s = (k —1)/2, and let Lp(k —
1, b0, 0, Z4,0) be a block-symmetric GFPR associated with P(\), that is, a pencil of the form

My, (Zo)AME, — MY YME Moyt (1ev(Zy)).

Wk—1

Then, there exists a permutation ¢ of {1 : k} such that

B B n | M(\P)+CK,(\) + KX(\)CB | K,(\)TBP P
(A.38)  (IM)PLp(k —1,tw,0, 2y, 07 = BR0) | i e (0P,

Moreover, the following statements hold:

(a) The wing block-columns of (IM)BLp(k — 1,ty, 0, Z,,0) relative to (id,c) that are of the form
—e; @ I, + Aejy1 ® Iy, for 1 < i < s, are located in positions k — j, where j € {0 : k — 2} and
(tw, Wk—1,Cr_1,1V(ty), ) satisfies the SIP.

(b) The wing block-rows of Lp(k — 1,t,0, Z,, DT relative to (c,id) that are of the form —el ®
L, + Xel\y ® I, for 1 < i < s, are located in positions k — j, where j € {0 : k — 2} and
(tw, Wi—_1,Cr—1,1ev(ty),J) satisfies the SIP.

(¢) The first block-row and the first block-column of Lp(k — 1,t4,0, Z,,0) are, respectively, the first
body block-row and the first body block-column of Lp(k — 1,t,,0, Z,,0) relative to (c,c). Moreover,

the block-entry of (IIM)BLp(k — 1,ty, 0, Zy, 0)IIZ in position (1,1) equals AAy, + Ag_1.

Furthermore, if Z,, is a nonsingular matriz assignment for t.,, then B and B® are nonsingular, and
(I_IZ)BI/P(]C - lyt'w7@7zwa Q)Hn

" s a strong linearization of P(X).
Proof. We prove the result by induction on the number of indices in t,,. When the tuple t,, is empty,
then Lp(k—1,0,0,0,0) is the simple FPR with parameter k — 1 associated with P(\) and the result follows

by Theorem A.17.

Assume that the result holds for tuples t,, with at most ¢ indices, with £ > 0. Let t,, = (t],,x) be a
tuple with £+ 1 indices, let Z,, = (Z/,, Z,) be a matrix assignment for t,, let L(A\) := Lp(k—1,ty,0, Z,,0)
and £'(\) := Lp(k —1,t,,,0, Z/,,0). Clearly, we have L()\) = M,(Z,)L' (\)M,(Z,). Since t,, has £ indices,

by the inductive hypothesis, there exists a block-permutation matrix Il, such that

M'(\) | K (N)T(B)®

(HU)B‘C/()‘)HO' = BIK5<)\) ‘ 0

€ (07),

for some matrix B’ and where M'(\) = M()\; P) + C'K () + KI(C")B for some matrix C’. Moreover,

properties (a), (b), and (c) hold for £'(\). Additionally, notice that if Z,, is a nonsingular matrix assignment

for t,,, then Z’ is a nonsingular matrix assignment for t! . Hence, if Z,, is a nonsingular matrix assignment
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for t,,, then the matrices B’ and (B’)® are both nonsingular, and (I, )5 £/ (A1, is a strong linearization of
P()).

By the definition of block-symmetric GFPR, the index tuple (z,t,,,Wr_1,cx—1,rev(t],), z) satisfies the
SIP, which implies that the tuple (t.,,wr_1,cr—1,rev(t],),z) also satisfies the SIP (recall Remark 5.3).
Hence, since x € {0 : k — 2} by definition of t,,, by parts (a) and (b) applied to £'(\), the (k — x)th block-
column of £'()) is one of its wing block-columns relative to (o, o), and the (k — x)th block-row of £'()) is

one of its wing block-rows relative to (o, o). Now we have to consider two cases.

Case I: Assume, first, that 2 = 0. In this case, the action of pre- and post-multiplying £'(X) by My(Z)
consists in multiplying the kth block-row and the kth block-column of £'()), which are, respectively, a wing
block-row and a wing block- column of £'()\) relative to (o, o) by the matrix Zy. Thus, we obtain

(B, = |2 | K,(\)TB?

with B = diag(ln, Zo, Itn) B’ and BE = (B")? diag(I,, Zy, I;), for some block-identity matrices I,., and I,.
Therefore, (A.38) holds with II? = I and C' = C’. Moreover, if Z,, is a nonsingular matrix assignment
for t,,, then Z; is nonsingular. Thus, in this situation, the matrices B and BB are nonsingular, and, by
Theorem 4.3, the pencil (Il)5L(M)I, is a strong linearization of P()).

Now, we prove parts (a) and (b) for the case = 0. Since II? = IIZ, the wing block-columns and the
wing block-rows of £'(\) and L(\) relative to (c, c) are located in the same positions. Furthermore, the wing
block-columns (resp. block-rows) of £/(A) and £()) other than those in the ¢~!(k)th position are equal.
Since x = 0 is a Type II index relative to (t!,, wg_1,cr_1,rev(t),)), by Remark A.16, we also have

heads(t),, wg_1, cx—1,rev(t,,),0) = heads(t.,, wi_1,cr_1,rev(t,,)) U{0}.

Thus, parts (a) and (b) follow from Lemma A.14, provided that we check that the kth block-row (resp.
block-column) of L(A)Z (resp. (II?)BL())) is not, generically, of the form —e; ® I,, + Ae;11 ® I, (resp.
—el'®I, + )\eiTH ® I,), for some 1 < i < s. Indeed, the induction hypothesis implies that the kth block-row
of L/(MIIZ is of the form —e; ® I, + Ae;j11 ® I, which, in turn, implies that the kth block-row of L(A)II7?
is of the form —e; ® Zy + Aejy1 ® Zy. A similar argument holds for the kth block-column. Thus, parts (a)
and (b) are established. Part (c) follows from the induction hypothesis together with the fact that the first
block-rows and first block-columns of £(\) and £'()\) are, clearly, equal.

Case II: We assume, now, that  # 0. We consider two sub-cases, namely, x is a Type I or a Type II
index relative to the tuple (t.,, wi_1,cx_1,rev(t],)).

Assume, first, that x is a Type II index. By Proposition A.15 and Lemma A.14, (t!,,wWg_1,Cx_1,
rev(t!, ), x — 1) satisfies the SIP. This, in turn, implies that the (k — z 4 1)th block-row (resp. block-column)
of £'(\) is one of its wing block-row (resp. block-column) relative to (o, ). Additionally, notice that pre-
and post-multiplying the pencil £'(\) by M,(Z,) affects only the (k — z)th and (k — z + 1)th block-rows
(resp. block-columns), which are both wing block-rows (resp. wing block-columns) of £'(\) relative to (o, o)
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by (a) and (b). Then, we can write

(A.39) L'\ = el

Note that, with the partition of £’(\) given in (A.39), the block of £/(\) in position (2, 2) is zero due to the
fact that, since the (k — x)th and (k — 2 4 1)th block-rows and block-columns of £'(\) are, respectively, wing
block-rows and wing block-columns of £'(\) relative to (o, o), after being permuted the last s block-entries

of each of them are zero.

This implies that the pencil £L(A) = M, (Z,)L' (A\)M,(Z,) can be partitioned as

k—=x k—xz+1
[ L1 (ZoL1 () +6(N))° (V)P LyW® 7
Z 0 (N) + () 0,, 0, Zl(N) + (N | k—a
2 (N 0, 0n 25 (N) k—z+1~
Ly(N) (Zaly(N) +45(N)F £5(N)F Ly(A)

where we have used the fact that the only non-zero block-entries of ¢} (A) and ¢5()\) are equal to I, or AI,
(this follows from parts (a) and (b) of the inductive hypothesis). Then, we easily obtain

M'(\) | K,(\)T"BB
BK,()) | 0

()P LT = € (Or),

with M'(\) = M(X\; P) + CK4(\) + KI'(\)C® and for some matrices B and B? of the form

Irn Irn
B = Itn Bla and BB = (B/)B Itn
I, - Za. I, Z
Lun Lun
or of the form
Irn Irn
Zy - I, Zy -+ I,
B = Iin B', and B?=(B)" Iin ,
0o - I, 0o - I,
Iun Iun

for some block-identity matrices I,.,, Iy, and I,,. Therefore, (A.38) holds with II? = II2 and C = C".
Furthermore, if Z,, is a nonsingular matrix assignment for t,,, then B and B are nonsingular, since B’
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and (B")B are. Recall that the elementary matrices M;(X), with i # 0,k are nonsingular for all X. In this
situation, the pencil (IT2)BL(A)IIZ is a strong linearization of P()\) by Theorem 4.3.

Now, we prove parts (a), (b) and (c). Recall that the (k — z)th and (k — 4+ 1)th block-rows (resp.
block-columns) of £'()\) are two of its wing block-rows (resp. wing block-columns) relative to (o, o). Since
117 = TIZ, we also have that the wing block-rows (resp. wing block-columns) of £'(\) and the wing block-
rows (resp. wing block-columns) of £(\) are located at the same positions. Moreover, the wing block-rows
(resp. wing block-columns) of £'(A) and £(X) other than those in the (k — x)th and (k — z 4 1)th positions
are equal. Furthermore, the (k — z + 1)th block-row (resp. block-column) of L£(A)II? (resp. of (IIF)BL(N))
is of the form —e! ® I,, + /\eZT_|r1 ® I, (resp. —e; @ I, + Ae;j11 ® I,), for some 1 < ¢ < s, because, by the
induction hypothesis, the (k — z)th block-row (resp. block-column) of £'(A)IIZ is of this form. Meanwhile,
the (k — 2 + 1)th block-row (resp. block-column) of L(A)IIZ (resp. of (ITZ)BL())) is clearly not of this form
generically. Parts (a) and (b) follow from the preceding argument, together with

heads(t,,, Wi_1, Cy,rev(t,,), ) = heads(t),, wi_1, ¢y, rev(t],)) U {z},

which follows from Remark A.16, and Lemma A.14. To prove part (c), just notice that pre- and post-
multiplication by the matrix M, (Z,) do not affect the first block-row and the first block-column of £'()),
since x < k — 2.

Assume, finally, that x is a Type I index relative to (t,, wx_1,cr_1,rev(t]))). By Proposition A.15
and Lemma A.14, the tuple (t!,, wg_1,cy,rev(t],),z — 1) does not satisfy the SIP. Thus, by the inductive
hypothesis, either the (k—x+1)th block-row (resp. block-column) of £'()) is one of its body block-rows (resp.
body block-columns) relative to (o, o) or the (k —x+ 1)th block-row (resp. block-column) of £’ (A)IIZ (resp.
(IT2)5L' (X)) is a wing block-row (resp. wing block-column) that is not of the form —e! ® I,, + Ael\; ® I,
(resp. —e; ® I, + Aejy1 ® I,,), for some 1 < ¢ < s. The proof that (A.38) holds in the case that the
(k — 2 + 1)th block-row (resp. block-column) is a wing block-row (resp. wing block-column) is very similar
to the proof for the Type II index case in the paragraphs above. So assume that the (k —z + 1)th block-row
(resp. block-column) of L'(A) is a body block-row (resp. body block-column) relative to (o, o). Since the
(k — z)th block-row (resp. block-column) of £'(\) is a wing block-row (resp. block-column) of £'()) relative
to (o, 0), we can write

k—x k—x+1
[Li) | W' 6\ | LN
On t5(N) 5(A)
5(A) (A 4N
Ly(N) | 6NE 4NF | La(N)

(Y

k—z+1

Y

We recall again that pre- and post-multiplying the pencil £'(X) by M, (Z,) affects only the (k — z)th and
(k — x + 1)th block-rows (resp. block-columns). Therefore, the pencil £(\) can be partitioned as

k—x k—xz+1
[ L (Z:04(N) + £5(N)" )k LyW® ]
Zoly(A) + L5(A) | l5(N)Za + Zols(A) + L6(A)  L5(N) | Zols(N) +0,(A) | k—a
(N U (\)B 0 (N k—x+1"
L5(A) (Z:l5(N) + €4 (V)P t5(N)F Ly(A) ]
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where we have used the fact that the only non-zero block-entries of ¢} (A) and ¢5(\) are equal to I,, or AI,
(this follows from parts (a) and (b) of the induction hypothesis). Then, setting

di=(1:k—z—-Lk—a+Lk-zk—a+2:k),

we easily obtain that the pencil (II§)5L£(A)II% can be partitioned as follows

k—x k—xz+1
[ L) (AP (ZaL1(N) + 65(N)° Ly 7
2 (N) 0 6’5()\)8 05(N) k—x
Z2 0L (X) + 25(N) E(N) U(N)Zy + Zlu(N) + L5(N) | Zols(N) + (W) k—x+1 .
L5(N) t5(N)P (ZoL5(N) + £4(N)" Loy(A) ]

Thus,

M) | K,\N(B)F
B'K,()) | 0

(I3 " (IL5) P LN T, = € (07),

where M(X) = M'(A\) + DK (\) + Ks(A\) DB, for some matrix D. Therefore, (A.38) holds with TI? = 12117
and B = B’. If Z, is a nonsingular assignment for t,,, then B and B® are nonsingular matrices, because
B’ and (B')B are nonsingular, and (II7)5L£(A)II7 is a strong linearization of P(\) by Theorem 4.3.

We finish by showing that parts (a), (b) and (c¢) hold. Recall that the (k — x)th block-row (resp. block-
column) of £'()) is one of its wing block-rows (resp. wing block-columns) relative to (o, ), and that the
(k — « + 1)th block-row (resp. block-column) of £'(\) is either one of its body block-rows (resp. body
block-column) or it is one of its wing block-rows (resp. wing block-columns) but not as those in part (b)
(resp. part (a)). Since II7 = IT3IIZ, we also have that the wing block-rows (resp. wing block-columns) of
L'(N) relative to (o, o) and the wing block-rows (resp. wing block-columns) of £(\) relative to (c,c) other
than those in positions (k — x)th and (k — x + 1)th are equal and located at the same positions. Moreover,
the wing block-row (resp. wing block-column) of £'()) in the (k — z)th position equals the wing block-row
(resp. wing block-column) of £(A) in the (k — = + 1)th position. Then, parts (a) and (b) follow from the

preceding facts, together with
heads(t.,, wg_1,cr_1,rev(t), ), z) = (heads(t.,, wr_1,cx_1,rev(t,)) U{z}) \ {z — 1},

which follows from Remark A.16, and Lemma A.14. To prove part (c), just notice again that pre- and
post-multiplication by the matrix M, (Z,) do not affect the first block-row and the first block-column of
L'(N), since x < k — 2. d

REMARK A.19. We note that part (c) in Theorem A.18 implies that the block-permutation II7 is of the
form I, ®IZ, for some permutation ¢ of the set {1 :k —1}.

As a consequence of the previous theorem, we obtain Theorem A.20, which shows a structural result
for another subclass of block-symmetric GFPR. In order to prove Theorem A.20, we will make use of the
following immediate property of elementary matrices:

(A.40) RyM_;(B)Ry, = My_;(B), fori=1:k and arbitrary B,

where Ry, is the block sip-matrix (A.34).
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THEOREM A.20. Let P(\) = Y5 A\ € FIN™™ with k odd, let s = (k —1)/2, and let
LP(Ov @7 ty, @7 Zv) = Mtv (Zv)()‘M\]/:; - M(f)) fk+ck_1MrEV(tu)(reV(Zv))

be a block-symmetric GFPR associated with P(\).

Then, there exists a permutation 117 such that

0 | BK,(\)
KS()\)TBB‘ M\ P) + CK,(\) + K,(W)TCE |

(A41) (HZL)BLP(07@7tUa®?Z’U)H2 =

for some matrices B and C. Moreover, the following statements hold:

(a) The last block-column of (A.41) is the last block-row of (II?)5Lp(0,0,t,,0, Z,).
(b) The last block-row of (A.41) is the last block-column of Lp(0,0,t,,0, Z,)117.
(c) The block-entry of (TI2)BLp(0,0,t,,0, Z,)17 in position (k,k) equals NA; + Ag.

Furthermore, if Z, is a nonsingular matriz assignment for t,, then B and BB are nonsingular.

Proof. For simplicity, let Lp()) := Lp(0,0,t,,0, Z,). Let P(A) := —rev P()\), and let us consider the
pencil L()\) := Ry rev(—Lp()\))Ry. By using (A.40) together with R, ' = Ry and taking into account that
the indices in the tuples t,,vo, —k + cx—1 are in {—k : —1}, we obtain without much difficulty

L(\) =Rp My, (Z,) RiARME Ry, — RiME R)R MY, RiRiMiey(s,) (rev(Z,)) Ry, =
Mt1,+k(21))(>\Mfk - MP:H_k)MP Mrev(tu)—&-k(rev(zv))v

Vv Ckr—1
which is the block-symmetric GFPR Lz(k — 1,t, + k,0, Z,,0) associated with ﬁ()\) Note that this pencil
is of the kind of GFPR considered in Theorem A.18, because if (t,,vo, —k + cx_1,rev(t,)) satisfies the STP
so does (t, + k,vo+k,cp_1,rev(t,)) + k). Hence, by Theorem A.18, there exists a permutation ¢’ of {1 : k}
such that
M\ P) + C'K,(\) + K,NT(C")E | K, (N (B")?

() BLO)IE, = B'K,(\) \ 0

i

for some matrices B’ and C’. Let I} := R,IIZ Ry. Taking into account that Lp(\) = —rev(RkE()\)Rk)7
we, then, have
(I")BLp (W™ = — rev(Ry (I1%)BL (VI Ry ) =
.p / T NB T NB
~ rev (Rk M (X P) + C'Ko(\) + K,V (C)5 | Ks(\T(B) Rk> _

B'K,()\) | 0
0 | —rev(RB'Ky(A)Ry1)
—rev(RsB'Ks(A)Ryi1)B ‘ —rev(Res1(M(X; P) + C'K () + K, (NT(C)B)Req) |

Then, to prove the first claim of the theorem, it suffices to notice that the following two equalities hold:

—1ev(RyB'Ks(A)Rep1) = RoB'(— rev(K, (N Roy1)) = BK,(N),
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where B := R;B’'Ry, and,
—rev(Rop1(M(X; P) + C'K (A + Ks(W)T(C")P) Ry 1)
= —rev(Rep1 M(X\; P)Ryy1) + Roy1C'(— rev(K (N Ros1))
+ (—1ev(K (M) Rst1)) P (Rey1C1)P
= M(\;P)+ CK,(\) + K,(\)TCP,
where C := Ry 1C'R;.

Now we prove parts (a), (b), and (c). Let M’(X) := M(X; P) + C'K,(A\) + K,(\)T(C")8 and M(\) :=
M(\; P) + CK4()\) + K (\)TCB. Notice, first, that part (c) in Theorem A.18 implies that the first block-
row and the first block-column of the pencil z()\) are, respectively, the first body block-row and the first
body block-column of the pencil L()) relative to (¢/,¢’), and that the block-entry in position (1,1) of
M'(X) is —AAp — A;. Since M () = —rev(Rs11M'(A\)Rs41), the block-entry in position (s + 1,5+ 1) of
M()) is A4y + Ay, which is part (c). Moreover, since Lp(\) = —rev(RyL(A\)Ry) and (II")BLp(A\)II7 =
—reV(Rk(HQ,)BE()\)HZ,Rk), we deduce from part (c) in Theorem A.18 that the last block-column and the
last block-row of (IT?)BLp(A)IIZ are, respectively, the last body block-column and the last body block-row
of (MY)BLp()\) and Lp(A)IIZ. Thus, claims (a) and (b) follow.

Finally, notice that if Z, is a nonsingular matrix assignment for t,, then rev(Z,) is a nonsingular matrix
assignment for rev(t,). Hence, if Z, is a nonsingular matrix assignment for t,, then B’ and (B’)% are
nonsingular matrices by Theorem A.18. Thus, B = RyB'R, and B® = R,(B’)® R, are nonsingular matrices,
because R is nonsingular. O

REMARK A.21. We note that Theorem A.20 implies that 117 is of the form IIZ®1,,, for some permutation
C of the set {1: k—1}.

A.3.2. Auxiliary results for the even degree case. We first prove that Theorem 6.2 holds for the
block-symmetric GFPR called the simple FPR with parameter k — 1 in [2].

THEOREM A.22. Let P(\) = Zf:o AT € FIN™ ™ of even degree k, let Py,_1()\) = Ef:_ol A1\, et
= (k—2)/2, and let F,(\) = \ME, — ML YMEP Let ¢ be the permutation of {1 : k} given by

S Wg—1 Ck—1"
(1,2,4,...,k,3,5,...,k —1). Then,

. M(X; Po_1) + BK,(\) + K4(\) BB A ! K, (N7

n n_ | _ _ _ _ _ P

(A.42) (I18) " Fi (MIIE = 0 A 7T € (&),
K(\) o' o0

for some matriz B. Moreover, the following statements hold:

(a) The wing block-columns of (II2)B Fy()\) relative to (id, c) that are of the form —e; @ I, + 41 @ I,
for 1 < i <s, are located in positions k — j, where j € {0: k — 2} and (Wi_1,Cx—1,]) satisfies the
SIP.

(b) The wing block-rows of F,(A\)IIZ relative to (c,id) that are of the form —el & I, + Xel, | @ I,, for
1 <4 < s, and are located in positions k — j, where j € {0 : k — 2} and (Wy_1,cx—1,]) satisfies the
SIP.

(¢) The first block-row and the first block-column of Fi,(\) are, respectively, the first body block-row and
the first body block-column of Fj(\) relative to (c,c). Moreover, the block-entry of (II2)5 Fy(\)IIZ
in position (1,1) equals NAg + Ag_1.
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(d) The exceptional block-column of (IIM)BFL(N) relative to (id,c) is located in position k, and the
exceptional block-row of Fi.(ANII2 relative to (c,id) is located in position k.

Furthermore, if Ag is nonsingular, the pencil (II7)B Fy,(MIIZ is a strong linearization of P()).

Proof. We begin by recalling the block-structure of Fy(A) when k is even [2, Section 8]. Notice that
Fy(X) is partitioned to show that it is an extended block Kronecker pencil.

My + As Ay I, 0
A Mo+ A, M, A
Fa() = 712 >\2I 1 0 00
0 Ao 0 —Mp

For k > 6 even, we have that Fy(A) is of the form

[AA + Ap_1 Ao -1, T
Ao Ap_z3 = Ay_o M, Ap_y —I,
-1, A, 0 0
Ap_a 0
(A43) —In . A3 — )\A4 )\In AQ —In
M, 0 0
Ag 0 Al — Ay AIn AO
-1, A, 0 0
L Ap 0 —XAp |

where the empty spaces denote zero blocks.

For £k = 2 or k = 4, the theorem can be easily checked. So let us assume k& > 6. From the explicit
block-structure of the pencil Fy()) it is not difficult to check that parts (c) and (d) hold and (I1%)5 Fy (\)II?
is of the form (A.42), where

—Ap_o 0 0
B 0 Sy 0
0 0 - —A

Parts (a) and (b) follow from checking directly that the wing block-columns of the form —e; ® I, +
Aeir1 ® I, and the wing block-rows of Fj,(A) relative to (c,c) are in positions k—j € {3,5,...,k—1}, which,
in turn, by Lemmas 5.6 and A.14, correspond to those values of j € {0 : k — 2} such that (wp_1,cr_1,7)
satisfies the SIP. Note that csf(wy_1,¢cp_1)=(k—2:k—1,k—4:k—2,...,0:2,0).

Finally, from Theorem 4.11, it follows that the pencil (A.42) is a strong linearization of P()\) when A
is nonsingular. ]

As in the odd case, we next give the main result for some particular block-symmetric GFPR . We also
prove some structural information concerning the block-rows and block-columns of these particular GFPR.
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THEOREM A.23. Let P(\) = Zf:o AN € FIN™ ™ of even degree k, let s = (k —2)/2, and let Lp(k —
1,tw, 0, Z4,0) be the block-symmetric GFPR associated with P(\) given by
My (Zw)(/\Mfk - MP )Mi,erev(tw)(rev(Zw))'

w Wi_1
Then, there exists a block-permutation ¢ of {1 : k} such that
(A.44) (MYBLp(k — 1,ty,0, Z,, O € (&)
is as in (4.27).

Moreover, the following statements hold:

(a) The wing block-columns of (IZ)BLp(k — 1,ty,0, Z,,0) relative to (id,c) that are of the form
—e; @ Iy + Nejp1 ® Iy, for 1 < i < s, are located in positions k — j, where j € {0 : k — 2} and
(tw, Wr_1,Cr_1,1€V(ty), ) satisfies the SIP.

(b) The wing block-rows of Lp(k — 1,ty,0, Z,,0)1I2 relative to (c,id) that are of the form —el ®
I, + )\eiT_H ® I, for 1 < i < s, are located in positions k — j, where j € {0 : k — 2} and
(tw, Wr—1,Cr_1,1eV(ty),J) satisfies the SIP.

(c) The first block-row and the first block-column of Lp(k — 1,ty,0, Z,,0) are, respectively, the first
body block-row and the first body block-column of Lp(k —1,t,,0, Z,,0) relative to (c,c). Moreover,

the block-entry of (IIMBLp(k — 1,ty, 0, Zyw, 02 in position (1,1) equals NAy, + Agp_1.

Furthermore, if Z,, is a nonsingular matriz assignment for t,,, then C, CB, D and D® in (4.27) are
nonsingular. If, additionally, Aq is nonsingular, (IIM)ELp(k — 1,ty, 0, Zy, D)2 is a strong linearization of
P(N).

Proof. When the tuple t,, is empty, the results follow from Theorem A.22. When the tuple t,, is not
empty, the results follow by an induction argument on the number of indices in t,, almost identical to the
one used for proving Theorem A.18, so we omit it. 0

REMARK A.24. We note that part (c) in Theorem A.23 implies that the block-permutation IIZ is of the
form I, ® 112, for some permutation € of the set {1:k —1}.

As a consequence of Theorem A.23, we obtain Theorem A.25, which is a structural result for another
subclass of block-symmetric GFPR.

THEOREM A.25. Let P(\) = Zf:o A\ € FIN™*™ of even degree k, let s = (k —2)/2, and let
LP (Oa (2)7 t'w (2)7 Z’U) = Mtv (ZU)()\MiDO - MOID)Mfk+ck_1Mrev(tv)(reV(Z’U))?

be a block-symmetric GFPR associated with P(X\). Then, there exists a block-permutation matriz II7 such
that (IM)BLp(0,0,t,,0, Z,)7 is the pencil

0 0 DK, ()\)
(A45) 0 - — Ay Ay 0] + CK, () ’
K,(\)T DB [ 0 ’“} + K \)TCB | M(\; P*~1) + BK,(\) + K. (\)T B?

where P¥=1(\) is defined in (4.14), for some matrices B, C, and D. Moreover, the following statements
hold:
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(a) The last block-column of (A.45) is the last block-row of (IIZ)BLp(0,0,t,,0, Z,).
(b) The last block-row of (A.45) is the last block-column of Lp(0,0,t,,0, Z,)II7.
(c) The block-entry of (TI2)BLp(0,0,t,,0, Z,)II7 in position (k,k) equals Ay + Ag.

Furthermore, if Z, is a nonsingular matriz assignment for t,,, then C, CB, D and DB are nonsingular. If,
additionally, Ay, is nonsingular, 1I2)BLp(0,0,t,,0, Z,)II? is a strong linearization of P(\).

Proof. The proof follows almost identically that of Theorem A.20, so it is only outlined. By using the
reversal operation and the sip matrix Ry, together with (A.40), as it was done in the proof of Theorem
A.20, the pencil Lp(0,0,t,,0, Z,) can be transformed into one of the block-symmetric GFPR considered in
Theorem A.23. Then, applying the results in Theorem A.23 to this new pencil and reversing the operations
performed on Lp(0,0,t,,0, Z,), the desired results can be obtained. ]

REMARK A.26. We note that Theorem A.25 implies that 117 is of the form IIZ®1,,, for some permutation
C of the set {1: k—1}.

A.3.3. Proof of Theorem 6.2. The main tools for proving Theorem 6.2 are Theorems A.18, A.20,
A.23 and A.25, together with Lemma A.27.

LEMMA A.27. Let P(\) = Zf:o AN € FIN™*™ be a matriz polynomial of degree k, and let h € {0 :
k—1}. Let Lp(hyty,ty, Zu, Zy) be a block-symmetric GFPR. Then, this pencil can be partitioned as

Dy(N) yv(N) 0
(A.46) Lp(hytuw, b, Zuws Z0) = | 29(N) | Mags + A | 2wV |
0 Yw(A) Dy, (N)

where Dy, (X) € A" Dy (X)) € F\k=h=txnlk=h=1) =5 (X) € FA> k=1 g0 (X)) € FA»*"h,
Yy (N) € FINME=A=1x1 gnd yo (N) € FIN™*", and where the pencils
Mpp1 +An ww(N)
F(\) = and G(N) =
*) WD) Dl W
are block-symmetric GFPR associated with Q(\) := P"TY(\) = N A,y + NP A, + -+ XA + Ay and
Z(A) = Py_p(\) = N7 A £ NP1 A+ oo+ MNApyy + Ay, respectively. More precisely, we have

Dv(/\) yv(/\)
zv(A)  AApgr + Ap

F(\) = My, (Z,)AM®, | — MG )ME Myey(z, (rev(Z,))

w

and
G(/\) = Mtv (ZU)()‘MVZ;L - MOZ)MCZ,;CJF,LMreV(tv)(rev(zv))'
Proof. The result follows by combining the partition in [5, Lemma 4.34] with Theorems A.20 and A.25,
which imply that the upper-left block-entry and the bottom-right block-entry of, respectively, F'(A) and G(\)

are both equal to AAp1 + Ap. O

We are finally in a position to prove Theorem 6.2.

Proof. (of Theorem 6.2) We have to distinguish four cases, namely, (i) k¥ odd and h even; (ii) k and
h odd; (iii) k even and h odd; and (iv) k and h even. The main ideas and steps for proving Theorem 6.2
in each of these four cases are the same. For this reason, we only prove the most difficult case, which turns
out to be case (ii). The proofs for the remaining cases are just outlined at the end, leaving the details to the
interested reader.
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Let us assume that k and h are odd. For simplicity, instead of writing Lp(h, ty, ty, 2y, Z,), we write
L,(X). The first goal, then, is to show that there exists a block-permutation matrix II? such that

(A.47) ()P Lp (Mg € (OF).

By Lemma A.27 applied to the pencil Lp(\), we can partition L,()) as in (A.46),where the pencil

Mpi1+ A 2w(N)
yw(/\) Dw(/\)

is a block-symmetric GFPR associated with the matrix polynomial Q(\) := M1 Ay, 1+ A" Ap+- -+ XA + Ao,
and where the pencil

F@wz[ }zwuxanuMﬁlI—M@JM@ﬂ@mmﬂwwzw>

Dy (M) Yv(N)

o _ zZ Az
G\ = { rv(N)  ANp1 + Ay ] = M;,(2,)(AMg, — My )Mec, Moy (s, ) (rev(2,))

is a block-symmetric GFPR, associated with the matrix polynomial Z(\) := \¥=P A, + A\F=h=14, | ... +
AAp11+ Ap. Notice that F'(A) is one of the block-symmetric GFPR considered in Theorem A.23, while G())
is one of the block-symmetric GFPR considered in Theorem A.25.

Let s; = (h—1)/2 and s2 = (k—h—2)/2. From Theorem A.23, together with Remark A.24 and Definition
4.10, we obtain that there exists a block-permutation matrix I,, &II2, such that (I,, ®II2 )P F(\)(I, S1IZ,) =

DK, (\) | 0

for some matrices B, C' and D. Additionally, from Theorem A.25, together with Remark A.26, we obtain
that there exists a block-permutation matrix II7, @ I, such that (II2, & I,,)SG(\)(IIZ, & I,,) =

0 0 DIKSz ()‘)
0 — Ay M 0] + 'Ky, (N)
K7D | [N + KO8 | MO Z5) 4 B R ) + Kea T (3

for some matrices B’, C’, and D’.
Next, let us introduce the notation

—I,| A, O 0

= [ ) | RV ],

Rz : e
. .
I, ' M,

where t5(\) and r5(A) are of size sn x n. We also introduce the following notation

. 5 _ Mg+ 4 mP(N)
M()\, Qh) + BK,, (/\) + K, ()‘)B = le(A)B ]/\4\@()\)
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and

M(X; 2" + B'Ks, (A) + Koy (W) (BN =

Then, omitting the dependence on A for lack of space, notice that the pencil (IIZ, @ I, & I, )P Lp(A)(IIZ, &

[ M7

z
my

m{ (MNP A1+ A |

(M)

L,oll,) =
0 0 D'T., D't,, 0 0
0 ~ Ay [)\Ak o] L O'T., Ot 0 0
(D'Ts,)? Ag"“ +(C'Ts,)? MZ m? 0 0 0
(D'tsy)® (C'ts,)" (m{)® Api1+ An mf (Cre)®  (Dr))®
— 0
0 0 0 (m@)B M Al T (CR,,)® (DRs,)®
0 0 [o AO] +Crs, ~Ao 0
L Drg, DR, 0 ]
is block-permutationally congruent to
[ — Ay | L)\Ak ol +cm, 't 0 | 0 L0 o |
- )\;4 777777 e e e - - === P === -
{ 0’1 +(C'T.,)" M7 m? 0 | 0 (D'T,,)® 0
| | |
(C,tsz)s : (mIZ)B )‘A’H-l + Ap m? : (CTS1) : (D,tsz)B (Drsl )B
0 | 0 (m%)? M@ L?J +(CR.,)®! 0 (DR.)®
7777777777 + R —_ = N — 7‘ 70 —_ — — — — — F —_ — — — — — — — — =
0 | 0 Cry, [o Ao| +CRs, 1 —Mo 10 0
7777777777 T e il e i
0 | D'T., D't,, 0 | 0 .0 0
I 0 | 0 Drs, DR, | 0 L0 0 |

To finish the proof, it suffices to check that the above pencil belongs to (OF). Hence, we have to analyze
the different blocks highlighted by the dash lines. Let s = (k — 1)/2. First, notice

-k

0 Cro, [0 A]+CR,|=[0 0 [0 4|+ CIK, ()
[0 Ag] + CK 1 (V).

D'ts, (M)
Drg, (M)

0
DR,, ()

0

e {D'TSQ ® o

0 } K,_1(\) = DK,_1(\).

Second, notice

Third, notice

[[)\Ak 0] + C'Tuy(\) 'ty (V) o]:[[mk 0] 0 o}+[0/ 0] Ko 1(N)
Ay 0] + C'K1(N).
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Finally, writing B = | %] and B’ = {fff }, where b and b’ are, respectively, the first and last block-rows of B
and B’, it is not difficult to check that

MZ(\) mZ(\) 0 B 0
mfNF My +An mP ) | =MOFZD + |V b | K (W) +
0 mZ\E  MQ(N) 0 B
v |[(BYE (B)F 0| _
BTy s s =

M(X\ PED) + BE,_1(\) + K1 (V)T (B)P.

Thus, we have proven that there exists a block-permutation matrix II? such that the permuted GFPR
(I2)B L, (A2 is of the form

A DA O 00
P‘g’“] + KT (OB | M\ P+ BK, 1 + KL | B? | Lﬂ +KI ,CB | KT DB
0
0 H [0 Ag] +CK, 4 SV 0
0 | DK, . | 0 0

which belongs to (OF). Furthermore, if statement (i) holds, then the matrices D, DB, D’ and (D’)® in
(A.48) are nonsingular by Theorems A.23 and A.23. Hence, in this situation, the matrices D and D5
are nonsingular. Then, taking into consideration the statements (ii) and (iii), by Theorem 4.7, the pencil
(IT7)BL, (M2 is a strong linearization of P(\).

For proving Theorem 6.2 in cases (a), (¢) and (d), one may proceed as follow. First, one apply Lemma
A.27 to the block-symmetric GFPR in order to “split” the pencil into two simpler block-symmetric GFPR,
F(X) and G(X), as we have done at the beginning of the proof for case (b). Depending on the parity of k and
h, these simpler GFPR are as one of those considered in Theorems A.18, A.20, A.23 or A.25. Applying the
corresponding theorems to F(\) and G(A), and a simple block-permutation, one easily obtain the desired
result. |
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